
 

Lecture 16

no problem set this week Next problem session

will cover some othertopicsfrom the course

Recall

Deformationretract A ex deformation retract
F H Xx I X s t H x o X and H xn eA

and Hlait a f a cA TEI

Mx H x D retrochoir of X onto A

j A X induces an isomorphism offundamental
groups

Homotopytype

fi X Y g Y X if
fog y Y id and gof X X idx

fendg are homotopy equivalence

Lemme bet h and K X Y be contmaps and h Xo _yo
and RCxD y If h E K then F a path a lie Y
from yo to y s't K oh

FCCf 43 Eff a



If H Xx I y is the horn b w handK then

X t HCxo it

hit
it X xD hi Yoyo

a t.si
4

M Y y

Proof f I X is a loop at xo

want puffs I HH
D
Kof d hof a

ay Rof hof GT

Consider loops foand f in XXI

fo s fcs o and f G fcs i

consider the path c eie Xx I given by
Ct no t

Note Hofo Hof Hof Kof Hoc 2

Suppose F I I Xx I be the map

f set fcs t Then the paths in Tx I



Bo D Sco and B Cs Sil

To It at and 8 Ct G t

Then
Fopo fo fops f Foto For C

fo't8 and to B are paths in 2 2 from o.o

to Lil o IXI is convex Boat pTo B
G

Fo G is a pathhorn in Xx I b w fo o and oaf

and Ho FoG is a path horn ie Y b w

Hof Hoc hof x and

Hoc Hof a Rof

which proves and hence the lemma
Ed

Coe h R X Y homotopic cont maps w h xo yo
Rko y Then g h is injective surjective or

trivial then so is k

K do his



Core h X Y is nullhomotopic then h is trivial

theorem het f X Y be cont w fGot Yo If
f is a homotopy equivalence or X and I have the same

homotopytype then

f 1T X no 0 IT CY yo

is an isomorphism spaceshaving the same horntype
have isomorphic fundamentalgroups

Proof het g
Y X horn inverse off

X xD
f

Y yo 80 x D
f Y

y
gcyo fan

Ti X xD it y yo

1 a
it X xD IT CY y

gof X xD x xD e idx
F path a eie X from no tox b t



gof do id x I

i got 8 0 f is an isomorphism

Similarly for fog idg

og o g is an isomorphism

G is surjective
to G is injective

of is an isomorphism

and fo 9 5 od

f o is an isomorphism
174

Remarks Even though g is the homotopy
inverse off

the induced isomorphisms are NOT the inverses of
each other

Seifert vankampen Theorem

theorem Suppose X UUVwhere Vand V are open
sets ofX Suppose that UN is path connected and
Xo e UN het in U X and j V X be the



inclusionmappings Then the imagesof the induced
homomorphisms

i UT Uxo IT X xD and

j T1 V Xo IT X xD

generate it Xiao i.e Suppose f is a loop in X
based at Xo then f is path homotopic to a product

of the form g ga x gz c gn

where each G is a loop eie X based at Xo and it

lies either eie U or eie V

Corrody X UuV U Vopensets in X Un Vf 4
path connected If V and V are simply connected then
X is simply connected

theorem tf n z 2 then n sphere S is simply
connected

Proofs p northpole
U Sn Eps
V Sh Sq

p Oeo Oil cIRM

q 010 O 1 c IRhtt Ef south pole



For na l the punctured sphere Sh p is homeomorphic
to 112 V and V are simply

conneted

f S1 p IR stereographic projection

f x fCx xn L xi i en

l Xn 11

f g Rh Csn p givenby
gcg g Cy yn Hy y ftp.yn

T t HD

Hy 2

I 1110112

U Sn p k Sn q opensets in the corr

Unr is path connected

U Rn and V IR p simply
connected

D IT Sm bo of h 22
Da

fundamental Groupof IRD2 Rpn na 2

112pm Syn X X Xe S

p Sn Rpn the quotientmap



Core it RIBy is a groupoforder 2 E Za I g
IT GRIP y 212 21 22 n 22

proof weshow f S2 1121102 is a coveringmap
Granted this we know it CHIP y as a set

is in bijective correspondence 15 Cy
1

hasexactly 2elementsH y y
ht GRIP y E 212

Exa Show that fo S2 RD is a coveringmap
p is a 2 fold covering mats

Proofof the theorem

Slept F a subdivision dosa s Lan of 011
sit ffai c UAV and f Cai a D e Vor r tri

f is a loopbased at xo
Choose a subdivision bo b bm of 01 IT est

E i f bi l bi D e U or V if f bi E UnV



Fi then we are done

If not then let i be an index of ffbi Uav

Then f bi bi and f Cbi bitD e U or

r If fCbi c U thenXmust lie ni U
if f bi CV then h in V

Delete this point bi from the subdivision and

obtain a smaller subdivision Coic Cm 1

that satisfies f au CID e Vor V ti

Repeat this procedure finitely many timesgiees
the required subdivision

Steps Given f ao a an be the subdivision

in steps
Define fro f Plm of co 13 Cai r ai

Aib K d pl m y mxt K

is t a C
b d

The path fi lies either in U or in

f J f f2 a a Fn

G i choose a path di from Xo to fCai in



var
o fCao flan Xo let's choose to and

an to be the constant path at Xo

Set
g die fi di ti

t loop eie X based at Xo its image
lies either wi U or in V

fix gi di i fi ai t di fit 4 5

di i fit fix a deiD

9,1 192 a a Egn If off a a Hn

o x x o


