
 
lecture 18

Pset 6 has been uploaded due on 22ndJune 21

Fundamentalgroupof T T

o

I

retracts onto fig 8

IT T2 TT freegroup on twogenerators Wrong

ja et ffg 8 so T2 T2
injective horn

it F Tle has a subgroup that is isomorphic to

IT 8 freegroup on two generators

Ga c g generate G j xEG can be written as

finite sum 2 Xa Xa e t but finitelymany dis
XxCGd

tf foreach xe G the expression x L Xa is unique then

G is said to be a direct sum of the groups Ga
G Ga

NET



tenma het G be an abeliangroup let Gal be afamily
ofsubgroups of G If G f then G satisfy the

following

Given any abeliangroup H and familyof hom
ha Ga H F a horn h G H at his ha
Ha
Conversely g the groupsGa generate

G and condition

hotels then G Ga
Aff

Free abeliangroups

Jeff G is an abeliangroup and let an9 be an indexed

family of elements of G Ga Laa7

If the groups Go generate G we say that the elements

Qa generateG If each Ga is infinitecyclic and if
G G then G is said to be free abelian

NET

group having the elements das as a basis

Three If G is a free abelian group w basis di de 9ns

then n is uniquelydetermined by G
Proofs G E 2x Z
QG 221 x x 2E



429 E 2122 x x Haz
nm

cardinality 2

fo n is uniquely determined by G

n is called the rank of the free abelian group A
and is uniquely determined

Jemima Generalizedform

Suppose X UAa forcollectionofopen subsets
LET

Aa g
is't D Aa is path connected Fae J

ii A an Ap 8 path connectedforevery
pair BE T.jp Aa t to let tea x

Then Aa X inclusion map Then it X p

is generated by g Citi Aa D CITI X t

Deff Suppose Ga g is a collectionof groups
w eaeGa the identity element for any integer
or 20 w bsbz bn an ordered set alongwith a

corresponding orderedset diaz On C J is called
a word in Gala g y be cGa E i 2 n



Emptyword n O u will serve as the identity element
later

A word a as an is called a reducedword ej
none of the letters ai are the identity element
E G di

no two adjacent letter capanddie satisfy Li di i i e
the groups that appear lie adjacentpositions are

distinct
Emptyword trivially satisfies both the conditions

its a reduced word

word reduction o
reduced word 9

Deff The freeproduct Ga of a collectionofNET

groups GaSeg is defined as the set of all reduced

words in Gafees
Theproductof two reduced words w b bz n b n

w b i b b'm

is the reduction of concatenated word
w w b r bn bi b b'm

The identity element is the empty
word and we denote

it e e Ga
AEI



W
t

bi bni BI bi

G G Gm

Ex bet Gi GE 212
a b denote the nontrivial elements in G and as

respectively

212 2 2 E G Gz e ee b ab ba aba
bab Abab baba

G E 21 92 212
11 11

Lal Lb

G E Gi g ar r c21

then Gi Gz 21 212 e ab b al b bats
Pbab babbaEr

aPba9barbi I piqitez
Akbar bat a Pb abbarbabPb

Lemma2_ het X U Aa s t Aa e X Fa and let
a J open

PE h Aa Then F a natural grouphorn
Off

IO o IT Aa p 0 IT X b
Of J

s t d sends each reduced word In 827 Dr omittaib



w Eri C IT Aaib to the concatenation

811 182 Iv c IT X b andOJ is surjective

Already proved this

If we find Kerof them by the 1st isomorphism
them

It Aa Haq E Ti X't
B

Pr Galaeg is a collection ofgroups
D t a.fJ Ga contains a subgp isomorphic toQE j
Ga the subgroup is the emptyword union all the

