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Exercise Sheets for Section 5 (Analysis and Topology) of the lecture notes

Shubham Dwivedi

How to use these sheets. Each sheet corresponds to one section of the lecture notes. Exercises
marked (W) are warm-ups meant are relatively simpler; unmarked exercises form the core of
the session; exercises marked (*) are more challenging. Notation follows the lecture notes; K
denotes R or C. The numbering continues the sheets for Sections 1-4, so cross-references such
as “Exercise 4.8” refer to those sheets. As on Sheet 3, Hermitian inner products are antilinear in
the first argument; on ¢2 this means (a,b) = °,, @nbp.
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Sheet 6: Topological and Metric Spaces

Exercise 6.1 (W) Topologies on finite sets.

(a) Let X = {a,b,c}. Which of the following are topologies on X?

7-1 = {®7X7 {a’}}7 7-2 = {®7X7 {a}7 {b}}a
Ts = {0, X,{a},{a,b}}, Ti=1{0,X,{a,b},{b,c}}.

(b) List all topologies on X = {0,1}. Which of them are Hausdorff?
(c) Show that every Hausdorff topology on a finite set is discrete.
(d) What is the topology on {a,b, c} generated by S = {{a,b},{b,c}}?

Exercise 6.2 (W) Open and closed sets.

(a) Show that arbitrary intersections and finite unions of closed sets are closed. Give an example
showing that infinite unions of closed sets need not be closed.

(b) Decide whether the following subsets of R (with the Euclidean topology) are open, closed,
both or neither: [0,1), Z, Q, {2 | n € N}, {1 | n € N} U {0}, R.

(c¢) In which topology on a set X is every subset both open and closed? Which subsets are
closed in the trivial topology?

Exercise 6.3 Hausdorff spaces and limits.

(a) Prove that limits of sequences in a Hausdorff space are unique.

(b) Let X carry the trivial topology and have at least two points. Show that every sequence
converges to every point.

(c) Let N carry the cofinite topology. Show that it is not Hausdorff and that the sequence
Ty = n converges to every point of N.

(d) Show that every metric space is Hausdorff.

Exercise 6.4 Continuous maps.

(a) Show that compositions of continuous maps are continuous, and that f is continuous iff
preimages of closed sets are closed.

(b) Show that every map out of a discrete space is continuous, and that every map into a space
with the trivial topology is continuous.

Show that id : (R, Tdiscrete) — (R, Teuc1) is continuous but its inverse is not.
Show that the Sorgenfrey line R; is Hausdorff, and that id : Reye — R; is not continuous.
Show that f: R — R, f = 1q, is discontinuous at every point (use sequences).

Let f(x,y) = % for (z,y) # 0 and f(0,0) = 0. Show that ¢t — f(¢,yo) and ¢ — f(z0,t)
are continuous for all xg, yg, but that f is not continuous at 0.

Exercise 6.5 Metrics and their topologies.



(a) The discrete metric on a set X is d(x,y) = 1 for z # y and d(x, ) = 0. Show that it induces
the discrete topology. Compute Bj(x) and the closed ball {y | d(z,y) < 1}. Is the closed
ball the closure of the open ball?

(b) Let d be a metric. Show that d' = —L is a metric inducing the same topology as d, and

1+d
that d' is bounded. Hint: p(t) = is increasing and satisfies p(a +b) < p(a) + ¢(b).

_t

T+t

(c) Show that in a metric space a set A is closed iff it contains the limits of all convergent
sequences in A.

Exercise 6.6 Norms on R™.

(a) Show that ||||; and ||| are norms on R™. Sketch the unit balls of ||-||1, ||[l2, ||[lec in R

(b) Show that ||z]le < |lz]l2 < [Jz|li < v |lz]l2 < n|z]s. Conclude directly that these three
norms are equivalent.

(c) Show that for 0 < p < 1 the formula for ||z||, does not define a norm on R2.

(d) Show that a norm coming from an inner product satisfies the parallelogram law ||v + w||? +
lv —w|? = 2|v]|? + 2||w||?>. Deduce that |-||; and |-||cc on R? do not come from inner
products.

(e) Show that p(f) = |f(0)| is a seminorm, but not a norm, on C°([0, 1]).

Exercise 6.7 Compactness.

(a) Show (in any topological space) that a finite union of compact sets is compact and that a
closed subset of a compact space is compact.

(b) Prove Theorem 5.11 directly from the definition of compactness. Deduce the extreme value
theorem: a continuous f : K — R on a non-empty compact space attains its maximum and
minimum.

