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Problems

(1) Prove the statement from the lecture that if V is a finite-dimensional subspace of the space of
sections of a vector bundle E of rank m over a compact manifold M and p ≥ 1 is fixed then

dimV ≤ m · Cp(V )p (0.1)

where Cp(V ) = sup
s∈V \{0}

||s||∞
||s||2p

.

(2) Let θ be a 1-form on (M, g) and X be its dual vector field. Prove that
(a) v 7→ ∇vX is symmetric if and only if dθ = 0.
(b) divX = −δθ.

(3) Let X be a vector field on (M, g) such that ∇X is symmetric. If f = 1
2 |X|

2 then prove:
(a) ∇f = ∇XX
(b) ∆f = |∇X|2 +∇X(divX) + Ric(X,X).

(4) Prove the following result originally due to Gallot. Suppose (M, g) is compact such that

||u||2v ≤ S||∇u||2 + ||u||2
for some S and all smooth functions u and v > 1. For some vector bundle E over M , let
V ⊂ Γ(E) be finite dimensional. If

g(∇∗∇T, T ) ≤ λ|T |2

for all T ∈ V then

dimV ≤ m · exp

(
S
√
λv√

v − 1

)
(0.2)
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