reduced words of exactly one letter fromGa

2 Go I feggs then F Q TEJ a f T

Ganay Sef and GEGa hear them

8h f hey in Gp
BET

For any group H w hom FasGa H
fg

F hom
g o Ga H

of J
s t Ggg a

FLED



g E Gx G G Ba Gus JieGa
AEI

OI g g g ga g Eg Cgd Iad92 Igion

x y E G X and y are said to be conjugates

g x 8dg for some 8 E G
NA A normalsubgroup g it is in variant under

conjugationbyarbitrary elements of A or it contains

all of its conjugates or

gng EN f gEG new

gNg D

kernelof a horn is always normal

kerf g e G I I g e f
gKer I g

t
gkg

1 Re kerf
want tocheck if 8kg E Ker I

9kg To g ACK fCgD Icg 8cg
t

e

gkg e Ker E El G

GIN g N I g e G G is a grouper NAG

N bio b N EGIN



Parti during the prob session

aft IT Aa b IT X i B

b determined by the horn Cja 0 IT Aa ITCXb

F ja Aa X

consider
Japs AanAp Aa inclusion

Ipa AanAp Ap
Ax

jars

µAanAp 2
if

Ap

iaojap ipojp.sn

If 8 is a loop based at p in AanAp then

cap B e ITI Aarp Jpa ED EITI Ap b

belong to distinct subgroups eiegx.gl Ag p
Also

b jap D Cip jpa Er c IT X P

fo



OI Cjad AD cjpD CoD p

Ker OT must contain the reduced word which is

formed by the letters Cjad De its Aa p

and jpg EM e ti Ap p i e

jap CB Cja HT E kaOT

Io Ker must contain the smallestnormalsubgroup

Of
gegTi

Ag b which contains elementsof the

underlined form

Deff het a be agroupand let S beany subsetofG

S E G is the smallestsubgroupof G that contains
S I n H Ls is the setof all productsofSCH elementsges and g es

HEG

Similarly ggg G is the smallest normalsubgroup

of G that contains S AN she is the set of
SEN au conjugatesofa

products ofelements ins
and their inverses



theorem Seifert vanKampen

Suppose X
a
Aa Aa fo w non empty

intersections in Aa X and ja AahApsaAa

E o B E J and fix p e n Aa
DET

If Aan Ap is path connected forevery pairapers
then the horn

OI g gTiCAsits Ti Hcp is surjective

alreadyproved

2 If AanAprAp is path connected for everytrifle
2 B J E J then

knot jars Akio a KID1 5751a nap
N

so we have an isomorphism

it Xp gets CAS Pµ
Remark Mostofthe time X can be covered by two subsets
X UuV then we just need that UAV is path
connected



Ex figure8 or wedge sum of two circles s vs or

bouquetoftwocircles

as 088
S v S v s v s v s

f
UAV 25 pathconnected

IT CU p IT S1 E 21
IT V f E MICSD E 21

Unr is a contractible D IT CUNV f O

o the Korff in the statement of the vankampenthm
is trivial D

it Svs b E 21 21
I s

Hegg p.onwo

e at boo appt bPa9 I prefer21

non abelian

Knots K is a knot then it is just an embeddingof
S wi IR

trefoil knot
K

Ko unknot



knotgroupe IT 11231K no knotgroupof K

Hi 11231kt and IT Bilko

Deff Given a sets the free group ons isdefined as

Fs 21
a CS

i e Fs is the setof all reduced wordsofad ahh
n O pi E X Pi O di C S w di fait fi

The elementsof S are called generatorsof Fs

tenma Every group is isomorphic to a quotientof a
free group

Proof het G be a group Pick any subset
SCA

s t G G Then the horn OI Fs A

G g e g is surjective by the 1st iso thm
in
Sefg G E Fs ker D

Deff Given a sets a relation in S means any equation

of the form ee a b where ai b E Fs

Beth for any sets and
a set R consisting ofrelations

iris we define the group



SIR BAR3o
where R is the set of all elements of theform
Qb E Fs for relations a b ai R

The elements of sane called the generators of this
group and the elements of R ane its relation

Anyelement e SIRS is a reduced word w no
1

using letters in S Ews

w f w C Fs but it can happen that EwJ Ew'T
This will happen 0 0 w w e f R Zo
8 0 W W is one of the relations

Every group is isomorphic
to SIR for some set of

generators 5 and relations R
in the previous lemma take s to be the set of

generators itself and define R to consist of all
relations a b s t A b E Ker

Deff G is a group choice of generators is S and relations
in S G E SIRE is called a presentationofG
We say that G is finitely presented if it admits a

presentation s t S ome R are both finite sets



Corr Seifert vanKampen thin forfinitelypresentedgroups
X A UB A B gegenX pathconnected

An is path connected

ja An B A jpg AnB B

Suppose we have finite presentations
it CA sail Rj I
IT B E f fbas Sef f i j r e p g take

it CANB f Seps I qq.ggg onlyfinitely manyvalues

Then
IT X f sail U bks 9Rjsusses u Cja goCjB CpSf

Fd

D See a of is isomorphic to tag 21

2 9 a fake E Ip 2 1021

D f ai b I ab bag E 2x Z

O X x 0


