
 
Lecture 10

no problem session today

FundamentalGroups

Homotopyof paths

Deff let f f X y be continuous maps

f is homotopic to f f f e f is F a continuous

map f Xx I Y here I 0113 s t

F x o fed and Ffx s fix
t x c X

F is a homotopy b w f and f

If f is a constantmap and f If then we say

that f is null homotopic



my
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f is a path from x tox j f o I X

continuous and f o Xo

f D Xi

Tet Two paths f f I X are said

to be path homotopic if they have the same

initial point xo and same final point and

if F continuous map F I xI X s t

F S o f s and Fcs D f Cs

F o t Xo and f dit

f se I i te I We write f p f



Thin The relations I and p are equivalence relations

If f is a path then we'll denote its equivalence

class f

Proof f f Ffx it fix
f p f f G et fcs

f If fief If F is the homotopy

b w fond f then Glx it F x l t

is a homotopy b w f and f

Let f f and f e f want f f

f If
f

F f

Define G Xx I Y as

GCxit FIX 2T for te 0,1 2

f x 2 z l for tf 12 I



EI f g
X 1122

Then f g straight
line homotopy

F at l t fix 1 tg ex

If f g one paths in 1122 from Xo tox

then f pg f

mix

het C be any convex subspace of 112
the straight line joining a be 6

lies Eric

Any two paths in 0 are path homotopic to each
other

ylsq.gg
I X R'I of

rconsider h



fCs costs sinits

Gcs costs 2sinits

h s costs sin its

Product structure

Get f is path in X from Xo tox and let g is
a path in X from x to

eqwe define the product g

f g h as 0
2

h s
fCas SE O t concatenation of
gas D

se k D f andg

h is a path in X from Xo 6 2

f 8 70,13 X Ho xo

8CD X

and 8 pf

f g f 9 Exercise

notice fJ Cg is not defined for every pair



every
classes we must have f geo

Theorem The operation has the following
properties

D Associative tf f CGI End is defined

then so is f I CGI Ch and

f CGT Eh EFI't9g CHI

2 existenceof rightflett identities
Given c X let ex I X denote the constant

path ex s x If f is a path from Xo tox

then
f I ex If and Exo If I If

3 inverse f I X f co _Xo

f a X

f s f l s I X f o Xi

f d Xo

Lierse path of f And

f f exo and If f Lexi



in
Xo

Proof K X Y continuous

F is a path homotopy eie X b w f and f
them ko F is a path horn in D b w Kof Kof

and
f glo then

ko f g Kof Rog

i

go Xz

Let's look at 2 and 3

Eo is the constant path at OEI

i I I identity map
do I is a path in 2 from Oto's

I is convex F a path homotopy G
in I b w E and lo i Them

foG is a path homotopy in X b w

fof f and fo Ceo i foe foi



exo f

we get 2

3 The reverse path of i 3 J is

i s l Si

Then i i s is a path in I beginning at 0

and is ending at O D n i p eo I is converD

Suppose H is the path horn in 2 b w eo and

i
g foH is a path homotopy foeo exo

and foi foi D f I
reverse path as
defined above

define the inverse of If If

proof of 47 later

Pick a base point Xo E X We are only going to



look at loops in X at Xo i e path eie X which

start at xo and end at Xo

Deff het X be a space Xo E X The set of

path homotopy classes of loops based at Xo

with the operation as above is a group called
the fundamentalgroup of X relative to the

base point Xo Wedenote it by IT X xD

IT X xD f f I X w foot fa
Xo

first homotopygroup

X x

Proof of associativity of



We describe f g
in a different way

let a b and c d be two intervals eie IR

Then F a unique p aib kid

w f Mx 112 of pfa C and p b d

Call Is the positive linearmap plm

of a b Cid

Now consider f g
as follows On fo Yz

f g fo Hm from 0,1 2 to foil

and on Yall
f g go Hm from Ya i oil

Now let fig and h be paths wi X s t

f g h and f g h are defined i.e

f D geo and g D hid

Define a triple product of the paths f g
and h as follows



het a.be I w OLacbc1 Define a path
kaibeieX

Dka.bfo Hm from Oia 101011 on
0,9

goplmfromCarb
to 10113 on a by

y µ pom togo on b y

Claim If c.de I w occads are another

pair ofpoints then ka b p Kc d

Notice that if we prove the claim then

f gah Kalb w 9 1 2 b 3 4

and ff g h Kc d w c 44 d 1 2

If Egg Eng
EFI't993 CHI

Proofottheclaein oo

bet p I I be themap as described

below
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