
Symmetries of R

Rex Y Z W g RIX Y Z W

I
4 o tensor obtained from 3 1 R by
musical isomorphisms

R Si 2j 2r Rijide

R ai 2j 2,12m Rijkm

Rijkm RijisGem

Prop

a R X Y Z W R Y X Z W

b RIX Y Z W R XY W Z

c Rex Y Z W R Y Z X W RG Xiao



O

d Rex Y Z W R Z W X y

a is always true and w b allows us to see Reflation'd
i.e as a symmetric bilinearforms on thespaceof 2 forms

b follows from metric compatibility Ig 0

c is true for any torsion free connection
on PM It is called the first Bianchi

identity

d follows from a b and o

Proofs o a done

b since Ig 0 0

Y g z z 29 Ty 2 Z

X Y g z z 2 X g Ty 212

2g Ty Ty 2 2

In localcoordinates theseread as
1 Rijial Rjital
2 Rijk Rijek
3 Rijk Rjkie Raije

0

4 Rijk Rklij

Exercise Prone c using local
coordinates



2g Ty Z x2

Y X g z z 2g Ty Z Tx 2 t

2g z Ty x2

XY g z z 2g Z Tex Z

X Y g z z YC X g Z Z XI GLAD

D

ZR X Y Z Z 0

polarize to get b

c Want to show that

R XY Z RLY 2 X RIZ XJY O

expand and use torsion free and use

x ̅

came home
iiiis it

R X Y Z.tw Ztw 0

R X Y Z Z

T.EE iiwizt
R XD W w 20



Proof we prove that REXV72 RCY 2 X R Z X Y 0

This expression is

xyz NyTx2 TyFzX
Tzy X Tax D TxTzy

Vexing 2 Ey 2 721 3

we manipulate this as

Tx 2 Tzy Ty FzX Tx 2 Tz Xxx Tyx

Tex y 2 y z X Zix

By torsion freeness of
X

Y Z y Z X xz̅ XD Texis Yes z

Tezix

now notice that X 7,23 Tx Y Z Tey z X

and so on
weget

X Y Z Y ZX 2 XD 0

By the Jacobi identity



Jacobi identity for so

d Write identity Die 4 ways

SectionalCurvature

Let Mig be Riemann

Given Xp Yp E TpM

IXpnypl
p
Xp Ypg Gp xp Yp

lx Y IXP 41 x y

Def Let Lp be a 2 dimensional subspace

of TpM n 22 Define the sectional

curvature Kp Lp of Mig atf in

L L by



Lp direction by

Kp Lp R Xp Yp Yp Xp

I Xpnypl

for any basis Xp Yp of Lp

denom not zero as Xp Yp are basis

if I a Xt by

I o Xt dy

Ing ad bo Xny

Show that

RGIII RGIII15nF

If n 2 Lp TPM f pen

sectional curvature isjust a smooth



d
function on M

Lemma The sectional curvature determines

the Riemann curvature and vice versa

Precisely suppose U In 22 is a IR inner

productspace and R andR be two trilinear

maps set

Rex X Z W and LRCX Y Z W are

skew in X Y skew in Y 2 and satisfy
1st Bianchi identity

Let XY et be linearly dependent
Let D spam X Y

define K o RIXON X

I Xny 2

K o RANA X



Ii

if KIK Y O ET them R R

Lemme Let U be a real vector space w

dim V22 and R and R be trilinear maps
VxVxv V satisfying

R x y z W X Y Z W

R Xi Y Z W x y z WJ

have the following symmetries
X Y Z W Y X Z W Xi Y W z

Z W X Y

and Xi Y Z W Y Z X W Z X Y W O

same for
Let X Y be linearly independent Let O span xis

define Kla x Y Y X
I Xn y12



SI

Ier lxix.IT
XnY12

if I r KID A 2 dimensional subspace
EV then R R

Proof By typo X's s X Xi's s x5
I Xi'S

polarize Xt's Z Z Xt's att z z Keys

X Z Z Y Y Z Z X N Z 7,45
Y Z Z XJ

2 X Z Z 4 2 X Z Z Y

Bysymmetries

X Z Z 7 X Z Z Y

polarize again Z 0 Ztw

x Z W Y X W Z Y

X Z W Y t be w ZIT



X Z W Y Riz ways
try x w 2145

W X zig W X Z 5

is invariant under cyclic permutation
Xo Z to Wto X

X Z W Y X Zico y

XY Z

cyclic
3 X Z W Y 3 xzwj

O 0 0

p Xi Zi wi's X Z W ly

Th

2ndBianchiddentity

Let Mig be Riemannian and R be the
what does Tirjam mean

iRjkem T2Rm Jj 2kZe2m Rikim F Rprem Ripen



Riemannian 4,0 tensor Then

Hur XY V w FR XY W U

WR x y U V O

To prove this let pen be arbitrary and

choose Riemannian normal coordinates centres at

P 92 i if is a local frame

Gj p Sig

No Mj p or
p

o

het X Y V V W be di Jj Jk De Am

now

HUR Xi Y V W
In
U RAY V W

FiRjkpm PimRjkip

Thisis astandard tri k forsuchcalculationsfortensorsToproveany
relationat apeMbymultilinearity itsufficestopronewhenX ix U VW are basiselementsw r t some frame



