
 It Basiof Riemanniangeometry

Def M is a n manifold if it is Hausdorffand
paracompact and f peM F Usp open in M
and a function y U 112 that is a homeomorphism

onto an open subset of IR

U 4 is called a coordinate chart
we denote q x q 22cg an q
w x q being referred to as local coordinatesfor
M

Paracompact

a refinement of an open cover UxSaez is another
open cover Ups peg

s t E p e J Up e Ua for some
LE I

A top space X is paracompact if every open com X
admit a

locally finite refinement i.e everypointmix
has a nbd that intersects at most finitelymanyof
the sets from the refinement

This is used in the existence of partitionof
unity which in turn is used in proving theexistence



of a Riemannian metric

Def het U y and V y be two coordinatecharts
on M un v 0

Yo y u un v r Unr is a
transitionmap
M is smooth or C y all transition maps are smooth

M is orientable j all transition maps are orientation
preserving

Deff Let f M N be a mapbtw smoothmanifolds

F is called smooth j for every pair of
coordinate

charts 4,4 ofM and V Y of N

Y fog 6 un f r v flu no

is smooth
C M f M R I f is co

Def TangentvectorX to M at pen is a derivation
ie X is an IR linear function X CCM IR

which satisfies the Leibnitz rule

X fg X f g p Flp X g



g

TpM X X is a tangent vector to Mat p
is an n dim IR vector space

Intuitively

X f If F re EO

andthen X j o M
so X is indeed the velocityvector

If se is a local coordinatesystem then E i s in

forms a basis of TpM we'll often write
2 for27

The set of all tangentvectors at all points on M
is itself a 2n dim manifold infact a vectorbundle
our M called the tangent bundle ofM TM

Vector field X on M is a smoothly varying
choiceof

tangent vector at eachpoint pen i e e peM
X p E TpM and X f e Ca M F f e CCM



X 1 C Ipl and XC C M f M

liebracket x s of two v f X and Y onM is again
a vector field defined by

X Y f X YAI Y X f

Def A rank r vectorbundle E IM is givenbythe following Fsasurjectivemap calledthe
projection map

F PEM Ep I p called the fibreofE our p
8 a k dim IR v s

F PeM F an open nbd Uop and a c'differ
4 JT U Ux IR s t y takes each fibre
Ep to p x IR This is called a localtriniatirate

