
 

Lecture 6

Recali
Product topology and box topology on ITXx

4G I

CountabilityAxioms 1stcountable j Axe X F

a countable nbd basis

Indcountable
y X has a countable

basis

f X 0T and let be 1st countable Then

f continuous o_0 f sequentially continuous

Compactness

X top space A EX an open cover of A is a

collection of open sets Ua9 2 if
A e U Va

NEI

Deff A ex is compact g every open cover of A
admits a finite sub cover i e if Uaf is an

open cover of A then I 2 and I s t



n
A UVai

is1

To show that a set is not compact just need to
produce one open cover which can never admit a

finite sub cover

Eixample IR standardtopology is notcompact

C n n new doesn't admit a

finite sub cover

ii A fol U Yn Inc IN e IR is compact

U2 i

l y RCo

Suppose VaSaez is an open corner for A

D F some Uy s t O E Va
there are only finitely many news t

Yn Uy say hi N 2 i i n K

Choose the opensets from Valdezcontaining
Izzi SAY z l Ud3 i r K



then Ua Vaz Uaw is a finite subconer

for A

Iii Any finite set in any Topologicalspace is
compact

iv O I CIR is not compact

Yn I I n e IN is an open which

can't admit a finite sub cover

Remarks compact subset of a topological space is a

compact space w r t the subspace topology

v compact sets of a discrete metric space
A e X is compact 0 0 A is finite
discrete top

Exein what are compact subsets of IR w afinite

topology

Vij Heine Borel thm i A e IR is compact o_0
A is closed om8 bounded

There are examples of closed and bounded sets



which are not compact

Lf real inner product space is a Hilbert space

if It is complete i e every Cauchy sequence in
ol converges in K

cellx y fix y x y

H a dimensional

B co see H x x El is closed and

bounded But BF is NOT compact

e ez es orthonormal set hi H i e

ti Lei ei L and Lei ej 0 for i j
d Lei ej IT when i j

D re I then no ball of radius

can contain more than one of the vectors

iii e ez

the open cover Be IxEN r is as

above can

never admit a finite suscover Do



theorem X is a compact space and let A CX be

closed Then It is compact
Proof Suppose we have an open corner of A

i e A e U VaValais aes

Oo A is closed D XIA is open

Uy a
U XIA is an open cover

IT if admits a
Xfinite subconer

as X is compact
UaSaez admits a finite Tubconer forA

Exere Compact space of a Hausdorff space is closed

Compactness is a Topological property ire compact
ness is preserved under continuous maps
homeomorphisms i e if f X Y is continuous

and A ex is compact in X fCA is compact

in Yo



Quotient Topology

4
no circle s

112 2 us define an equivalence relation on 112

as Xny if X J E Z no St

a
a

e

b a n b ab nb

a t
s XSL

s

indenting
p

Deff let X and Y be topological spaces

Let p X D be a surjective map p is a

quotientmap if UCD is open p U is

open in X



Deff Let It be a set and let p X A be a

surjective map The strongest topology on A

w r t which Is is a quotient map is the quotient

topology on A induced by p

The quotient topology on A can be described as

Be A open 0 0 p B is open in X

Check that this indeedgives a topology

I R
O

It
quotienttopology

A a b c
generatedby Io

on A

A

Peth het X be a topspace and is an

equivalencerotation on X and let X be a partitionof
X Consider

pi X X as the surjectivemap
x 1 x



In the quotient topology induced by p X't is called
the quotient space of X

Remaek Quotient space of a metric space need not
be a metric space

O x x 0


