
 

Lectures

Liederivatives

Suppose f M R is a function and let Yer m
then the dinectionalderivative off in the

direction of Y is

Dy f Ly f of 14 Yet

in local coordinates

off Iif d se

We donot need a metric g for defining of

If we do have a metric
g

then we can define

gradient of f If s t

g V If d f r f vermin

In local coordinates If Gis Ji f 2j



We cannot define It w o g

If XERITM and Ft corresponding to call define
flow of X on M

for small t t to Ftp is the integral

curve ofX through p at t o

Deff The lie derivative of a tensor in the
direction of X is the 1st order term in a

suitable Taylor series expansionof the
tensor

when it is moved by the flowof X

forfunctions
Ft D f p t Lx f p h o t

Lx f p line f Ftp fi p
t o

t



d f x

We want to find out what Lx Y is

Y
ft

can't be compared to y b c they
live in different vector spaces

so we look at t D F'd Y
etc

EAM

So the Taylor series expansion wit at ogives

DF Yipe YI t Ix's
p
t hot

and we can define

Lx Y p fig Siete Yip

Z

Prof Ly Y X Y



Now suppose Tis a look tensor We define

F T T E Lx T hot

Ft T Yi Jk T DF thy DF tuk

T Yi Jk t Lx Yi Die

hot

Lxt Yi Ye bin k 7

Put
IT Yi Dc Dx T Yin i did

If T Y LxYi idk

Put Lx T T2 1 7 727 Ti LxT2



De If a v f X vanishes at PeM then the

value of Lxt at p depends only on the value

at p

Remand we didn't need
g
to define L x1

lie Derivative and the metric

we can define the Hessian of a function
on

Mig using the
tie derivative

Hess f is a 10,2 tensor and is defined as

Hess f x y I KE x y

We can also define dir X using
the lie derivative

Def The divergence of a v f X is a function

din X on M that measures how the volume



form ofM changes along the flowfor X

vole M MTM

Lx rot divx vol

The Laplacianof a function of is the dir

of the v f If i e

If div Ff dir df

In fact If trace of the Hessian f
b
If E is a positively orientedatiame there

divX Lx v01 E i En

Lx Vol E i Eu

I rot E Lx E i En

u



O E g Lx Ei Ei
7 1

I 2 Lx G Ei Ei g Lx Ei Ei

g Ei Lx Ei

I LxG Ei Ei

80

div X I Ix G Er Er

when X If

If div Ff I É L G Ei Ei

trace Hess f

In Gant Derivative



Def Let E Is M be a vector bundle A

connection on E is a map

RM x TLE TLE s t

D Tx's is CCM linear lie X

2 Tx is IR linear in Y

3 For f f Ca I satisfies the Leibniz
rule

Tx FY XH Y F TAY

F D is the covariant derivative of Y in the
direction of X

I ou E is completely determined by its
Christoffel symbols pig in local coordinates

Ji Ej

I E Rj Er



Lemme If E TM is the tangent bundle
then we can define connections on all tensor

bundles TIM s t

D Ix f X f d f x Lx f

2 Tx Tas XT S T TO Tx S

3 Tx AT tr Txt i.e trace commutes

w taking covariant derivative

we'll see in the next lecture

Levi Civita connection on Mig
Curvature of the Levi Civita

connection and its properties

O X X O


