
 2,344 Basiof Riemanniangeometry

Def M is a n manifold if it is Hausdorffand
paracompact and f peM F Usp open in M
and a function y U 112 that is a homeomorphism

onto an open subset of IR

U 4 is called a coordinate chart
we denote q x q 22cg an q
w x q being referred to as local coordinatesfor
M

Paracompact
a refinement of an open cover UxSaez is another
open cover Ups peg

s t E p e J Up e Ua for some
LE I

A top space X is paracompact if every open com X
admit a

locally finite refinement i.e everypointmix
has a nbd that intersects at most finitelymanyof
the sets from the refinement

This is used in the existence of partitionof
unity which in turn is used in proving theexistence

 



of a Riemannian metric

Def het U y and V y be two coordinatecharts
on M un v 0

Yo y u un v r Unr is a
transitionmap
M is smooth or C y all transition maps are smooth

M is orientable j all transition maps are orientation
preserving

Deff Let f M N be a mapbtw smoothmanifolds

F is called smooth j for every pair of
coordinate

charts 4,4 ofM and V Y of N

Y fog 6 un f r v flu no

is smooth
C M f M R I f is co

Def TangentvectorX to M at pen is a derivation
ie X is an IR linear function X CCM IR

which satisfies the Leibnitz rule

X fg X f g p Flp X g



g

TpM X X is a tangent vector to Mat p
is an n dim IR vector space

Intuitively

X f If F re EO

andthen X j o M
so X is indeed the velocityvector

If se is a local coordinatesystem then E i s in

forms a basis of TpM we'll often write
2 for27

The set of all tangentvectors at all points on M
is itself a 2n dim manifold infact a vectorbundle
our M called the tangent bundle ofM TM

Vector field X on M is a smoothly varying
choiceof

tangent vector at eachpoint pen i e e peM
X p E TpM and X f e Ca M F f e CCM



X 1 C Ipl and XC C M f M

liebracket x s of two v f X and Y onM is again
a vector field defined by

X Y f X YAI Y X f

Def A rank r vectorbundle E IM is givenbythe following Fsasurjectivemap calledthe
projection map

F PEM Ep I p called the fibreofE our p
8 a k dim IR v s

F PeM F an open nbd Uop and a c'differ
4 JT U Ux IR s t y takes each fibre
Ep to p x IR This is called a localtriniatirate

A section of E is a map f M E s t stof idly
The space of sections of

E will be denotedby
either ME or CCE

e.g a v f X eNCTM

we can alsodefine the cotangent bundle T M whose

fibres are TIM Tpm is the dual space

In coordinates xi at bowM dxi i s in



w dxi x X xi forms a basis for Tp M

Tensorbundles
we can take the usual tensorproductof

vector spaces and form the tensorbundles over M

Let V1 Tn Wi Wm be R vector spaces The

tensorproduct V Un W Win is

the v s
of multilinear maps f VixUstx xVn

xWx W

R
A p q tensorfield is a sectionof

TE M ELEMENT term
If F is a p q tensor and xD is a coordinate

system at pen then we can express F in
coordinates as

F F J Jr p 2 Jj dx dx'p
i ip i 8

W FY F ai Pip dx dx

We're using the Einstein Summation convention ie

any index that is repeated twice once lowerand

1s p ms e.TMxThx pth xEtftM R

as gift 3trouser

C U Ucoordinate
chart

8g almostcomplexstructure J TM TM w 52 Id

3 TMX TM IR b c Hom V V Hom Vor



any i ng one

upper is being summed upon
Given a tensor F we can take the trace over one

raised and one lowered index by defining
f
82 Jo FYI e Tay m
I ip

p is the index appearing over

and under and thus the sum is over f

A Rform w is a section of 1 T'M i e it's a Rio

tensor field that is completely anti symmetric

841 Let A be a 210 tensor We say
A 0 A20

g Afv O 0 Alo v72 0 F V E TM V40
i e at

every PeM F upeTpm Ap upUp EIR 20
20 resp

Deff A Riemannian metro g ou M is a smoothly

varying
210 tensor which is an inner product

on ApM E p Thus g is a symmetric 2,07
tensor

which is positivedefinite f pe M

An local coordinates sei

g gig d x dx w

2

JIX FRITM _x SCx 5ns a 12,1 tensor



Gig G Ex Ex Gj
smooth functions on the domain U

So for every XETpM

1 13 g x x

M
g
is called a Riemannian manifold

By given Mig we can define the length of
a curve 8 on M by
ur frat at

w jlt 41 Thus we can define a metric

d induced by gas
d p q imf lcr 8 is a curve in M joining

p and q
Similarly B bio gem dep g er

is an open ball of radius s centred at
p

if i L M is an immersion then



f
ing is a metric on L j g is a metric on

It

Empie s z p't
The inclusion map is an immersion

Locally in graph coordinates

i u un ut u un Eur

TUI I

I X

Id X

X

x x x Cn ti xn

rank n o injective p i is an

immersion

ing metric on S calles the nouns
metric



Exe find the explicit expressionof it

Deff Let M g and N g be Riemann

manifolds A map

F Mgm Nigar is

called an isometry y
a F is a diffeomorphism
b fig g

Two Riem manifolds are called isometric y
F an isometry b w them

I 1 f I 0 I h



Isometric manifolds are indistinguishable in

terms of their Riemannian geometry

Def Mig and Nig are locally

isometric if and only y
f p e M I Yap open and

F U o F U V open in N

s t F is an isometry of U gala
onto V Girl

Theremaynot
exist a global isometry

e.g S is locally isometric to IR but not

globally isometric

More generally T flat torus is locally



g y y
isometric to IR

Def Mig is called ft y it is locally

isometric to IR g

Prop Let M be smooth Then there are

many
Riemannian metrics on M

Proof 0 Let Ua de A be a locally
Tipton cover of M and let Y at A
n

be a partition of unity subordinate to

this open cover

On Ua Define a metric ga by

Gg Sig daidsed



i.e pullback by the coordinate

chart the Euclidean metric

Irn

Define g I 49
AEA

and g is a Riemannian metric of M as

a convex combination of positiveJefinite
bilinear forms is positiveSefinite

II

MusicalIsomorphisms

linear algebra

Let U be a R v s oms v be its

Dual het g be a posOef bilinear form
on V

Define M V o ra



f
v o g v o e v is a linear

map

RUN 0 D M is an isomorphism

as dim r dim Ut

Let Mig be Riemannian then gp induces
an isomorphism TpU I'M called the

musical isomorphisms

XpETM Xp c Tp M

Xp Yp
p
Gp XpYp

in localcoordinates Xp X'Il
Xp
t Akday

f Y X Y N I'M



If Jp Y 3,1 0 Xp Yp Adn't

Any k

g XpYp
XI fix

Ak X G

j X X then

X X'go doe

The inverse of b TPM Tp'M is

A Tp'M TPM a
K

grid
Gig is aposdef symmetricmatrixopen y

Gis is just the inverseofthematrix inverse ofGik
clearly 9159g Sik

j b 7


