
 Differential operators and basics of theRicci flow

We recall that the square of the covariantderivative is
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so lie short
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For ex in local coordinates
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similarly
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for a function f one can show that
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We denote the m th order derivative of a

by ma
I

and its components will be devoted by
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Liederivalis
for X serum
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If O is a l form them
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even though one doesn't need a metric to define the
hie derivative it is related to the LC connection
via the formula
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In particular when A g then
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whose expression lie coordinatesgive
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Ryadentities
We have
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The divergenceof a Pro tensor is
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for 1 forms a diva is a function
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for tensors again
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Exercise Prove the Bochner formula for 1951
i e f f e calm
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Conclude that j Rc 20 47 0 and 1751 1

there If is parallel

We also have the divergence theorem and

integration by parts formula Let tin be a

closed manifold and a ve Ca M and XE Ram
Then

dir X vol o and so
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Ricciflow

Let M go be given

Def A Ricciflow on M go is a family

of metrics gas zero
s t

OfGA 2Ridgets

Glo go
R

E depends on M and go

Examples

If go is Riki flat i e Ric 0 0 gut go
ft is a sot Note that FEC aid in this
case e.g when M IR or flat torus

Let go be an Einstein metric ie

Ricgo Igo for some HEIR



Then glt I 2kt go is a son to R

as
Jtg t 2 9 2Ric go

2 Ric 11 2 4go
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g it o at t 24
if I o then the solutions are shrinking as

get is shrinking from go
1 0 static Sol

t o expanding son

A concrete case is that of S go Here

Ric1g In 1 go get 1 2 In 1 E go
is a son to R and the son exists till 9 1
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Pictorially the flow runs by shrinking the sphere
until it becomes a point



Def get is called an eternal so l if
te C a a

get is
an ancient sol if
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e g round sphere

get is an immortal song
te Ca i a a A

Symmetriesoff
M get te g

is RF M Gt that
is a Rf

Iigimanomaretime scales like distance
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as Jtg exit Aof Stg x it 2 Ric garth
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Diffeomorphism invariance If 4 M M is a differ
andget is a Rf then so is 6 get



Reflow and eda heated

Def local coordinates Get are called hemonic

if 4 1 0

O axi g.sk Dj2k Ide x gaff
Lemmy For PeM F harmonic coordinates in

some nbd of p
Lema In harmonic coordinates

2Rij 419 Qj 9 2g

than Itesm involving quadratic
ofcomponents expressions in metric

in verse g and 2g

Notation for tensors A B

A B would mean some linear combination

of traces of A B w coefficients that
do not depend on A or B

so various contractions blow tensors whose



precise forms are not important

in harmonic coordinates indeed
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Poofofthelemma
Recall the formula for Rjk in local coordinates
give
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go 2q2jGnk 2q2kGrj 2q2rGjk__
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g g to gag
terms cancel
is the a ga term on contracting qandr

The remaining 3 terms can be written in
terms of partial derivatives of Ag e.g
99 f 292kg I 2j2k9qr

garak hugsas

go 2k Pqr9sj
go ok I gseloqgretorgge agar

9sj
99 2k sqGaj an9g 2j9qr
99 1 2k299g't 2k29g 2k39gr

2k29gr I 2K89gr



and the remaining term ga 2529kg 2K39gr
in
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The underlined terms are zero lie
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