
 

Lecture 5

PSet 2 on course webpagelmoodle and isdue on
04 05 2021

will discuss Psett today lie the problem sessi
0M

Reed Suppose Xi Ti i 2,2 the product topology

on X xx z is the weakest topology sat

Hi XixXz Xi is continuous

If U c T in X it 44 should be open
wie XixXz

IT Ug U X X2 is open in X xXz

UzC Tz D H2 Uz open in X xx z

D Uz X x Uz Open ire X xX2

IT Us hits Uz U Uz must be

open in X x Xa

IT UD U ET u TI CUDI Ust Ta

forms a subbase for the product topology 7
on Xix Xz



Suppose Xa Ta z collection oftopological
Opaces Josef could be uncountable

1T Xx functions f I Ulla Jato x
c I

LEI
s t Xa E Xa F 2 I

XaSaf or Rahe E IT Xx
2ft

each seat Xa no ath coordinate in Xa
Aff

X Xz f s 21 X UX fci X
f 2 vs Xz

2e XD

Deff The producttopology on ITXa is the
AEI

weakest topology of

Ta TX 0 Xx ExpoSpears Xa cXx
BEI

is continuous f de F

if UaC Ta Ita Va should be

open in ITXp E des
BEI



P ITI Va form a subbase in the

product topology

Ta Va Ua ITXp
BEI
B ta

Any open set in the product topology
on ITXp
B I

must be written as a union of finite intersections

of IT Va a c I

A base for the producttopology on IT XaaC I

is a collection of subsets of the form

ITV2 at Uac Xa is open tract and
A C I

Xa for only finitely many a c I

an arbitrary open set might look like

Ua XVaz x Van IT Xp
Bez

i C In B f di de X n



Exec i XI la is a sequence in atIXa Stakes

w product topology 0 0 the individual sequence

una Xa in Xa

ii fi Y IT Xx is continuous 0 0
AFI

Tao f Y Xy is continuous foe I

Box Topology

Xa Tx a topologicalspaces

IT Xx box topology is generated by thea I

basis

IIIa Uae Ta trae 2

EI i compare the box topology w producttopology
on IT Xx

QE

IiiWhat does convergence of sequence XI
c ITXa look like

a I



countability axioms
compactness

Quotient Topology connectedness path connectedness

For metric spaces f X Y is continuous if
i f U is open in X whenever U

is openin't

A0
ii xn x inX f xn fix in Y

semarks i is true for arbitrary topologicalspaces

convergence
makes sense for i n n

i ii holds for n i

ii i Needed the metric

The criteria ii is known as sequentialcontinuity

Seth X is a topological space xeX

A neighbourhood base of n is a collection B

of neighbourhoods of se sit every nbd of x

contains some U C B I generalizing
Byncx for metricspaces



3 17 c.name

Deff A space X is called first countable

if every point a c X has a countable neighbour
hood base

X is called second countable if its topology

has a countable base

2ndcountable 0 1st countable

NOT true

Ques Is every metric space
1st countable

Yes no BigCx
Ques 2ndcountable

NO X uncountable w discrete topology
x open set

X discrete topology is 2ndcountable
D

H
X is countable



Example of Topological space which is not 1stcountable

IR cofinite topology countabletopology is NOT
1stcountable

Xe 112 suppose there is a countable nb.cl basis

Vi ie IN µ is countable if i

c U NUI
U N U U Uic is also countable

i c IN

consider UI Sys Cy x has countable

complement Ulsy is open and xe UI9y

But it can never contain any Ui ie INS

Ui UlSys

theorem X Y are topologicalspaces X is 1 t

countable then every sequentially continuous map
X T is also continuous

Proof requires the following Lemma

Lenny X is 1 tcountable A C X A is NOTopen
p I see A and a sequence sene XIA

s t un x



Proofofthedemma

if ACX is open tf x EA xn e X
s t Xn X we can't have xn C XIA Hn

b c A itself is a nbd of

Suppose A is not open in X p F see A

s t no nbd U ofX is contained in A

Let Ui ng be a countable nbd basis for x

WhoG Assume UiSiew forms a nested sequence

of nbd
XD U D UzDUz ax

o Ui is a nbd of none ofthese Ui can be
contained wi A p F a sequence ofpointy

Xn cUn s t an EIA
Gen in X Cnn x as every nbd EX

must contain Ui for some i b c of the dethof a
nbd basis

E j si xj e V Gen X

we have a sequence xn c XIA s t xn x

if A is not open D
O x x 0


