
 

Problem Session 4

Tychonoff's Theorem If Xa is a collection of
NEI

top spaces w Xy is compact tract then

X IT Xx
xc I

is compact in the product topology

Demonk X is not nec compact in
the boxtopology

Finite product of compactspaces
is compact

tf XandY are compact
then so is XxY

Steps Suppose Xand Y are top spaces
w Y

compact Let x EX Consider the slice oxy

and let N be an open set
in Xxy which contains

Roxy Then

F a nbd W of xoire X
s t WxD c N

tube about no
xD

xx

not
w

j



Let's cover x xD by basis elements UxV in Xxy

w Uxv ear

XoxD Y which is compact

there are finitelymany
basis elements

4 4 UzxVz UnxUn s t XoXY E Nix U

and Uixvi esv Setine

W U n Van run open set
contains

Xo

Note that the sets Uixv
which cover noxD actually

cover Wx'S The reason is

sexy
c Wxy

roxy c VixVi for some i ye Vi

r X e Uj f j
x c W xxy

e Vix Vi

Uixvif indeed cover wxY

Uixv CN D W xD c N

Step2 Xand Y are compact Suppose
He is an

open cover of Xxy

let me X roxy is compact
F finitelymany

elements Ai Am of A which comes roxy

N A U Azu UAM is an open set in XXI



containing Roxy by step 2 F a tube

WxY about noxD w Epeninx

Wx is covered by finitely many
elements Ai Az

A m of A

Axe X F Wx ax W C X s t the tube

open

W x I can be covered by finitely many
elements

of A
Wx

is an open corner for X
D o Xis

compact 3 finite sub collection We Wz Wk

coming X

Xx Y E W xD U waxy U wexD

finitely
many
elements
of As

admits a finite sub cover

Xxy is compact 1

Jeff bet X be a set A collection f of subsets of

X is said to have the finite intersection property

if tf finite subcollection 9C Ca Cm of f

C no n nom 10



Theorem het X be a top space Then X is compact

0 0 for every collection of closed sets in X

having the f
i p n c f lo

CEf

Proof If A is a collection of subsets
in X then

B XIA I Ae A
satisfies

D A is a collection of open
sets 2 0 f is collection

of closed sets

2 A covers X 0 0 no lo
CE

X C VA 0 0 MA 0 0 0 no 01

AEA Aed
CE f

3 A finite subcollection
A An of As

covers X Ifc XI Ai 4

the proof the
theorem follows by looking

at the

contrapositive
statement and by the 3 properties

FB
above

Counterexample for the remark
above

O I X fo I x o I x 0,13x

j



f X ITgoD were compact in the box top
KEN

the closed subset Y IT 0,19k of X
REID O D Co Dx NODX

open in
must be compact Xin

box topology
1 is an infinite set

closed and is discrete

D I can never be compact

i X is not compact

Proof of the
Tychonoff's

Theorem

Lemma A het X be a set and let be a

collection of subsets of
X having

the f i p

Then F a collection 8 of
subsets of X o t

A C P and B has fvi p and no collection of

subsets of X satisfying
f ip contain properly i.e

P is the
maximal collection of

subsets of X

satisfying the f i p

Zorn's Lemma
A p yo

etP having the

property
that every chain

eie P has an upper

bound in P contains at least one maximal element

P having
a partial order S s t f a beep

as a
AE b b E a a b

a E b b E C D a E C



A chain C wi p is a subset of P which is

totally ordered

Reefof Homma
A The existence of is by Zorn's

Lemma

The set P As d is a collectionof
subsetsof X w f i p f

The partial order
on P is containment

A e B if every
subsetof X

inside

A is also in
the collection

B

Let us consider
a chain 6 in P

C A Az
A is a collectionof
subsets of X

w tip 9

H is an upper
bound for C

By Zorn's
Lemma P has a maximal element

say
is a collection of

subsets ofX that

ID
satisfies f i p

temmaB_ het X be a set as before Then

a Any finite
intersection of

elementsof B is also

an element of D

I 8 a 8



b if A CX s t AND lo f De AFP

Roofof b
het A be as in b

Define u Af J P

We show that B also satisfies
the f i p

by the maximality of
B 8 8 Aed

Let E Ea En E B f Ei A si s n

Ei E 0 En f lo as satisfies

fi p
if E _A

then An Ez AE n En
as

F 2h Esh men c partca

8 satisfies f i p
f P

I

Proof of Tychonoff's
Theorem

X ITXa is compact ai
the producttop

2C I

het A collection of subsets of
X having the f

i p

We'll prove that n I f of
D X is compact

Ac A

B I I



3g Lemma A F 8 of subsets of X satisfying
f i p B s As we'll prove

his
so

DEP

ita X Xx projection map
is continuous

To D De D of subsets of
Xa

has f i p as P has f i p

i Xa is compact we know
that I IT 10

DEB

D f AEI F Rae f ITTCD
DEB

het x Gaze e X

We'll show that e TT f DE P

0 XE MI prove

DEB

if It Up is any
subbasis element containing

then its up
intersects every

element

of D Up is a nsd of xp in Xp

Xp E ftp.CDT D Up http
D

B



its up ND f f f DEB

by part
b of Lemma B

we know that

every
subbase's element

containing must lie

in P
by part

a of Lemma
B every

base'selement

of X which contains
se also belong

to

has f i p every
basis element

in

X which
contains

a intersects every
element

of P
Xe D f DEP proves

D the theorem Da

x 0
O X


