
 

Lecture 28

Read
Relativehomology

x y A ex no pairof spaces
f X A Y B map of pair

FCA E B

fig map of pairs no homotopic if F

H I x X I sit U SEI H S x a DB

is a mapof pair

If re Cn Aia o o A A ex

re Cn Xia

CnCA G E Cn x a

2 Cn Xia Cnn Xia descends to the boundary

2 Cn A G Cn i Aia o

qq.lt GnlxiGycnca a

relative singular n chain group

Ca X Aja 2 relative singular chain complex

a o

t Homology groups of this complex are called



relative singular hom groups of the pair x A

A of the rel sing hom gp x 0 no absolutehome

groups

If f Xia DB is a mapof pair then
the absolute chain map f Cx Xia C Isa

sends CaCA'sa into C Bsa we get a
chain map

f C X A a 0 C D Bsa

grouphomomorphisms Hn X Asa o Hn D Bsa

fog fog

Tel i A Xia is d a id Hn x a a D

anoxia a 84142
É no we can view this as a n chain in X i e as

an element of Cn Xia
If a be Cn Xia no a b ECn x Aja

then a b en Cn X A'sa Go a b e Cn Aja

c e Cn Xia is called a relativecycle if the correspo



riding element c e Cn X A'sa
is acycle

Jc o in On 1 X A'sa o Joe Cn i Asa

A relative cycle needNOT be an absolute cycle
But an absolute cycle is always a net cycle

b Cc in An x A a
a

fifty
I

b c at Ox for some a e Cn Aja
XeCnt Xia

X S A XIA

H Xia H Asa H X A a

i A X

j X 4 X o x a
inclusions

induces maps at the chain
complex level

We consider the following sequence of chair maps

O o C Aia to Ca Xia C x A a O



n is the inclusion map so it is injective
j is surjective

J C Xia fifty projectionmap
it is surjective

Raj are all the n chairs in X which are actually
n chair in A infix

Kenji im a

O Cn Aia to Cn i Xia on i x Aia

g

O I
O Cn xA a cnlx.at CnCA a O

In general a sequence of abelian groups w homo

0 An 2 Ant Is An Anti

is exact y Ker fit Im fi f i

The special case

0 A Az As 00

is called a short exact sequence Exactness telly

that 2 is surjec f is ing omf im ti kerf



case in is called a shortexactsequenceof chainmaps

theorem Shortexact sequence giverrise to longexactsequence

het Aa 27 Ba 2B and Ca 2 be chain

complexes and suppose

0 o A to B
8 Ca o

is a short exact sequenceof chain complexes Ther

F a natural homomorphism 2x Hn Ap Hn A29
f ne Z sit the sequence

to Ant A 2 Hn Ba 221 AntiCape
1 a

Hn Ao HnCane AnB2B Hn Aan

is exact

sketchoftheproof



12A job 12

O Anti to Bnt
8 Go O

1213 121st
O An I Bn G Go

o

1213Iza Cn I O
o Ant f Bn it

fye
2B

9 Cn z o
o A.tn s B

1.20

Wentz Anka 24 Ana A id'd

CJ o c e Cn is a cycle o JE o

80 g Bn Cn is surjective due to exactness

C g b for some be Bo

By g being a chain map

0 29 2cg b g 2Bb

JB b e Keng
e Bnt

By exactness
we know that Keng Imf



JBb f a for some a f Ant
A is unique as f is injective
By commutativity
f Jaa 2B fca 242Bb O

Oaa o but f is injective D 0Aa O

a e An is indeed a cycle

We can now define 2 thn Ca 24 Hm 6,29

2 c a e Hn CA2A

There were two choices involved in this procedure

D representative of c exert Ja is indeed independent

of these choices2 be g c

2 2x is a homomorphism

3 The sequence is exact

Homology groups ofS

HoCSD E Z
Hi Sn O n I

as ITI Sh 0 HoCS E H SI E R



Consider the pair X A IDK Sk D

Hn IDK M E 21 n o

o n 1
IDK is contractible

The corresponding longexact sequence fromthe
thin is

Hn D1 09 D every 3rd term in
the l e s of ok SKD is 0

I
O Ant D SK a Hn Sk D

Endwill be exact

It is an iso p

Ant Dk S Z E Hn Sk
i D

Unst
1st Black box

Hm SK R E Hn Sk 52



Hm S Z E Hn Pt Z

o f n 21

Hmcs D O f n 22

Hn S E Z no I

0 otherwise

from

Hn 832 Z no 2

O otherwise

By induction

HnCsm z
Z no

my
O Otherwise

Exes Prove that IR E Rm n m

Brouwer's fixed thm for n dim

F ID D continuous then f must
have a fixed point

O x x O
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