
 
lecture 26

Singular Homology

Beth and concepts being discussed arepart of Homological

algebra

A z graded chain complex of abelian groups
Cy 2 consists of a sequence of abelian groups on

n

together w homomorphisms On Cn o Cn 1
E ne Z s t On o 2 9 Cn oCn 2 is the

trivial horn E n

i Ent It's on 0ns On

C On
NEZ

É ai ai e Cn nie Z

2 G G l degree L

On o2n is the trivial hom P 22 0

m Int e KerDn y

202 1 0

2 boundaryoperator elementsof kerb cycles



elementsof Kenan n cycles

elementsof imf no boundaries

Def The homology of a chain complex Ca 2 is the

sequence of abelian groups
Hn C 2 ka

man
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H CC 2 Hn 6 2
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X graded abelian group

elements lie Hn Ca 2 look like c c is some

n cycle c e Keron 1
homology class of c

a b e kaon are called homologous y a b ant

for some de Conti

Deff Let A 2 and B 2B be two chain

complexes f A Ba is called a chain map

y it gives rise to a sequence of homomorphisms

Fn An Bn f ne ftp.t the following
diagram commutes
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Prot Any chain map f A 121 B 2B
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Proof Want If Ae An is an n cycle i.e aekertn

then f a e Bn is again an n cycle
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To check that f is indeed a well defined map we

check that f maps boundaries to boundaries

if a 2 t
then fo2 2Bof

fo 217C 2B of c fed is indeed

a boundary
i f gain by is well defined

Def A chain homotopy h b w two chain maps

f g A 2 B 2 is a sequence of
homomorphisms hn An 0 Bnt sit F ne Z
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In this case f and g are called chain homotopic

Prof het h A 2A Ba 2B be a chainhom
b w chain maps Landy Then

Fa G Hn Aa 2A Hn CB 2A

Proof Suppose a Je Hn Aa 2A 2Aa o

Fca gca 2Bh a ho 2 a
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fla gca is a boundary of the chain hea
in B
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We can work w any abelian group A insteadof M
called the coefficientgroup In practice G Z Ma
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X
continuous

The standard n simplex is

to ti tn
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for R O n the kith boundary face of An
is the subset

Jer 4 tr o e an
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Def let X be a top space A singular n simplex
in X is a continuous map p An 0 X

yn x set of all singular
singularity

I point ofn simplices wi X
o 4h o X o is cont G is an abelian

group

groupof singular n chain On X G G
GE kn X
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elements in Cn x a as finite sums I air
w ai e G Ti e Un X

We also have boundarymaps2Cn X G Cn x a

or 3 C D Oban e Cn X 3 a

I
contmap from
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On Cn x a Cn x a
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12302 holds here as well

Seth The n th singular homologygroup
w

coefficients in G is

Hn x a tin G x a 2

when G Z Hn X



Rel b w H X 8 and a x An Ix is

Tn X
How do we compute Hn x
Relative homology Excision


