
 

Lecture

PSet5 will be uploadedafter the problemsession

Read
Theorem heth 5 X be a continuous map Then

TFA Ei

D h is mullhomotopic

2 h extends to a continuousmap 12 BZ X

3 hit is the trivial horn of fundamental groups
i e h EFI Te in it X xD

1 2 and 27 0 3 done

3 i het p IR s be the usual coveringmap
and let Po I s be plz
Then as we discussed to generates the cyclicgroup

IT Cst bo as I starts at 0 and ends at 2

het Xo hCbo

o h E IT CSL bo IT Xiao is trivial

the loop f hobo is the identity
elementof

IT X xD
i F a path horn in X F b w f and exo



1
We note that foxed Tx I s'xI is a quotient
map which is injective apart from

Oxt
I t

box t f t e I

moreover F o x F l x I F Ix D XoEX

ooo from the theorem on continuousmapsofquotient
spaces 7 a continuous map H S XI X

which is a homotopy 4W hand a constantmap
his nullhomotopic

Corre The inclusion map j S
1122101 is not

nullhomotopic The rid St St is not nullhomotopic

Proof There is a retraction of
s R fo9 onto St

Mx x
op 11 11

j is injective j cannot be trivial

E by the previous
them j is not nullhomotopic



id S t s id it Sh bo IT Sho

f trivial horn id is alsonot

nullhomotopic
xD

If B E 1122 then a vectorfield on 132 is an

ordered pair x Vad x c BZ and v is a continuous

map from BZ o R

theorem Given a nonvanishing vectorfield on B
F a point of S where the vector field points
directly inward and a pointofS where the v fo points
directly outwards rex

Proof Let vCx be thev f on
K

0

B nonvanishing means

x OC1122 f x c B

V B 1122 of

Suppose VCD doesn't point inward at any point xes
v B R of

w ops St R of from the equivalence

of D and 2 lie the previousthorn w S R2 fog



is nullhomotopic

If we can produce a homotopy b w w and the
inclusion map j St R2 of them we'll have

a contradiction

Consider F x t Ex I t w

RE St F x o w x and F xn X jCx

if F 40 then F is the required homotopy

F exit f O for teo and t I

if FCxit O for some t w octal

tx l t wax O wax

co

was points directly inward
at

f x t to D we have a contradiction

E F a point xest where Cx pointdirectly inward
D

Thin Brouwer fixedpoint theorem for n 2 for the
disc

If I B 132 is continuous then 3 a fixedpoint off
i e F x C 132 s t fCx x

Proof Weprove by contradiction ire suppose Fang
Xe B s t fG X



define Vfx fix X is a nonvanishing v f
x vad on B from the previous thm F x c s

s t fix ax for some aso

fax ax 1 X Ita x

is a contradiction b c fCx It a x would lie

outside the unit ball
Vfx 0 for some X c BZ
fCx X

Core het A be a 3 3 matrix of positivemealnumberx
Then A has a positive need eigenvalue
Proof het Too1123 1123 be the linear map whose
matrix is A
B intersection ofS2 w the 1stoctant ofRs

Xl XzXz x Z O X 220

B is homeomorphic to B the fixedpointthan



holds for cont maps of B B
C I X z X3

If X E B then all components are nonnegative and
atleast one is positive

T X e RS all of whose components are

positive
x i 0 B B

1117311

is a cont map F Xo o t 7 071 Xo

11170311

0 Tho ATAD11Xo Tx Xx eigenvector
x eigenvalue

real positive eigenvalueof Tor A
I

Borsuk Ulam Theosom problemset 5

Given a continuousmap fo S2 R2 F x e S2 est

fex fC x

The fundamental theorem of Algebra
A polynomial

Xh an Xn l An 2xn
Z 1 A X 190

of degree n w real or complex coefficients has at

least one roof



Proof f g
1 s's f g g NE Zt

f IT Cst bo it CS bo of fundamental

groups in injective
het to 3 S standardloopof S
fo s e

s cos21T s Jin 21T

image of tools under f

f bold e2T's n
cos2itns Tin aan

This loop lifts to the path subs in R

E o viewing this map eie
IR

f is just multiplication by
n

f is injective

if g S 1122909

G y zn then g is not nullhomotopic

g j o f
il

j S R 09

i f is inj and j is injective G j of is



injective o g is not null homotopic

Given Xn an xn t A X t do 0

assume fan I tail t Idol

and show that the egmhas a root lying in B

Suppose not

K B 1122 909 by
12cg gnt any syn t t dig 190

let h Rys
o S R of

h is mullhomotopic from the previousAhn

we'll get a contradiction by producing a homotopy
b w h andg
define F S XI R2 fo

Ffg t z t t an z t r ta z tao

F z o go g
F 8 D h

Classis F zit 0

I f zit I z IzM It Can za t r ta z Ao



Z L t fan it zn a z tool

I t Ian it Ian d i Idol
O

fo F O D F is the required homotopy
we get a contradiction

Ooo F a root to zhan iz't't dry too

for the general case
Choose a c IR c 0 large enough w z cy

Cy t ankeyJn t t a Cvg tao 0

yn anfyn t r

teamy G
o

KD

0 x x 0