(c) Show that (0,1] is not compact using the sequence criterion, and that {0} U {1 | n € N} is
compact using the open cover definition.

(d) Show that a space with the discrete topology is compact iff it is finite.

(e) Using Heine—Borel on Mat(n x n, R) = R™ | decide which of O(n), SO(n), SL(n,R) (n > 2)
and GL(n,R) are compact.

(f) (*) Show that a compact subset of a Hausdorff space is closed.

Exercise 6.8 (*) All norms on R™ are equivalent. Let ||-|| be any norm on R™.

(a) Show that ||z|| < C|jz|2 with C' = (EiHeiH2)1/2. Deduce that x + [|z| is continuous with
respect to |||z

(b) Using compactness of the Euclidean unit sphere, show that there is m > 0 with m||z||2 < ||z||.

(¢) Conclude that all norms on a finite-dimensional vector space are equivalent, and that every
finite-dimensional normed space is complete.



Sheet 7: Normed, Banach and Hilbert Spaces; Bounded Operators

Exercise 7.1 (W) Operator norms of matrices. Let A = (a;;) € Mat(n x n,R) act on R™.

(a) Show that with respect to ||-[[oo, [|Allop = max; 37, |ai;| (maximal row sum).
(

(c) Show that with respect to [|-||2, [[Allop = v/ Amax(APA). Hint: Exercise 4.8(b).
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)
b) Show that with respect to ||-||1, ||A|lop = max; >"; |a;;| (maximal column sum).
)
(d) Compute all three operator norms for A = (37).

Exercise 7.2 Bounded and unbounded operators.
(a) Show that D = % PRz loo) = (R[], [|lec), with [|p[lec = supjg 1) |p], is not bounded.

(b) Show thaﬁ jh (C°([0, 1)), [Illsc) = (C°([0,1]), [|]lo0), (If)(z) = Jo f(t)dt, is bounded, and
compute ||I||op.

(c) Show that evo(f) = f(0) is a bounded linear functional on (C°([0,1]), ||-||sc) but not on
(C°([0,1]), [I-l1)- What does this say about the dependence of the continuous dual space on
the norm?

(d) For g € C9(]0,1]) show that Mgy : f— gf satisfies || Mg|lop = [|g]|oc 00 (C°([0,1]), Illo)-

(e) On £2let S(ay,az,...) = (0,a1,as,...) and L(ay,as,...) = (az,as,...). Show that ||Salls =
llall2, that ||L|lop = 1, and that LS = id # SL. Compare with Exercise 1.2(e) and Exer-
cise 2.3(c).

Exercise 7.3 The space of bounded operators. Let V, W be normed spaces.
() Show that [|Allop = supj—i|Av]] = supjy <y o] and [|Av] < [|Alopllo]-
(b) Show that ||-||op is a norm on L(V, W) and that ||AB||op < || Allopl| Bllop-

(c) (*) Show that L(V,W) is a Banach space whenever W is. In particular, the continuous dual
V* = L(V,K) is always complete.

Exercise 7.4 Completeness.

(a) Show that Q with d(z,y) = |x — y| is not complete.

(b) Show that a closed subset of a complete metric space is complete, and that a complete subset
of a metric space is closed.

(c) Let coo C £ be the subspace of sequences with only finitely many non-zero terms. Show
that cgg is not complete, but that it is dense in ¢2.

(d) Let fu(z) = \/(z—%)2+2 on [0,1]. Show that f, — |z — | uniformly. Deduce that
(C1([0,1]), ]| ]ls) is not complete.

(e) (*) Show that C1([0,1]) is complete with respect to || f|lct = || flloo + | f]lco-

Exercise 7.5 The sequence spaces fP and Hilbert spaces.
(a) Show that ¢! C 2 C ¢ and ||a|« < |lall2 < |lall1-

(b) Show that the norm ||-||c on £*° does not come from an inner product.



(c) Let (ex) be the standard unit vectors in #2. Show that (e;) is a bounded sequence without
a convergent subsequence. Why does this not contradict Heine—Borel?

(d) (Bessel’s inequality.) Let (ug)gen be an orthonormal sequence in a Hilbert space H. Show
that >, [(ug, v)|* < [[o|? for all v € H. Hint: expand [[v — Yy« n (ug, v)ugl|* > 0.

(e) For b € ¢% show that ay(a) = (b,a) defines an element of (¢2)* with [lap|lop = [|b]|2-

Exercise 7.6 The Banach fized point theorem. Let (X, d) be a non-empty complete metric space
and f: X — X with d(f(z), f(y)) < qd(z,y), ¢ € [0,1).