R Tu X Y V W

R X Y V TuW

But Fu Xi Huw 0 at p in normal
coordinates

at p Mur Xix v w UCRCxix.vn

now

U Rex Y V W U g Rexx V W

U g Ix TyV Fy Tx V Taxi V W

Fas coordinate
v f

metric compatibility
I
g FutxtyV

w g TutyIxv w

g Tx Tyr I Xxv Huw

Eatp
Tur X Y V W b U Rex Y V WHA



U RIV w xx W b

g Tutu Tw X Y p

g Tutu Fuxi b

now cyclically permute U V and W and

then add to get the
2nd Bianchi identity

77

Remark If d is the exterior covariant

derivative then the 2nd Bianchi identity
is d R O true for any

connection on any vector bundle

OthernotionsofcurvaturefromRmm



Aside het V C be an IPS and
e en be a basis

A V or be a linear map
Aei Ai ej Then Tr A A ER

Notice

gishAei ej g's Ailee ej

g's Ail g A Istria
Thus

I trCA gistAei ej

more generally y Bij is a bilinearform
define Try B g

isBij

Let Mig Riemannian and fix Xp YpEAM
define Ap Tpm 0 AM be

Ap Zp R Zp Xp Yp



I 1 RC p Xp

Trl Ap g Apes ej g
for any basis e en of PM

g Rlei Xp y ej gij
R Ei Xp Yp ej gij

Deff The Ricci tensor of g is the 210

ensor Ric defined
Rick y gis R lei Xix ej

for any local frame
er sent

in local coordinates

Ric Rjkda doe where

Rjk RijkGil

Remark Ricci is symmetric



Claims The def Rie XiD g I Rlei x y ej
is well defined

If ei in beanother local frame

Then Pst E Pim em

gig gleitej PimPjk8mk

i e g PgPT g
1 PT g P

8
gil R Ei Xix E

PT laG lab P
1

by
R Pike Xi Pimem

P laif lablplbjpygpim
rlek.xix.cm

E 8ak8bm 9
1
as R ek Xix em

gkMR ex Xix em



Exercise Prove the previous remark

What is the meaning of Ric
Ric is determined by polarization from its

associated quadratic form

q x Ric Xix

Let en en be a local o n frame
Ric ei ei g R Ier ei ei ee

E R lek ei ei er
Oom

K I

I Rler ei ei er
k i

leitle p Lei er



tell lek even

I KC erne
K l 4 2 plane spanned
R i f by eromoei

sectional curvature

Thus Ric ei ei is In 1 average of all
sectional curvatures of 2 planes containing
ei

ScalarCurvature

R Trg Ric gisRj
So R is a smooth function on H

R n average of Ricci curvature

Ica



nel Rijk O

n 2 Ricci Rjk g'tRijk

Ri gilRine 922122112 92Rizzi

222 GilRizzi 9 Riza L Rizzi
Riz gilRiise g Raz 9128122

Scalar R 9 Ri 291222 9221222

2 g g 912 Rizzi

Rizzi def g

Egg Rizzi 2K

for 2 2 TIKI

Def Mig is called Einstein if F

Xe CCM sit



lric.TL
Suppose Mig is Einstein Then

R g'sRig gistgig nd

X In
RicR91

We'll see examples of Einstein metrics
Special case Ric 0 or Ricci flat

Ade In GR the natural equation is

Ric Reg T prescribed RHS

stress energy tensorTEnstein tensor



G

Suppose 7 0 p Ric Rkg
tracing R Miz o n 2 0

12 0 and

Ric o

8 if n 2 and A 0 then M must be

Ricci flat
in

Exe Prove the following
Terejmk I Rjm FmRjr
div Rc Ldr

Lemmy Diagonalize R on Mg wer t basis

eanes egner eines of ATMs w
e ez ez

an on b
of RM Suppose that writ basis R is a

diagonal matrix w entries hi ta ta Then wir t
e ez ez we have



Re I 8
o o d the

and the scalar curvature R At tats

Proof Exercise

Lemmy Let Mig be an Einsteinmanifold
w nz 3 Then M has constant scalar curvature

If n
3 the g has constant sectional curvature

Proof exercise

Beth Constantcurvaturemetrics

IR w Euclideanmetric has constant see curvature 0

S2 XE IR 1 1 R w the round metric has

constant sectional curvature 122

1112 the hyperbolic space of radius R which
is an

open ball of radius R in Rn w the metric

Gj x 4R4S



Tx
has constant curvature Yr

Any complete simply
connected Riemm n fold w

constant sectional curvature is isometric to one

of the above depending on thesign


