
 
Lecture 7

Problem Set 3 will be uploaded after today's ProbSession

Recall
p y quotientmap if UCT is open

0 0 f u ex is open

P X A is a surjectivemap the strongest

topology on A w r t which Is is a quotientmap is
the quotient topology on A inducedby b

U is open in A if b O is open eie X

p X X no partitions of X quotient topology

induced by k on X makes it a quotientspaceofX

Theorem het p X Y be a quotientmap
Let 2 be another space and let go X Z g is const

KI t
y

ant on each set f Gyi y c Y



Then g induces a map f I E at fop g
f is continuous o g is continuous

f is a quotient map o_0 g is a quotientmap

Proof if y c Y g p Sys is a one point
set in 2 say Zl
Let fly Z so we have f T E

sit tf x c X f pix g ex i.e fop g

Suppose f is continuous fof g is also

continuous

Conversely bet g be continuous Let VCE
open

g v is open in X

g
v p f v

o p is a quotient map f v must be

open in Y f is continuous

Similarly one proves the 2ndpart
A

TheoremL let g X 2 be a continuous surjective

map Let X't g SH Eez and give it
the quotient topology



g induces a bijective continuous map f X't 2
which is a homeomorphism g is a quotient
mat

Xyzt
b If 2 is Hausdorff so is X

Proofs g
is f X't E is continuous

f is bijective
Let f is a homeomorphism f and P X X't
are quotientmaps fof L is a quotient

map
Conversely bet g be a quotientmap f is a

quotient p f is a homeomorphism

b 2 is Hausdorff
Let and be distinct points in X

f xD and fixe are distinct ie 2

U a fix V a fix 2 Uh of

f u a x f v 7 2 and f Dnf v lo



Compactness

Deff A ex is sequentially compact g every sequence
in A has a subsequence that converges to a

point A

Lemmeg If DEX is a sequence w a cluster

point XEX end x has a countable nbd base

then xD has a subsequence converging tox

Corso If X is compact first constable D

X is also sequentially compact

Proofof theLemma i
WLOG assume that the countable nbd base at

forms a nestedsequence

XD U D Uzo Uz a X

T X is a cluster point F K EIN s t Xp C U

ND F kn E 115 s t Xpn eUn kn kn i

Man is a subsequence of xn
an Xian is the desired

subsequence D



for proving sequential compactness compactness

we'll need the 2nd countability axiom

Lemmy het X be a 2nd countable space Then

every open corner of X has a countablesubconer

Proof het Ua a I be an open corner for X
B is a countable base

each Ux U B
Bc B c B

and the collection of sets in B that are

contained in some Ux is a countable subcollection

B e B also covers X

B Vi Va Vz

We can choose A Un E B an element an C I

s t Un E Van and Van new
is a

countable sub cover of VaSaez

theorem If X is a second countable and
sequentially compact then it is compact



Proof Suppose Ua be an open cornerofX
We want to prove that it admits a finite subcouer

From the previous Lemma o X is 2nd countable

Ua admits a countable subcones

Visions
Now we proceed by contradiction Suppose

ME IN s t Us Uz Un covers X

D F a sequence in C X s't

Xn U U Uz U U Un

X is sequentially compact D some subsequence

tern xe X

UiSiew is again a cover of X
X E Up for some NEW

Ksn also lies in UN f n largeenough
This contradicts when kn ZN

Ua admits a finite subconer

X is compact
Da



Tychonoff's Theorem

Xx
a I

Xa is compact A Net

what can we say about IT Xa
AFI

theorem Tychonoff Forany collection Xa9 2

of compact spaces IT Xa is compact in
ats

product topology

Zorn's Lemma

Separation Axioms

Beth X is said to satisfy axiom To if

for every pair of distinct points
x y ex

F an open set of that contains either only
or only y

X is T space or satisfies the T axiom if
for every pair of distinct points

x X

F nbds Ux CX of n and Uy CX g y



s t x f Uy and y f Ux

ox

every T space is To

X is a Ta space Hausdorff space if it
X J E X F Ux 0 X Uy 2J s t

a noo 9

One can ask can we separate points using
continuous functions

o X X O


