
 

Lecture 15

Recall r is a retraction of Xonto A then j A X
induces an injective horn

Brouwer's fixed 1st tim f 132 132continuous

then F x e 132 s t fCx x

Borsuk Ulam thm

Topologicalproof of FTA

for calculating it Bebo try to study its covering
Tpaces
Homotopytypeof a space

I help us in computing the fundamental gp

of a space using some other it X where X is

familiar easier space

Amina het h R X xD Y yo be cont maps

If h and K are homotopic and g the imageof the
base point Xoc X remains fixed at yoc Y duringthe
homotopy then h Kit o M X xD Ai Yayo



Roof F homotopy H xx I 0 I sit

H x o h H x D R and H xo t yo tf tf T

H f is a loop at x c X then

H
Ix I Xx I y

is a homotopy b w hof and Kof infact its a

path horn as f is a loop at xo and Hmaps xoxI to

Yo hof Kof
D h EST Kia Cfl D h Ra

R o retracts onto s mo j S IR of

induces an injective hour In fact j is an isomorphism

b w it S1 and IT 1123909

theorem The inclusion map j Sh IR 09 induces

an isomorphism of fundamentalgroups
Proof bo L O o i o let

r Rn of Sh Nx Msn idsn

Then TojoSh Sh is the identity map p



oj 9 0 j is the identityhoon of IT Csn bo

Consider joro.IR fog pint of

jor is not the identitymap but is homotopio

to id
pint 09

H 112 of I Rn of

H at l t x 4 H xn id
pn go

Han jor
the point too 40 0 remains fixed during
the homotopy as 11bolt I D by the previous
lemma the jor j or e'da E MGR't't of

IT CIR's Sog

j E IT Sh bo T 112
1
909

is an isomorphism
I

straight line homotopy
main ideas we have a n ay of deforming
the id

pn Gog
to amap jor which is

collapsing
112 of onto Sn was keeping the

subspaceCsn fixed
G t
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conf it Sh E Iti Rn of it 1122 901
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come IR is not homeomorphic to Rh f n 2

it IR Sog must be iso to it 1122909
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M 909

Seth A ex We say that A is deformation retract

of X g the id h s t h carries X to A and
each point of A remains fixed during the homotopy ie
F a contmap H Xx I X iss H x o id x

H xn c A Axe X and Hla it a tf tf I fae A

The homotopy H is called a deformation retraction



of X onto A r X A r x H xn is a

retraction of X onto A H is a homotopy b w

id and the map jar X X J A X

just like the preceding then

Three het A be a deformation retract of X au EA

Then j A ao
0 Xiao inclusionmap induces

an isomorphism of fundamentalgroup i e if
A is a defamation retract of X then

IT Ai Ao it Xiao

Ex l B Z axis eie IRS and we look at 1123 B

R B has a defor
H x x Zit

X y Ll t a
retract which

R lol xO
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it

IRS
B E it Hof XSoe it CRE9093 24 1
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figure eight space

IT 1122 p f E IT figureeight non abelian

IR p q deformation retracts to Theta space

S U ox C 1,13

t



I t
f
e rP q t

O 0 O O
a G

If l

IT R p g IT 8 E it Q

Deff het f X Y and y Y X cont maps

Suppose gof X X id

fog Y Y idy

Then f andg are called homotopy equivalences
and f is a homotopy inverse ofg and vice versa

if f X Y is a horn equivalence of X w J
h I z y w 2

Hof X z Xyz

This relation on topological spaces X Y if XandY
are homotopy equivalent is an equivalence relation



X Y topspace X is top equivalent to'J

Two spaces that are homotopy equivalent are said

to have the same homotopy type

If A is def retract of X then A has the same

homotopy type as X

j A X inclusion

r X A retraction

toj id a jor aid roj and jor are
homotopy inverses

Lumina het h K X Y ke cont maps Let
h Xo yo kCo3 y o tf h and K are homotopio
then F a path aired from yo to y b t

12 9 it X xD MiCY y then R Lohia

Q Cf Card EFTa xD In fact if

H Xx I T is the homotopy b w h and K

then A is the path aft H xost
ha s N CY Yo

z fan
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Cod If h K X I homotopic cont maps
h Xo yo Klas J If h is injective bijective
trivial or surjective then so is Ka

Come Let h X Y If h is nullhomotopio then h is

the trivial horn
Proof The constant map induces the trivial horn and

the constantmap h is the trivial horn

theorem Let f X I be continuous let fGo yo
If f is a homotopy equivalence then

f LT X Xo IT CY Lo

is an isomorphism Spaces with the same homotopy

type have isomorphic fundamental grouts

O X X o