A section of E is a map f M E s t stof idly
The space of sections of

E will be denotedby
either ME or CCE

e.g a v f X eNCTM

we can alsodefine the cotangent bundle T M whose

fibres are TIM Tpm is the dual space

In coordinates xi at bowM dxi i s in



w dxi x X xi forms a basis for Tp M

Tensorbundles
we can take the usual tensorproductof

vector spaces and form the tensorbundles over M

Let V1 Tn Wi Wm be R vector spaces The

tensorproduct V Un W Win is

the v s
of multilinear maps f VixUstx xVn

xWx W

R
A p q tensorfield is a sectionof

TE M ELEMENT term
If F is a p q tensor and xD is a coordinate

system at pen then we can express F in
coordinates as

F F J Jr p 2 Jj dx dx'p
i ip i 8

W FY F ai Pip dx dx

We're using the Einstein Summation convention ie

any index that is repeated twice once lowerand



any i ng one

upper is being summed upon
Given a tensor F we can take the trace over one

raised and one lowered index by defining
f
82 Jo FYI e Tay m
I ip

p is the index appearing over

and under and thus the sum is over f

A Rform w is a section of 1 T'M i e it's a Rio

tensor field that is completely anti symmetric

841 Let A be a 210 tensor We say
A 0 A20

g Afv O 0 Alo v72 0 F V E TM V40
i e at

every PeM F upeTpm Ap upUp EIR 20
20 resp

Deff A Riemannian metro g ou M is a smoothly

varying
210 tensor which is an inner product

on ApM E p Thus g is a symmetric 2,07
tensor

which is positivedefinite f pe M

An local coordinates sei

g gig d x dx w

2



Gig G Ex Ex Gj
smooth functions on the domain U

So for every XETpM

1 13 g x x

M
g
is called a Riemannian manifold

By given Mig we can define the length of
a curve 8 on M by
ur frat at

w jlt 41 Thus we can define a metric

d induced by gas
d p q imf lcr 8 is a curve in M joining

p and q
Similarly B bio gem dep g er

is an open ball of radius s centred at
p

if i L M is an immersion then



f
ing is a metric on L j g is a metric on

It

Empie s z p't
The inclusion map is an immersion

Locally in graph coordinates

i u un ut u un Eur

TUI I

I X

Id X

X

x x x Cn ti xn

rank n o injective p i is an

immersion

ing metric on S calles the nouns
metric



Exe find the explicit expressionof it

Deff Let M g and N g be Riemann

manifolds A map

F Mgm Nigar is

called an isometry y
a F is a diffeomorphism
b fig g

Two Riem manifolds are called isometric y
F an isometry b w them

I 1 f I 0 I h



Isometric manifolds are indistinguishable in

terms of their Riemannian geometry

Def Mig and Nig are locally

isometric if and only y
f p e M I Yap open and

F U o F U V open in N

s t F is an isometry of U gala
onto V Girl

Theremaynot
exist a global isometry

e.g S is locally isometric to IR but not

globally isometric

More generally T flat torus is locally



g y y
isometric to IR

Def Mig is called ft y it is locally

isometric to IR g

Prop Let M be smooth Then there are

many
Riemannian metrics on M

Proof 0 Let Ua de A be a locally
Tipton cover of M and let Y at A
n

be a partition of unity subordinate to

this open cover

On Ua Define a metric ga by

Gg Sig daidsed



i.e pullback by the coordinate

chart the Euclidean metric

Irn

Define g I 49
AEA

and g is a Riemannian metric of M as

a convex combination of positiveJefinite
bilinear forms is positiveSefinite

II

MusicalIsomorphisms

linear algebra

Let U be a R v s oms v be its

Dual het g be a posOef bilinear form
on V

Define M V o ra



f
v o g v o e v is a linear

map

RUN 0 D M is an isomorphism

as dim r dim Ut

Let Mig be Riemannian then gp induces
an isomorphism TpU I'M called the

musical isomorphisms

XpETM Xp c Tp M

Xp Yp
p
Gp XpYp

in localcoordinates Xp X'Il
Xp
t Akday

f Y X Y N I'M



If Jp Y 3,1 0 Xp Yp Adn't

Any k

g XpYp
XI fix

Ak X G

j X X then

X X'go doe

The inverse of b TPM Tp'M is

A Tp'M TPM a
K

grid
Gig is aposdef symmetricmatrixopen y

Gis is just the inverseofthematrix inverse ofGik
clearly 9159g Sik



covariant derivative

To differentiate tensors we need a connection

Def Let ETH be a v b A connection on E
is a map

p p M er E TLE s t
1 Tx's is M linear lie X

