
 

Lectures

Connectedness Path connectedness

112 no connected

a l U 2,0 no disconneted

Defy A space X is connected g every continuous

map X o Itf is constant

Deff A space X is connected g
andonly g the

only openand closed subsets of X are X and d
I

f X is connected then two disjoint opensets

A 1B AMB 4 w A B 101 sit X AUB

A subset A ex is connected if it is connected
in the subspace topology

Thin Def o Def2
Prod
Suppose X is connected w r t Def L Suppose Defcz



doesn't hold F Xo CX which is both open
and closed in X Xo f X

define f X Ill by fp
o

s

and f1 1 0

1 f is not constant and is agontinuous
f t.ir X

DefCD p Def 2 f ef 01

f E il Xo
Assume def2 and let open

f X o Ill be continuous f 9 19 111 0
isopenas

if f were not constant then Xo is closed

f f D omg f i would be non empty open
and closed subsets of X which would bedisjoint

f must be constant Me

Remi X is connected g every cont map X 90.11

is constant We're using the fact that we have
discrete topology on go 19

EI p IR is connectedqne opening in subspacetop

2 I l l o V Oil CIR is disconnected

any co ny



3 I is an interval in IR T is connected

I f I I 19 continuous non constant

then let fCx I x yes Let XE cey

fCg I

fCc 0 by the Intermediate value then but
that is not possible

f must be constant D any interval

I of R is connected

4 c IR is not connected

PE qe Q F ie IRI

to icq

C i v I a

The only connected subsets of are singletons

Any maximal connected subset of a space X is called
a connected

component
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connected

Rope Any two connected components A B CX

are either identical or disjoint
Proof If A D then we're done If not let's assume

that AaB f 01 We claim i AUB is connected

f AUB o IIE is continuous

p f a must be constant
and F xe ANB

f 1B must be constant

f gaups is also constant J

AUB is connected

A contradiction to the maximality of Aand

B A NB 10
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theorem
X is a topological space het A and B be

connected subsets ofX s t An B f of Then
A UB is connected

i A be a connected subset ofX het Ae Be A



Then B is connected

iii Aifiez be a collection of connected subsets

ofX w the property that fi j c I Air Aj 1 4
Then A UAI is connected

its

Proof Ii Suppose Ae BEI let f B 9119
be continuous f a must be constant as A is

conneted so let fga 1 bet b c B f b is

an open set in g g F om open set Uab

s t f u e fCDS

be BC I b is a cluster point limit pointof
A F a e Anu

f a C fCDS or fCb fca L

f is constant on B
B is connected
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Core Closureof a connected set is connected set



theorem Connectedness is a topological property i e

if f A B is continuous w A connected

f A is connected eie B

Proof g f Ct Ill continuous

h A 0 Its continuous must be

constant

g oh
A I l must be constant

on A

g must be constant on fCA

fCA is connected

Remade In order to show that a set is disconnect
ed it sufficises to produce a continuous function

from that set to IIE which is non constant

Examples

D GLG.IR E'T ad bo tog
is not connected

f GL 21112 0 SI'S not constant continuous

f det GLC2 IR f Il l is a continuous



function as it is the composition of continuous
operations of multiplication subtraction

det is not a constant function on GLC2 IR

GL dir is disconnected

2 Oln IR A E MnGR det A It

is disconnected

3 S circle eie IR
II

x g CR'I x4yEi
f 1122 IR

continuous image of ax y n x't't 1 connected set is connected

iv Sh is connected
A

Hemispheres A B one

connected An B to
and Sk AUB B

S is connected
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path connected if for every pair of points x y c X
F a continuous map r oil X s t

Ho x and TCD y
Such a 8 is called a path from X to y

p r IR
y

x.m.mgy

Any maximal path
connected subset of X is called

a path component

A subset A CX is path connected if it is so

in the subspace topology i e tr ai be A
F exist a path joining a and b which lies

completely in A



theorem Every path connected space is connected

Remark The converse is not true

Suppose X is path connected and not connected
F x y E X and a continuous function

f X 90119 st fCx O

f y L

Oo X is path connected F continuous map

8 oil X s t 86 X Ko y

g for o 0113 So I of g 107
0

and GCD L

which can't be true as oil is connected

I

The converse of above theorem is NOT true

Topologist's sine curve is a counter example
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