(a) Complete the proof sketched in the lecture. Show that d(xn4y1,2n) < ¢"d(x1,z0) and

d(Tpm, ) < %d(ml,xo) for m > n. Deduce that (x,) converges, that its limit is a fixed
qn

point, that the fixed point is unique, and the error estimate d(zn,z") < 1= d(z1, z0).

(b) Show that cos has a unique fixed point in [0, 1].

(c) Show that f(z) = £ + L is a contraction of [1,2] into itself. What is its fixed point? How

many iterations from zo = 1 guarantee an error below 1075 according to (a)?

(d) Show that the hypotheses cannot be dropped: (i) f(z) = £ on (0,1]; (i) f(z) = 2+ 2 on
[1,00), which satisfies |f(z) — f(y)| < |z — y| for x # y.

(e) (*) Let |A| < 1. Show that Tf(z) = 1+ [y f(t)dt is a contraction of (C°([0,1]), ||-||ec). Identify
its fixed point and the iterates starting from fy = 0.

Exercise 7.7 Neumann series. Let V' be a Banach space and A € L(V) with || A|op < 1.
(a) Show that 3, A* converges in L(V), that its limit is (id — A)~!, and that ||(id — 4) 7! ||op <
1
1= Alfop *

(b) Deduce that GL(n,R) is open in Mat(n x n,R). More precisely, if A is invertible and
|B — Allop < [|[A7Y|5,, then B is invertible.

(c) Solve f(z) — % 01 xt f(t)dt = z on C°([0,1]) by summing the Neumann series. Check your
answer.

Exercise 7.8 The matriz exponential and linear ODEs.

(a) Compute exp(tA) for A = diag(Ai,...,\n), for A = Jy 2, and for A = Jy 3.
(b) Compute exp(tJ) for J = (9 ').

(c) Solve & = Az, x(0) = (1,0)" for A= (41). Hint: Exercise 4.3(a).

(d) Show that exp(A + B) # exp(A) exp(B) for A= (§3), B=(99).

(e)

Show that % — A as h — 0 in operator norm, and deduce that %exp(tA) =
Aexp(tA). Conclude that x(t) = exp(tA)xg solves & = Az, z(0) = xo.
(f) (*) Show that detexp(A) = e™4 for A € Mat(n x n,C).

(g) Show that exp(A) € SO(n) if A is skew-symmetric. Hint: for the determinant, use (f).

Exercise 7.9 Topological groups and topological vector spaces.

(a) Show that every normed space is a topological vector space (Example 5.15).



(b) Show that GL(n,R) C R”Q, with the subspace topology, is a topological group. Hint:
Cramer’s rule.

(c) Let G be a topological group and g € G. Show that left translation Ly(h) = gh is a
homeomorphism. Deduce that the topology is determined by the neighbourhoods of the
identity.

(d) On C°R) consider the seminorms pi(f) = sup[_g |fl; & € N. Show that f,, — f in the
resulting locally convex topology iff f,, — f uniformly on every compact subset. Show that
this topology is Hausdorff.



Sheet 8: Test Functions and Distributions

Exercise 8.1 (W) Test functions. Let 1(x) = e~ */* for z > 0 and ¢ (z) = 0 for x < 0.

(a) Show by induction that for = > 0, ) (x) = p(1/x) e~'/* for a polynomial py. Deduce that
Y € C®(R). Hint: limy oz ™e™!/® =0 for every m.

(b) Show that ¢(z) = (1 — 22) lies in C°(R) with supp ¢ = [—1,1], and that ¢ > 0 on (—1,1).

(c) Show that CZ°(R™) is a vector space that is closed under 9% and under multiplication by
functions in C*°(R"™).

(d) Show that a polynomial with compact support is zero. (So test functions are never given by
power series on all of R.)

Exercise 8.2 Convergence in C°(R). Let ¢ € C°(R) be as in Exercise 8.1(b). Decide which
sequences converge to 0 in C2°(R):

(@) mel@),  (b) me(ma),  (¢) pel@—m),  (d) e p(ma).
For (c), find a linear functional T" on C2°(R) with T'(¢,,) # 0 that is nevertheless a distribution.

Exercise 8.3 Examples of distributions. Show that the following are distributions on R:

T(p) = #'(0);

(a
(b) the Dirac comb C(p) = > ez ¢(k);

b

C

(
(d) (*

Ty for the Heaviside function H = 1 );

)
)
)
) the principal value p.v.= ( ) = lime o f|$‘>€ @dw. Hint: if suppp C [—R, R], write the
<p(fv)—50(0) d

integral as [, cp &5 dz.

