
 
Lecture11

Recall f g X Y are homotopic if F F X I 0Tfrig com
continuous Dot

f x D fix tf xc X
FIX 1 gcx

f g I X are paths in X joining Xoand Xi They
are pathhomotopic j F F Tx I X continuous s t

f pg
F soo fcs Ffs 1 gcs
F O t Xo f d t

F s TEI

f

x TLzgxg
and p

are equivalence relations

For m.ir
Xo f L xz

The concatenation of f andg is a path h from xotoxz
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HI Eg f g

IT X xo fundamentalgroup of X relative to the
base point xo

Er I 8 is a loop at xo
exo constant loop at

Xo

Cf f y

Reinas it X xo is a group Exo

IT Rh xo exo O

thing Haitian mzm
pathhomotopic D there is only one

equivalence class IT 1127 0 0

Any convex subset of IR then its fundamentalgroup
is again trivial

The unit ball 113 ie Rh
Rn I 11 11Elf has trivial



fundamentalgroup

Suppose X E X het a be a path in Xjoining
Xoand Xi

or

X

us
Define a map

IT X ro IT X xD

Eff AT f HI
is a well defined map as it is well defined

theorem is an isomorphism of groups

i
homomorphism

Proof is a homomorphism as

Ifs I Ccgs CD If I KD KJ



Ex f Egg a

I If Ig

IT X xD IT Xix

B ch EAT Eh KI I

is an inverse to Q is an isomorphism

Core If X is pathconnected then the fundamental

groups relative
b any point inX are all isomorphic

Exner The iso b w it Xiao and it X xD is independent

of the path o the fundamentalgroup is abelian

Deff X is simply connected if it is path connected
and y IT X xD 0

Suppose h X Y is a continuous map s t

h xo yo h X xo Yayo

If f is a loopbased at xo then hof I Y

is a loop aid based at yo



Def h Xiao Yayo is a continuousmap Define

h o it Xiao IT Tayo

hi Cf hof
h o is called the homomorphism inducedby h

b is well defined Let f and f Eff
F is a path homotopy b w f and f

hot is a path homotopy b w hofand hot

and hof hog hoff g
the homomorphism is well defined

Theorem Induced homomorphism satisfy functional
properties

1 if hi xoxo Yayo and K I yo Zito

are continuous Then

Koh 12 0 hit

2 If i X xo X xo is the identity map then

ix is the identity horn

Proof Koh HI Koh

ofyµ



R oh IFT K Ch HD
ka hof Ko hot

n Efg iof If i it X xD IT Xix
is the identity horn

Corr fundamentalgroup is a top invariant

If h X xo Yayo is a homeomorphism then

h ht X xo ITI Yayo is an isomorphism

Pref het ki Yayo x xo be the inverse ofh

Then K oh Koh i and

h ok hole j j
identitymapof Diego

h is an isomorphism w inverse 12

Remains
1 Converse is NOT true isomorphicfundamental
groups homeomorphic spaces e g IR 1122

Sin SM n f m



IT Csn xD O N 22

IT CS xD 21

2 Contrapositive is very useful
non isomorphic fundamentalgroups non horn

spaces

xo

Covering Spacex et Riemann surfaces complexgeom

Ded het p E B is a continuous surjective map
UffenB is evenlycovered byp if

pYu U.ua
aGene

and tf in thy U is a homeomorphism

Va is called a partitionof f u into slices

O



f co

i

Ou
Eet hot p E B is continuous surjective

If every beB has a nbd 0 that is evenlycovered
by f then p is a coveringmap and E is a

covering space of B

If E B is a coveringmap then f be B p b

in E has discretetopology

E D i X X identity map isalways a coveringmap

2 E X x L 2 n

Io E X w pCx i x fi is a covering

map

p IR S given by



p x cos21Tx Jin 21TX

is a covering map IR is a covering spaceof St

Remarks D A space can have multiple covering
space and any covering space

which is

simply connected is known as a universal cover

R is a universal cover ofSd
n n ti

f u WUn Vn n Yy n 144

each VnoepenR is mapped homeomorphically viaD
to U

0

Oio

We can do the same thing for all the four mods
described IR is a covering space of St



4 p S1 S ftRiemannsurfaces
plz En ne 24 is a

coveringmap
S e Q
il

2 c a 121 1

Thin het p E B is a covering map If Bo is
a subspace ofB and g Eo f Bo

then to Eo Bo is a covering map

restrictingp

Three If p E B are covering maps

p E B

Then p p o Ex E Bx B

is a covering map

2 TE s'xs

112 112 is a coveringspace for the torus

Proof Let be B b'c B and Uab U's5 be evenly
covered nbd by pand f respectively
let Uaf and Va be partitionsof p40 and



f w respectively

Then