2 TxY is R linear in D

3 For fe 0cm I satisfies the Leibniz rule

Tx f's X f Y tf TxY

Ix is the covariantderivative of Y in the directionofX

Mj which in local coordinates can be defined as

To Ej MY Er

Lemmy If TM is the tangenthandle the we can

define connections on all tensor bundles RICH s t



1 If X f
2 Tx F G F OG FO CIG
3 Tx try tr ex's for all traces over anyindex of

J

In local coordinates

F Ipf 2j Jj dx d x y
and also

Ipf Spf poi q.ie
S

21 2k
M
Js
PO

IIF iii refs

Def Gradient

Let f e 09m d f e r TM

df e f TM is called the gradient

of f went g and is denoted by If

I ales I f f



in local coordinates d f 3 dad

F IF z
9 s 2 Fri

example 5 w spherical coordinates

rant metric on 82 g dg t sing do
in these coordinates

If 21,90026 t 3,19002g

34 got 3 3490424

ans g Z 3,7 1 9130.31 0

9 Bo Bo sin'd



IF 04 Into 4

The Levi Civita Connection

Let Mig Riemm mfed

Deff A connection I on TM is said

to be compatible withy if

Ig 0

ly g is parallel



If Tg 0 0 7 9 0 F X

0 0 g Y 2 0 F Y Z

D X g ly z g Tx Y 2 g Y x2

D

In localcoordinates

T2 9 ij 341
Thi
Gy PhsGi

OUR

80 79 0 8 0

1 TE Gg Tj Gie Fiji k

Recay 0 The torsion T of a connection

Fon TM is

x y TY Ty X x is



1 s

The Fundamental Theoremof Riemannian
geometry

Let Ng be Riemm Then 7 Conne

ction I that is both metric compatibl

and torsion free I is called the

Levi Civita connection

Proof 0 We'll show that it must be

unique y it exists by deriving a formula

for it Koszul formula

Let X Y Z e MTM

X
g
ix 2 g Tx Y 2 g ly 7 2

Y g x2 g I 2 I g 2 81



y 91 121 914,2 x g Z Tyx

21g 1 1 9 Tay x g y X

ant T O

XY TyX EXIT

TEX 7 2 2 x

Ty Z T2 412

To we get
gey 2 Y 91 12 26g xx

2g XY 2 gly xi2 g 2.9 x

g x Zi's

9 7 4,21 11 91 12 Y gixiz
2 2cg xx

g Y X z

g Z Six g x CzJ



So Tx is determines uniquely
Define I by this formula and show that

I is compatible and torsion free

in localcoordinates the Christoffel

symbols of T are for X ai
y Dj
2 21

Tj gm 22 Gsk b Six ErGi

t I



Orientation

If M is orientable then a choice of such a

cover or equivalently a choice of nowhere
zero n form is called an orientation for M

Such a form M is called a volumeforme
on M Two volume forms M T corresponding
to the same orientation M f te

for some f e C M s t f is everywhere
Joositive



hat M be orientable and have k connect

ed components then F 2 orientations on M

If M is oriented compact we can

integrate n forms on M Jw E IR
M

w e rn M

Stokestheorem If 217 0
then f do O

M

If F M diff

we rn N p F'we SUM

ftp.w nten



Def A manifold w volume form is an

oriented mfid M together w a

particular choice he representative of the

equivalence class of the orientation

If M is compact the we can integrate

functions on M by Befining

Jf Sfm
M M

whose value Iep ends on the choice of ke

het Min be a manifold w volume form
Define the divergence div Mtm 00cm

linear

by Lyte d x u X die

divx u To



depends on ne

Notice dir X 00 0 Lxx O

0 Of M M where

Oz is the flow of X
M is invariant umber flow

of X

If M compact

Vol M JI St M
M M

Suppose Div X 0 D

Jae Vol Ozu JOIN JM VOI H

Oz M M M

Vol Ota Vola



80 flow of a divergence free v f preserves
the volume

DivergenceTheorem

Let Xe MTN Mike be compact

then f divx 0 as

M

divx he d Xue o byStokes
Them

Let Mig be an oriented Riemannian

manifold Then F a canonical volumeform

M on Mig defined by the requirement
that

M er en L whenever er ien



8 an oriented orthonormal basis of TpM Ip
i e grim a local oriented on frame for

M e em

he ein ez n hen

M Jdetg da r Adan in
any

local coordinates x se x

Divergence theorem holds for anymanifold

w volume p also holds for oriented
Riemm vol form and symplecticmanifolds

Curvature of the Levi Civita
connection

We call R as the Riemann curvature tensor of
g



g

Rex 4 2 IT 2 Ty x2 Texas

R Y X z

Remand R 0 and T O
if

F local parallel coordinate

fame

One defofbeing flat for any connection
is RIO

emo for a Riem mfld we defined flat
as locally isometric to IR g

for the Riemannian curvature of Levi Civita
conn the two notions of flatness are the

