
 

Lecture 24

Pset8 hasbeen posted

two
orderingsof the vertexsetof a simplex r

are equivalent y they differ by an even permutation

Vo Vi Un no orientedsimplexspannedby
voi run o b d b

g
u

O 82

rift a

9002 bid

contradicts the dethof a
a

Def het k be a simplicial complex A p chain on K

is a function o from the set of orientedp simplices ink
to Ks t

C o CCO y o and r are opposite orientations

of the same simplex
CCO 0 for all but finitelymany psimplices o



We can add p chains by adding their values

Cp K no groupof p chainsof K

if pro or p dink then Cp k e

If o is an oriented simplex the elementary chain C

correspondingto o is the function

C o I

C o 1 if o has opposite orientation than o

CCT 0 for all other simplex R

Lema Cp k is a free abelian group a basis for
Op k can be obtained by orienting each psimplex
and using the corresponding elementary chains as a

basis

Proof if 30 I all orientedpsimplices of k then
an arbitrary p chain c can be written as

c I ni ri nie 2

CpCk Eni oil nie z
Ti is an oriented psimplex
all but finitely many terms
are zero



Co k CiCK Ca K

Come
Any function f from the oriented p simplicesof

K to an abelian group G extends uniquely to a

homomorphism Cp k G provided that

fly fer F oriented p simplex r
denotes the simplex t w opposite orientation

Def we define a homomorphism

Op CpCK o Cp k

called the boundary operator If a voi up
is an oriented psimplex w p o then

Ipo Op Vo Vi Vp É 1 No Vi Fi up
1 0 0

where the symbol it means that the vertex Vi is to
be deleted

CpCk e forp co Op is the trivialhomomorphism
21 or C DO to Vi C D Evoni

Vg Vo
e

Vo



E
Vo

t V2

22 No vi v23 1 Tio vi vs FD no vi us
C 1 Evo v Ja

v Va Vo v2 t Vo Vi

Want to check Opto 2pA

Op Vo Vi Uj Vit Vp and Jp voi avg.tlVj up

IfitjjIthandxpression is ofthe ist
expressions

if i jandj.tl
C 1 I f Vj 1 Mj Y't Vitz

1 It Vj 1 Vj Jj is up

178F Uj 1 It if Up

c D't Uj i Viti I VP



8 the 2 expressions are differing by asign D

JpC o 2pct

V

a
2 Vo

t

22 No vi v23 170 To vi vs f D no vi us
C 1 Evo v Ja

v Va Vo Va Vo Vi

Let's calculate

21122 Tvo vi v22 2 vi v27 J Evo v23

2 Evo vi

V2 V Va Vo Vi Vo

V12 Y 42tyo y y
O

Lemmy Op1026 0 Boundary of a boundary
is 0

Proof



Op 1 pCvo.v Vp

Op i4 C D Vo Vi Mi Vitti Vp

If fi Op Vo Vi Mi Viti Up

p
C D C it Jj vi

If
CDiC D di Jj

The terms cancel each other and we get 0

DpoJp
O

The

Def Op Cp k 0 Cpa k The kernelofJp
is called the groupof p cycles and is denotedby
Ip K Rer Ap
The image of Opt Cpt

k Cp k is called

the group of p boundaries and is
denoted by

BpCK Zp K S CpCK
BpCK I Cp K



Op Opt 0 p Ap BpCk o

BpCK E ZpCk

We define

Hp K 2PM BpCk
called the p th simplicialhomologygroup of K

Hock 3k milk Big
Demand

Cpf Op A Cp sleep 3173
202 0 at 230 3071

We can make sense of homologygroups
d exterior derivative d d d 0

no deRham homology groups

Examples
Want to calculate Hn XV2

L r Cz x o

Ha x of
x



An x 09 F n 2

H x Jiff
2 Ker 2 G co

C has basis Vo Vi EV Na Vano

O Evo Vi Vi Vo

2 Vi V23 Va Vi
01 V2 Vo Vo V2

for ni na not 21

D Von tN2 Visva D3 v2No

n _vo maÉÉnzcvo v2

VoCna ni Vi n na k na ns

for OE Ker Ji 1 0

Nz n

n n2 D D Nz Nz

Nz M3

2 Ker OD E 21 Vo v VI V2 V2V07

BiH Im 22 Cz X Ci x

89
i B x of



Hi X E Z

Ho X 20 Zo Ker Do Co C

Tes
Zoo Co X

This is always the case forany
simplicial complex

Bo Im 2 C Co
Im121 is generated21 Evo V Vi Vo
by2 V v23 V2 V

01 V2 VI Vo V2 I

Vo Vi v2 are equal mod Im 21

ath bt H
a be H

Npo 2 n Vo It N2 V Va N3 V2V8

Only possible w n O

8 coset of vo generates the group FolBo

D Ho X E 21 1a

Remarks X is a simplicial complex repr of
the circle so we have calculated the homology

groups of St



Ho 5 E H2 S2 Z Hn S2 O H n 23
n 1

3