(e) (*) Show that &y is not regular, i.e. not of the form Ty with f € L] ..

Exercise 8.4 Derivatives of distributions.

(a) Show that 7' is again a distribution, and that 7y = T} for f € C*(R). (This justifies the
sign in the definition.)

(b
(c
(

) Compute T4 for the Heaviside function.
)

d) Compute b0, and show that z 8y = 0 and =6y = —do.
)
)

Compute the first and second distributional derivatives of T},|.

(e) Show the Leibniz rule (¢T) = ¢ T + ¢ T for ¢ € C°(R).
() (*

Show that #-7T}0, |, = p.v.L.

Exercise 8.5 Approzimating the delta distribution. Say that T,,, — T in D'(R) if T,,,() — T()
for every ¢ € C°(R).

(a) Let fp, = %1[_1/m71/m}. Show that T, — do.

(b) More generally, let p € LY(R) with [p = 1, p > 0, p = 0 outside [—1,1], and p,,(z) =
mp(max). Show that T, — do.

(c) Show that Ty (ma) — 0, although sin(ma) does not converge pointwise.
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(d) Show that T}, — T implies T}, — 7. Deduce that Ty — bo for p as in (b) with p € CL.

Exercise 8.6 Convolution and fundamental solutions in one dimension.

(a) For continuous f, show that (T * ¢)(x) = [ f(y)e(z — y) dy, the usual convolution.
(b) Compute d, * ¢ and g * .

(

o

) Show that the Heaviside function is a fundamental solution of %, and that E(z) = max(z,0)

and %|$| are fundamental solutions of %. Why are fundamental solutions not unique?
(d) For f € C°(R), compute u = E x f with F(z) = max(z,0) and verify directly that v’ = f.

(e) Find a fundamental solution of L = % — A (for A € R) of the form E = H(z)g(x). Use it to
solve ' — Au = f for f € C(R).

Exercise 8.7 (*) The Newton potential. Let n > 2, r = ||z|| and N as in Example 5.22.

(a) Show that N € LL _(R"), so that Ty is a distribution.

(b) Show that for a radial function u(z) = g(r) on R"\ {0}, Au = ¢"(r) + 22L¢/(r). Deduce
that AN =0 on R™\ {0}.

(¢) Check that formally setting n = 1, w; = 2 in the formula for N gives the fundamental
solution %|z| from Exercise 8.6(c).

(d) Show that ATy = dg. Hint: write Ty (Ayp) = lime_q fo||>e NAg and use Green’s identity
Jo(NAp — pAN) = [5(NOyp — ¢0,N) dS, together with VN (z) =

T
wn [



Sheet 9: Differential Calculus in Normed Spaces

Exercise 9.1 (W) Partial derivatives, gradients and Jacobi matrices.

(a) Let f(x,y) = 2%y + sin(zy). Compute Vf, the directional derivative of f at (1,0) in the
direction v = (2, 3), and the unit direction of steepest ascent at (1,0).

(b) Compute the Jacobi matrix and its determinant for polar coordinates
®(r,0) = (rcosf,rsinb).

(c) Compute the Jacobi matrix of f(z,y,2) = (vyz, ¥2 + z, €¥) at (1,0,2).

Exercise 9.2 Partial, directional and total differentiability.

(a) Let f(z,y) = ﬂxify?’ £(0,0) = 0. Show that both partial derivatives exist at 0, but f is not

totally differentiable there.

(b) Let g(x,y) = ﬁiﬁlyz, 9(0,0) = 0. Show that g is continuous and that all directional deriva-
tives 0,g(0) exist, but g is not totally differentiable at 0. Hint: is v — 0,g(0) linear?

(c) (*) Let h(x) = ||z||?sin(1/]|z]|) for z # 0 and h(0) = 0 on R2. Show that h is totally differentiable
at 0, but its partial derivatives are not continuous at 0. So the converse of Theorem 5.26
fails.

(c) Show that total differentiability at = implies continuity at x, and that 9, f(x) = df.(v).

Exercise 9.3 Derivatives of maps between normed spaces. Compute the total derivative in each
case, directly from Definition 5.25.

(a) A bounded linear map A € L(V,W).

(b) A bounded bilinear map 5 : V x W — Z (with ||B(v,w)|| < C||v||||w]]), at (v, w).
(¢) f:Mat(n x n,R) — Mat(n x n,R), f(X) = X2

(d) The quadratic form q(x) = 2' Az on R™. Show that Vq(z) = (A + A?)z.

