
 

Lecture 12

Prob Set 4 due on 01 06 21

Recall p E B continuous surjectivemap

Uopeen B is evenly covered by big

f U Uk Vaopens F

fly Va U is a homeomorphism

Vas partitionof b u into slices

P E B cont surjective If tf be B F Uab

UogenB which is evenly covered by K then K is
a covering map E cover or a covering space

of B

p IR s

p cos 2Tx sin 2Tx covering map

xp Ex E 13 13 is also a covering map

if p E B and P E B is a coveringmap



Deff p E B a lifting off is amap
F

Ip Yp F X E s t poI f

X 2 B

p IR S as above fCs

path f Oil s ogC407 gbo149
f o bo s t f s costs sinus

F lift off I oil R

IG Yz begins at 0 andends at 42

g s 0,13 Sd g G costs sinus

gCs 42 begins at 0 and ends at Ya

h S cos4ms sin41T

IG 25 begins at 0 and ends at 2



Lemma path lifting Lemma

Let p E B be a coveringmap Heo Bo

Any path f coil B beginning at bo has a

unique lifting to a path feie E beginning ateo

E

I f t p
oB

Existence
Proofs Cover B by opensets U eachof which are
evenly covered by t

o IT is compact is lookat a subdivision

So Si Sai r i Sn 0 so U So S T Ur r U Sny Sn

f Csi Sit lie in an openset U as above

we define I stepby step
defineIco Eo Suppose ICs is defined for OES Esi

define on Si Siti as follows

Csi Siti e UoepenByevenly
coveredbyb



Va be a partition of b U

b va Va
U is a homeomorphism fa

f si lies in one of the Va's say Vo

Define f s for se si Siti

fTD Huo
t
fed

thro is a homeomorphism I is continuous
on si six

Continue in this way and define I on all of 0,13

I is continuous and the way we have defined I
we get pof f

I is a lift off

Uniqueness

suppose F is another lifting of f beginning
at eo

o f o _eo

Suppose s Ics o s se si

o f Csi Siti e 0 12 FCS is a lift

off i e fo I tf



F si sit 3 must lie in f D UVa

connected 60He
it must lie entirely 9 pto

in one of Vg
u

But I Csi Icsi C Vo

D I si sit D e Vo

i f se Csi sit I G y c Vo lying ni

f Hss But y is unique and is givenby
blue fcs Ics Fcs f

SE Csi SitD

I I

Lemma Homotopy lifting lemma

het p E B be a coveringmap Heo Bo

Let F Tx I B be continuous w f o.o Bo

There is a unique lifting of F to a continuous

Mab F I I E s t F 010 Eo

If F is a pathhomotopy then so is F



Root
do is is 1 Bsm

0 Sm l

l l l l

Off to ti T2 th i g

Ix I

_Csi ti

F Oso Eo By the previous Iemma

extend F to the left edge Ox I and the bottom

edge Ixo

Ii x Jj Si e Si x ftp.ixtj
is mapped by f into an open set

U of B which is evenly covered by b

Suppose F is alredy defined on A e I I

A Ox I U 2 0 U all previous Jj
odd c I I

1
those rectangles Iix B s t

j cjo or if j jo then is io



Assume F is a continuous lift ofFIA
Define E on TioXJjo.es follows
Suppose f I o Jj E U E B

open
het Va be a partition of p o

E is already defined on A h IioxJj

F An I o J must be connected inside

UVa but Elio.jo c Vo Gay

F An CIiox I D e Vo

El x tho Fm

Continuity ofF and uniqueness follows via the same
reasoning as before

po F F by def E is a lift

Suppose F is a pathhomotopy in B

F 0 2 bo and o F is a lift off

F Ox I p Cbo Seo as go Cbo has



discrete topology in E as F 0 2 is connected

Similarly E KI e

F is a pathhomotopy

theorem het E B be a coveringmap Heo bo

het f and g be two paths in B from bo to bi

f
b

b

yez I
e

F

f f and g are path homotopio then I and
end at the same point and are path homotopic

Fcs o IG f se I

F Ix I path in E which is a lift of flax

F Is starts at eo by uniqueness ofpath
lift Ecs D Jcs



D both I and end at e and E is the

required path homotopy

Deff p E B is a coveringmap w bo C B

bet pceo Bo Given f c IT CB bo let

be the lift off to a path in F starting
at eo

let EFT denote the end point ICDof I
We get a map

IT Bebo 0 f bo

lifting correspondence from the covering
mat of depends on the choice of eo

theorem het to E B core map Heo bo

If E is pathconnected then
10 it Bebo b bo is surjective

If E is simplyconnected then is bijective

Theorem Fundamentalgroupof S
The fundamental groupof St E 21 3

Proof Consider p IR S w Pcx cos2itx sinand



covering map bet eo 0 b Ico

f bo f Choi Z

Oo R is simplyconnected

IT S Ibo Z is bijective

To show that Io is a group homomorphism
het f g E IT CS bo

It g
be lifts in IR beginning at 0

het n Ici m gCD

to EFI n g Egg _m bydef'D

Suppose g be the path

G s mtg in IR

tch x pCx tf x C IR

D is a lift of g underts

and begins at n

I of is defined and it is the lift

of f g which begins at 0



The end point of the path is D ntm

E by deth of of
G EFI CgD ntm HAD 101kg'D

of is a homomorphism

D IT Cs Z t

O X X O


