
 

Lecture 2

Ccourse outline updated w info about problem
sets submission and its advantages

Recordings will be available

Metricspaceis examplesoftopological spaced

Deff het X is a non empty set Then Cx d
is a metric space if d Xxx R
is a function which satisfies E X y Z E X
i al x y Z O and d x y 00 0

X y

ii e xx d ly x symmetry

iii d x y E d at d y Z

Triangle inequality
X T d is a metric on X

The topology generated byd
Z is the metrictopology on X
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C 0113 f Tom IRI f is
continuous

do fig sup I f g1

Exercise Check that all the above are

indeed metric spaces

Suppose V G D is a real inner

product space

Define norm of XE Vas 11 11 14 7

This gives rise to a metric on V

X y E V

d x y Mx y11

V H Il is a normed linear space and is
a metric space

Every IPS is a metric space where the
metric comes from a norm

But the converse is NOT true PSet I



Discrete metric on X

okay
O j y
I otherwise

It is a metric on X generating the
discretetopology on X

Open sets Open ball

x d metric space then an open
ball of radius or centred at xeX

Brix ye X okay r

Brix

U EX is an open set g tf x c U F

C so s t Bfx C U



of c R

Suppose A CX Then U is said to be

neighbourhood of A if 7 an open
set wi X s t AC VCU

x

xE EX



Closetsetse

A EX is closed set g XIA is an

open set

Remark If a set is NOT closed then

it is not necessarily open

I 1
Exercise check whether x is an

open set or dosed set or both or neither
wher X d d is the discrete metric

In general x in Xcel is alwayf
dosed

gqqq
X



Convergence of bequences eie a metric

space

x d and Ac X

x

restriction of d from X to A makes

Aida a metric space

Deff In x d a sequence can in X

converges to xEX if tf C 70 Xn C Be x

f n sufficienty large

Equivalently A neighbourhood Uof X
X ne U f n sufficientlylarge

lim Xin X or X n X



This defn doesn't require a metric if
we can make sense of what a n'eighbourhood

is

Continuousfunction

X d x and Y dy metric spaces

f o X Y is continuous if any of
the following equivalent conditions hold

f S E X and f E o F 870

at if d set 28

dy fo f CA L E

MQ for every open set UCT the preimage

f 4 xeX fadeU
must be open in X



If xn ox in X fan fading

o exercise

2 3

Xn given Want fan fix

Suppose U is a nbd of f Cx D Fan

open set V e U sit fan c V

f U s f v au

open as we are

f O is a nbd of assuming

an e f U for insufficiently large
0 fun E U

fun fad
Remarks we didn't use the metric at all

3 to

We'll prove the contrapositive

I



I
F an open set Uing s t f U is not

open in X
F XE f U s t no open ball

around x is contained in f U

A new F xn E Byn x
s t xn of f U

fun fu

Xn x by the way we chose them

but fkn can never converge to

f Cx b c U is a nbd of fCx and

it doesn't contain any fan

Homeomorphism f X Y is a

homeomorphismif f
is continuous bijective

and ft D X is continuous

Homeomorphism is an equivalence
or elation



XI'S

6 Consider Rn.dz Then

Bg x dz E IR da

Any two balls in Rh are homeomorphic

O X X O


