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Problems

(1) Let {xi} and {yα} be coordinate functions on a common open set. Using the fact that gαβ = gij
∂xi

∂yα
∂xj

∂yβ
,

show that

Γγαβ
∂xk

∂yγ
= Γkij

∂xi

∂yα
∂xj

∂yβ
+

∂2xk

∂yα∂yβ
.

(2) Find the expression of the (3, 1) Riemann curvature tensor in coordinates in terms of the Christoffel
symbols. We will use the expression when we will calculate the variation formulas under the Ricci
flow. (Hint: Proceed in the same as we obtained a formula for the Christoffel symbols in terms of the
derivatives of the components of the metric.)

(3) This question looks a bit longer because here we introduce the Ricci curvature and the Scalar
curvature and prove some properties about them. Recall the following from linear algebra: If (V, 〈, 〉)
is an inner product space with basis {e1, . . . , en} and A : V → A is a linear map then Aei = Ajiej and
tr(A) = Aii ∈ R. Note that

gij〈Aei, ej〉 = gij〈Aliel, ej〉 = gijAliglj = Aii = tr(A)

and thus tr(A) = gij〈Aei, ej〉.
If B is a bilinear form then we define tr(B) = gijBij .

Let (M, g) be a Riemannian manifold, p ∈ M and fix Xp, Yp ∈ TpM . Define Ap : TpM → TpM by
Ap(Zp) = R(Zp, Xp)Yp, where R is the Riemann curvature tensor. Then from the above discussion we
see that if {e1, . . . , en} is any basis of TpM then

tr(Ap) = g(Apei, ej)g
ij
p

= g(R(ei, Xp)Yp, ej)g
ij

= R(ei, Xp, Yp, ej)g
ij .

We can now make the following definition

Definition The Ricci tensor of g is the (2, 0)-tensor Ric defined by

Ric(X,Y ) = gijR(ei, X, Y, ej). (0.1)

In local coordinates,
Ric = Rjkdx

j ⊗ dxk with Rjk = Rijklg
il (0.2)

and thus Ric is obtained from the (4, 0)-Riemann tensor by tracing on the first and the last index.
Definition The scalar curvature R of g is the trace of the Ricci tensor and is a function on M . That
is, R = trg(Ric) = gijRij .

Prove the following:
(a) Ric is a symmetric (2, 0)-tensor.
(b) ∇iRijmk = ∇kRjm −∇mRjk.
(c) ∇iRij = 1

2∇j R which in invariant form reads as divRic = 1
2dR where div is the divergence of a

tensor.

(4) Let g be a Riemannian metric on a manifold M . Let c > 0 be a constant. Then cg is again a Riemannian
metric on M as is said to be a rescaled metric. Show that as a (3, 1)-tensor R(3,1)(cg) = R(3,1)(g). Find
the scalings of the (4, 0)-Riemann curvature tensor, the Ricci curvature and the Scalar curvature. (Hint:
What can you say about the Levi-Civita connection ∇cg in terms of ∇g?)
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