(e) inv: GL(n,R) — GL(n,R), X +~ X~ Hint: Neumann series.

(f) det : Mat(n x n,R) — R at I and at an invertible X.

(8) E:(C°[0,1]), |loc) = R, E(f) = [y f(t)*dt.

Exercise 9.4 The chain rule.

(a) For differentiable u : R? — R let % = u o ® with ® as in Exercise 9.1(b). Express 0,@ and
Ot in terms of O u, Oyu.

(b) Let v : (—e,e) — R™ be a differentiable curve and f : R™ — R differentiable. Show
%f('y(t)) = (Vf(7(t)),7(t)). Deduce that Vf(p) is orthogonal to +'(0) for every curve in
the level set {f = f(p)} through p.

(c) (Euler’s identity.) Let f : R™\ {0} — R be differentiable and homogeneous of degree k, i.e.
f(x) = M f(x) for A > 0. Show that >, 2;0; f(x) = kf(z).
(d) Use the chain rule and Exercise 9.3(b) to derive the product rule &(z (), y(t)) = (&, y)+(z,9)

for curves in R".

(e) Use the chain rule and Exercise 9.3(f) to show % det exp(tA) = tr(A) det exp(tA). Deduce
det exp(A) = "4 once more.



f Show that in polar coordinates Au = 921 + 10 -+ 1024,
6

Exercise 9.5 Gradients with respect to bilinear forms; Hamiltonian mechanics. Let B be a
non-degenerate bilinear form on R” and define VB f by df,(v) = B(VBf(x),v) for all v, as in
Remark 5.34.

(a) Show that VB f(z) exists and is unique. If G is the Gram matrix of B, show that VB f =
(GH7IV .
(b) Compute V"f for the Lorentz inner product n on R%.

(c) Let n = 2m and 2 the symplectic form with Gram matrix J = (_[}m 131) in coordinates

(¢,p). Compute V£ carefully, and check whether Hamilton’s equations ¢ = OpH,p=—-0,H
can be written as (¢,p) = V@ H. Compare your sign with the formula in Remark 5.34.

(d) Show that H is constant along every solution of Hamilton’s equations. Hint: skew-symmetry
of Q.

(e) For the harmonic oscillator H(q,p) = %(p2+q2) on R?, write Hamilton’s equations as & = Az
and solve them using Exercise 7.8(b).

Exercise 9.6 The inverse function theorem.

(a) Show that polar coordinates ® : (0,00) x R — R?\ {0} are a local diffeomorphism near every
point, but not injective. What does this say about the inverse function theorem?

(b) Let f(x,y) = (v2—y?,2zy) (that is, z — 22 on C). At which points does the inverse function
theorem apply? Compute the derivative of the local inverse g near f(1,1) = (0,2) at the
point (0,2).

(c) Show that f(z) = 23 is a smooth bijection R — R but not a diffeomorphism. Which
hypothesis of Theorem 5.35 fails?

(d) Show that if f is a diffeomorphism near z¢ with inverse g, then dgy(,,) = (dfse)~t. In
particular, invertibility of df, is necessary for a differentiable local inverse.

Exercise 9.7 The implicit function theorem.

(a) Let f(x,y) = 2% +y? — 1. Near which points of the circle {f = 0} can it be written as a
graph y = h(x)? Compute h/(z) by implicit differentiation.

(b) Differentiate f(x,h(x)) =0 to show dh, = —(8yf)_18xf (evaluated at (z,h(x))).

(¢) (Folium of Descartes.) Show that near (2, 2) the curve z® + y> — 3zy = 0 is the graph of a
smooth function y = h(z), and compute /(3). Why does the theorem not apply at (0,0)?

(d) Show that near (1,1,1) the solution set of 22 4+ y? + 22 = 3,  — y = 0 can be written as
(y,z) = h(z). Compute h'(1) using (b), and check your answer by solving explicitly.

(e) Show that near (1,1,1) the system x2 +y? + 22 =3, 2 + y + 2 = 3 cannot be solved in this
way. Interpret geometrically.

(f) (*) (Simple roots depend smoothly on coefficients.) Let py be a real polynomial of degree n with
a simple real root yg. Show that every polynomial p of degree < n whose coefficients are close
to those of pg has a unique root near gy, depending smoothly on the coefficients. Deduce
that a simple real eigenvalue of a real matrix depends smoothly on the matrix entries.
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