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Recall E
j F X E is a liftof f j

t HI f

path liftinglemma f.IE B coveringmap w theD Bo

Any path f foil B at bo has a unique lift to a path
f in E starting at

eo.ae

FPdHomototsy
liftingiemma

B

Js E B coveringmapwf fled bo het F Ix I 013

be continuous w Flo D Bo F lift off to a continuous
map Tx I E w FTO10 e o If F is a pathhomotopy
then so is F

The E B
coveringmap w Heo bo Let f g be two

path in 13 from bo tobe and I g be lifts in E starting
at eo If f pg then ItD ga and I pof

e E

B



Deff het to E B covering map
Bo E B foCeo bo

f E IT B bo I be the lift off to a path in E

beginning in eo let 01CFD be the endpointICD

of F lo IT CB boy f bo

lifting correspondence

Treinen het p E B coveringmap Heo bo

if E is path connected then IT B bo b bo

is surjective If E is simply connected it is bijective

Proof If E is path connected and e e b bo then
F a path I in E from eo to e f Pof is a

loop eie B at bo If c IT Bebo and

4 Ef e of is surjective

Suppose E is simply connected Let Ef and Cg cITCBbd

and let 4 Ifl Gag Ici Fa I and

begin at eo

F a pathhomotopy F b w F and F D

F foF is a path horn b w fond g wi B

Eff Eg G is a bijection



Tim it CSD It

Proof p IR s be the covering map
Cx cos21TXi Jin2ND

let eo O wi IR w bo Lio in Sd

f bo I by previous 4hm
MTCsd bo 21 is a bijection

HI Eg lofts 1 lodge want
11 11
n m

I lift off lift of g and ICD _n

ICD m

FCx mtg path in IR

o pCntx PCD Fx EIR gf is a lift of g

G o _n I is defined and it is the lift

of fig which begins at o

ICD nigh mm

Cf CGD ntm loGt3 t 0493 proves
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it
cylicgroup 1571 order of the group
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o

y x n

A cyclicgroupof order k Zia or 211k

of group of integers modulo k



theorem het p E B is a coveringmap w Heo bo

a The horn P IT E eo IT Bebo is injective

b het H tf IT CEEOD The lifting correspondence
10 induces an injective map

it CB bo H p bo

g is bijective if E is pathconnected

c If f is a loop based at bo then f E H

p f lifts to a loop in E based at eo

Signession G H E G
set of left cosetis of H in G
H G H gatt i g n H f

gH g h I h c H not always a
subgroup ofG

Proof
a hetTs be a loopbased at eo s t THT

Ebo E IT B bo

F is a pathhomotopy b w toh and ebo
If F is the lift of F wi E w F 010 e o



F is a path horn b w Tr and ee

EFT eeo is the identity element it CE ed
is injective

b f g loops in B Atb

I Ign begin ateo

10 EFI ICD olGgg FCD

we'll prove that of EFI lolEg 0 0 AT c H Egg

F het fT E H Cg If h gT
where h pot 5 some loop in E based at

eo

to
B

I gf is defined it is a lift of h g
i If I h g I and Tig must end at

the same point lofty toGg



D het AI 4kg3 F and J must have
the same endpoint in E

e

heck Th g I ft
if F is a path homotopy in E b w Trig and

I D foF is a path horn in B b w

h g and f
where h pots

Eff h g
where heptaCITCE ed

f e H CD

If E is path connected G issurjective as well

P OI is a bijection

c Exercise
Me

Beth If A ex a retraction of X onto A is a

continuousmap 8 X A s t 81 Ida
If such a r exists then we say A is a retract

of X



Thin PSE 14

j A X inclusion A is a retract ofX
then the homomorphism induced by j is injective

i e j it A ao IT Xiao is an

injection

The PSE 14
There is no retraction of 132 onto s

Theorem heth S X be a continuous map Then

TFA Ei

D h is mullhomotopic

2 h extends to a continuousmap 12 BZ X

3 h is the trivial horn of fundamental groups
i e h EFI Te in it X xD

Proof
D 2

het H S x I X be a homotopy b w h and
a constant

1T S x I BZ givenby
T x it l t x
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R

Check IT is a quotient map It is injective
apart from six I p from the thorn on

continuous functions on quotient spaces F a

Mak k BZ X continuous and 121st h

2 od
j S2 132 inclusion j x x e B

ki B X h kiss

h S X h Koj By functionalprofs of
the fundamentgroup

h k oj IT Cs bo IT Xoxo

j it S bo It CB bo is trivial as

it B is h is trivial



3 i het p IR s be the usual coveringmap
and let Po I s be plz
Then as we discussed to generates the cyclicgroup

IT Cst bo as I starts at 0 and ends at 2

het Xo hCbo

o h E IT Cst bo IT Xiao is trivial

the loop f hobo


