
 

Lecture 19

Recall Gg Leg collection ofgroups
Ga free productofgroups collection
J
of all reduced words in Go g

s is a set the freegroup on S

E Z
dCS

11

set of all reduced words al ad
anth

n ZO bi E Z pi f O Ai ES w ai f Ait i Ei

elements of S are called generators of Fs

S is a set a relation in 5 means any egn
of the form a b a be Fs

S is a set R is a set consisting of relations
in S we define thegroup
SIR f FskR'do



R set of all elements of the form a bets

for relatioie a b ni R

WJ I w 0 0 w w e f R v

W W l E R

GE SIR presentation of G

if ISI 1121 so then G is finitely presented

Fga 21 a fake Ip
a b I ab ba f E 21 21

Fundamentalgroupof surfaced

1,00K
like an opensubsetofIR

surface

1121102



we'll consider polygons
b

f v A p e 1122

f Hb compact convex region
wie 1122

Suppose P is bounded by hedges
edgen a 92 san arrows on edges

We define a topological space

X PL surface

trivial on the interior of P

on the boundary is as follows

identity all the vertices to a singlepoint

identify any pair of edges
labelled

by the same letter uia a homeomorphism

which should match the direction of arrows

Fact 0 All compact surfaces can be presented

as a quotient of a polygon



a

TO
a cylinder
A b 1

the

ab ab no

13 1
Torus

a

I

T E DZ

T
every point

on 8D is being
a identified w its antipodal

point o 1121132



1 00

Suppose X PIN is a space as described

above P has n edges labelled by 91,92 an

listing them in the order in which they appear
as the OP is traversed once counterclockwise

Let G denote the setof all letters that
appear in the list omf if i L n we write

Pi I if the arrow at edge 8 points
counterclockwise around the boundary

Pi l m i

clockwise in

Then it X is isomorphic to the group
w
generators G and exacty one relation

aghast ahh e i.e

T E f G a aah aint

Proof Let P 2p m e X
e all vertices are identified to apoint



p is homeomorphic to wedge slum of
circles one for each of the letters that
appear as labels of the edge

a

Ca Mb Gs
i

s fails c olEy1

nd i r p

C b

By the Seifert von Kampen theorem

IT PI E IT Sl it Sl attics

E 21 Za a 2 Fg

decompose X A UB A B openX

A interior of P
B open nbd of P

A AB is homeomorphic to an annulus SHHD

if c AAB IT Ah B P 21
A E D2 IT A O



B deformation retracts to P

IT B p IT CPD Fg

By the van Kampen th m

ITI i iD is a quotient of Il Ct i B Fa
111

FYnormal sbgp generatedby thenet on

the.it if ja An B A

Ipo An B B

J A Er I CjB IoT EH C IT CanBip
mu E Z

trivial as IT A 0

B r I E Ti B b

t
becomes the concatenated loop

aHa anth ooo the relation is

B Er e the relation is

aHad anth e



by von Kampen theorem

7Th X ITI A MCB

faineg
G 9 anheeg

Example

T2 stick7 21 21
a

b
b
G a lb f

sa
Ti TT aib b a b a e f

a b I ab bag
21 21

IRD2 IT GRIP Zz

9 no IT trip f a dad e f
a lake 9 212



S2 genus
O

genus
I

genus
2

compact w oboundary
q

Beth For
any integerg SO the dosed

orientable surface 2g of genus g
is

defined to be St if g 0 and otherwise

Eg Ptu P is a polygonal w 4g

edges labelled by 2g
distinct letters

ai bi i
tie the order

Ag bi Al be da b 2 da b 2 Agbg Ggbg

s t the arrows point counterclockwise on

the first appearance of each letter in the



sequence and clockwise on the second

appearance

e g T2 is a surface of genus is
to
polygon 4 a1 4 sides

2 district letters
a

bµ a
Try to write

down it Egb
In particular use this

a description to solve
prob On IT He 2

Proof of the vankampen theorem

Thi Suppose X
a
Aa Aa Gen X

pathconnected

Aa X and Japs AonAp Aa

x pe J het p e n Ax
AC J

If Aa naps is path connected tf pair
2 13 c J then

J



OI IT Aa p IT X p s t

Of J

1 it Aa D
b is surjective

Already proved for the special case of the
Vankampen thin

If AanAphAs 8 path connected

tf triple xp 8 C J then

Ker g Ss v where

s jap Co Cipa ERT I d B c J
ATE IT A an Ap p

So if F IT CAA p then
a J

ITI Xlt FKSdv
Proof want to prove

w g wi for reduced words w w

c F then w w'T in F eszr
r is a loop based at ten X we say



r can be factored in the following sense

RT rid Erisa aCrn s t

Er is a loop based at p and is contained
hi Adi
we know that Er can be factored

Any factorization of D mo reduced word

W E F w 813 1827a Ern

Also Jo w Er

Conversely WE 83 can be realized

as a factorization of r s t each letter

is a loop based at Io and contained eie

exactly
one of the open sets

ooo showing is same as this we need
to show that any two factorizations of
8 can be related to each other by
a finite sequence of the following operations
and their inverses



If 8 and fit are adjacent loops ie

di diet we replace them w Pi titi

replace some 8 w Oi sit 8 pPi in
Aai

f ti E AainAps di pse J then we

can replace ai w i e in the

corresponding
credweed word wi F

whenever we have

Cja
p Eri E IT Aoi b we can replace

it w Cjpa ri E Iti App

This operation changes the reduced
word WEF it won't change the eg class
WT E F KsZu
Basic idea create a subdivision of Tx I
w the required properties

If 8 Rza a Tn e 8 Bla TjP



F H 2 2 X w1
H Oso 8 arza arm

HG 8iarda arts

H Sco H Cs D f f SEI

create a subdivision of 2 8 s t

S 2E Stone x Et 2e t 12 c H Aa

si

1 2

a

t