same



Symmetries of R

Rex Y Z W g RIX Y Z W

I
4 o tensor obtained from 3 1 R by
musical isomorphisms

R Si 2j 2r Rijide

R ai 2j 2,12m Rijkm

Rijkm RijisGem

Prop

a R X Y Z W R Y X Z W

b RIX Y Z W R XY W Z

c Rex Y Z W R Y Z X W RG Xiao



O

d Rex Y Z W R Z W X y

a is always true and w b allows us to see Reflation'd
i.e as a symmetric bilinearforms on thespaceof 2 forms

b follows from metric compatibility Ig 0

c is true for any torsion free connection
on PM It is called the first Bianchi

identity

d follows from a b and o

Proofs o a done

b since Ig 0 0

Y g z z 29 Ty 2 Z

X Y g z z 2 X g Ty 212

2g Ty Ty 2 2



2g Ty Z x2

Y X g z z 2g Ty Z Tx 2 t

2g z Ty x2

XY g z z 2g Z Tex Z

X Y g z z YC X g Z Z XI GLAD

D

ZR X Y Z Z 0

polarize to get b

c Want to show that

R XY Z RLY 2 X RIZ XJY O

expand and use torsion free and use



Jacobi identity for so

d Write identity Die 4 ways

SectionalCurvature

Let Mig be Riemann

Given Xp Yp E TpM

IXpnypl
p
Xp Ypg Gp xp Yp

lx Y IXP 41 x y

Def Let Lp be a 2 dimensional subspace

of TpM n 22 Define the sectional

curvature Kp Lp of Mig atf in

L L by



Lp direction by

Kp Lp R Xp Yp Yp Xp

I Xpnypl

for any basis Xp Yp of Lp

denom not zero as Xp Yp are basis

if I a Xt by

I o Xt dy

Ing ad bo Xny

Show that

RGIII RGIII15nF

If n 2 Lp TPM f pen

sectional curvature isjust a smooth



d
function on M

Lemma The sectional curvature determines

the Riemann curvature and vice versa

Precisely suppose U In 22 is a IR inner

productspace and R andR be two trilinear

maps set

Rex X Z W and LRCX Y Z W are

skew in X Y skew in Y 2 and satisfy
1st Bianchi identity

Let XY et be linearly dependent
Let D spam X Y

define K o RIXON X

I Xny 2

K o RANA X



Ii

if KIK Y O ET them R R

Lemme Let U be a real vector space w

dim V22 and R and R be trilinear maps
VxVxv V satisfying

R x y z W X Y Z W

R Xi Y Z W x y z WJ

have the following symmetries
X Y Z W Y X Z W Xi Y W z

Z W X Y

and Xi Y Z W Y Z X W Z X Y W O

same for
Let X Y be linearly independent Let O span xis

define Kla x Y Y X
I Xn y12



SI

Ier lxix.IT
XnY12

if I r KID A 2 dimensional subspace
EV then R R

Proof By typo X's s X Xi's s x5
I Xi'S

polarize Xt's Z Z Xt's att z z Keys

X Z Z Y Y Z Z X N Z 7,45
Y Z Z XJ

2 X Z Z 4 2 X Z Z Y

Bysymmetries

X Z Z 7 X Z Z Y

polarize again Z 0 Ztw

x Z W Y X W Z Y

X Z W Y t be w ZIT



X Z W Y Riz ways
try x w 2145

W X zig W X Z 5

is invariant under cyclic permutation
Xo Z to Wto X

X Z W Y X Zico y

XY Z

cyclic
3 X Z W Y 3 xzwj

O 0 0

p Xi Zi wi's X Z W ly

Th

2ndBianchiddentity

Let Mig be Riemannian and R be the



Riemannian 4,0 tensor Then

Hur XY V w FR XY W U

WR x y U V O

To prove this let pen be arbitrary and

choose Riemannian normal coordinates centres at

P 92 i if is a local frame

Gj p Sig

No Mj p or
p

o

het X Y V V W be di Jj Jk De Am

now

HUR Xi Y V W
In
U RAY V W



R Tu X Y V W

R X Y V TuW

But Fu Xi Huw 0 at p in normal
coordinates

at p Mur Xix v w UCRCxix.vn

now

U Rex Y V W U g Rexx V W

U g Ix TyV Fy Tx V Taxi V W

