
Ricciflow

Let M go be given

Def A Ricciflow on M go is a family

of metrics gas zero
s t

OfGA 2Ridgets

Glo go
R

E depends on M and go

Examples

If go is Riki flat i e Ric 0 0 gut go
ft is a sot Note that FEC aid in this
case e.g when M IR or flat torus

Let go be an Einstein metric ie

Ricgo Igo for some HEIR



Then glt I 2kt go is a son to R

as
Jtg t 2 9 2Ric go

2 Ric 11 2 4go
2 Ric gu

g it o at t 24
if I o then the solutions are shrinking as

get is shrinking from go
1 0 static Sol

t o expanding son

A concrete case is that of S go Here

Ric1g In 1 go get 1 2 In 1 E go
is a son to R and the son exists till 9 1

2in i

Pictorially the flow runs by shrinking the sphere
until it becomes a point



Def get is called an eternal so l if
te C a a

get is
an ancient sol if

E E C A C C a

e g round sphere

get is an immortal song
te Ca i a a A

Symmetriesoff
M get te g

is RF M Gt that
is a Rf

Iigimanomaretime scales like distance

i

exit XG x t te o IT is also aRf

as Jtg exit Aof Stg x it 2 Ric garth
2Ric g

Diffeomorphism invariance If 4 M M is a differ
andget is a Rf then so is 6 get



Reflow regardeda heater
Def local coordinates xi are called harmonic

if Δ xi 0

0 Δxi g.sk 2j2k Ff2e xi gikfjfa
Lemma for PEM harmonic coordinates in

some nbd of p
Lema In harmonic coordinates

2Rij Δ 9 Qij 9 1
2g

heptane materm involving quadratic
ofcomponents expressions in metric

in verse g and 2g

Notation for tensors A B

A B would mean some linear combination

of traces of A B w coefficients that
do not depend on A or B
So_various contractions b w tensors whose



precise forms are not important 9
18A 13

n A Bts
O in harmonic coordinates indeed

tGij Δ Gj Qj g 1,2g

Roofofleemma
Recall the formula for Rjk in local coordinates
give

2Rjk 2 2qf 2jf f1 9 P.fr

2 q g9ʳ 2j9rk 2K9g 29jk
Dj 987 289m 2k9gr 29kg

Er far
2q g9ʳ 2j9rk 2K9g 29jk
2j 987 289put2k9gr 29kg

g g 2g 2g
we used the coordinateexpressionfor

Tij



gas 2q2j9rk 2q2k9rj 2q2r9jke

g9r 2j2q 9in 2 2k9gr 2xq̅
g g

1
29 29

terms cancel
is the Δ gj term on contracting gander

in harmoniccoordinates as 419k gmn an9jk fin 29
The remaining 3 terms can be written in
terms of partial derivatives of f g

e.g.gr2q2k9nj 12j2k9qr
as 992k Fr9sj
992k Fr9sj

g8ʳ 0k gˢᵗ 0q9r 29g 29g
9sj

997K 2q9rj 2r9qj 2j9qr
99 2k2g9rj 2k29g 2k259gr

2k28gr 2k259gr



and the remaining term 991 2,219kg 2k59gr
in

g9ʳDj F r9sk
80 becomes

2Rjk 419 9 2 rqr9sj 98 2 fr9s

g g tag 2g
The underlined_terms are zero lie

harmonic coordinates and 80

2Rjk Δ 9jk 9 g 29 29
me

Qij g 1,2g

s


