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Problems

(1) Complete the proof of the following theorem from the lecture:

Let g(t) be a solution of the Ricci flow and i(t) be a solution of the system
∂i(t)

∂t
= Rc ◦ i,

i(0) = i0, i0 : (V, h0) → (TM, g0) is a bundle isometry

then i∗Rm(X,Y, Z,W ) = Rm(i(X), i(Y ), i(Z), i(W )) evolves by
∂Rabcd

∂t
= ∆DRabcd + 2(Babcd −Babdc +Bacbd −Badbc) (0.1)

where ∆D is the Laplacian as defined in the lecture and Babcd = −heghfhRaebfRcgdh.

(2) Recall that for a Lie algebra g with basis {ϕα}, a symmetric bilinear form L ∈ g ⊗S g can be
described by its components Lαβ = L(ϕ∗

α, ϕ
∗
β) and we get the operation # between two bilinear

forms as

(L#M)αβ = Cγϵ
α Cδζ

β LγδMϵζ

where Cαβ
γ are the structure constants defined by[

ϕα, ϕβ
]
=

∑
γ

Cαβ
γ ϕγ .

(a) Prove that L#M = M#L.
(b) Prove that if L ≥ 0, then L# = L#L ≥ 0.

(3) Prove the following doubling-time estimate. For a solution (Mn, g(t))t∈[0,T ] to the Ricci
flow, there exists a constant c = c(n) > 0 such that

sup
x∈M

|Rm(x, t)| ≤ 2 sup
x∈M

|Rm(x, 0)| for all times t ∈
[
0,min

{
T,

c

sup
x∈M

|Rm(x, 0)|

}]
. (0.2)
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