Fas coordinate
v f

metric compatibility
I
g FutxtyV

w g TutyIxv w

g Tx Tyr I Xxv Huw

Eatp
Tur X Y V W b U Rex Y V WHA



U RIV w xx W b

g Tutu Tw X Y p

g Tutu Fuxi b

now cyclically permute U V and W and

then add to get the
2nd Bianchi identity

77

Remark If d is the exterior covariant

derivative then the 2nd Bianchi identity
is d R O true for any

connection on any vector bundle

OthernotionsofcurvaturefromRmm



Aside het V C be an IPS and
e en be a basis

A V or be a linear map
Aei Ai ej Then Tr A A ER

Notice

gishAei ej g's Ailee ej

g's Ail g A Istria
Thus

I trCA gistAei ej

more generally y Bij is a bilinearform
define Try B g

isBij

Let Mig Riemannian and fix Xp YpEAM
define Ap Tpm 0 AM be

Ap Zp R Zp Xp Yp



I 1 RC p Xp

Mr Ap g Apes ej g
for any basis e en of PM

g Rlei Xp y ej gij
Rlei Xp Yp ej gij

Deff The Ricci tensor of g is the 1210

ensor Ric defined
Rick y gis R lei Xix ej

for any local frame
er ien

in local coordinates

Ric Rjkda da where

Rjk RijkGil

Remark Ricci is symmetric



Exercise Prove the previous remark

What is the meaning of Ric
Ric is determined by polarization from its

associated quadratic form

q x Ric Xix

Let en en be a local o n frame
Ric ei ei g R er ei ei ee

E R lek ei ei er
O N

K I

I R er ei ei er
k i

leitle p Lei er



tell lek even

I KC erne
K l 4 2 plane spanned
R i f by eromoei

sectional curvature

Thus Ric ei ei is In 1 average of all
sectional curvatures of 2 planes containing
ei

ScalarCurvature

R Trg Ric gisRj
So R is a smooth function on H

R n average of Ricci curvature

Ica



nel Rijk O

n 2 Ricci Rjk g'tRijk

Ri gilRine 922122112 92Rizzi

222 GilRizzi 9 Riza L Rizzi
Riz gilRiise g Raz 9128122

Scalar R 9 Ri 291222 9221222

2 g g 912 Rizzi

Rizzi def g

Egg Rizzi 2K

for 2 2 TIKI

Def Mig is called Einstein if F

Xe CCM sit



lric.TL
Suppose Mig is Einstein Then

R g'sRig gistgig nd

X In
RicR91

We'll see examples of Einstein metrics
Special case Ric 0 or Ricci flat

Ade In GR the natural equation is

Ric Reg T prescribed RHS

stress energy tensorTEnstein tensor



G

Suppose 7 0 p Ric Rkg
tracing R Miz o n 2 0

12 0 and

Ric o

8 if n 2 and A 0 then M must be

Ricci flat
in

Exe Prove the following
Terejmk I Rjm FmRjr
div Rc Ldr

Lemmy Diagonalize R on Mg wer t basis

eanes egner eines of ATMs w
e ez ez

an on b
of RM Suppose that writ basis R is a

diagonal matrix w entries hi ta ta Then wir t
e ez ez we have



Re I 8
o o d the

and the scalar curvature R At tats

Proof Exercise

Lemmy Let Mig be an Einsteinmanifold
w nz 3 Then M has constant scalar curvature

If n
3 the g has constant sectional curvature

Proof exercise

Beth Constantcurvaturemetrics

IR w Euclideanmetric has constant see curvature 0

S2 XE IR 1 1 R w the round metric has

constant sectional curvature 122

1112 the hyperbolic space of radius R which
is an

open ball of radius R in Rn w the metric

Gj x 4R4S



Tx
has constant curvature Yr

Any complete simply
connected Riemm n fold w

constant sectional curvature is isometric to one

of the above depending on thesign


