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Problems

(1)

Prove that

/n plx,t)du =1

where p is the fundamental solution to the heat equation on R™. The reason p is important is
because of the following: prove that

lim [ p(z, t)p(z)dp = ¢(0)
Rn

for all smooth functions ¢ : R™ — R with compact support.
Let u be a solution to the heat equation. We say that u is invariant under Galilean boosts if
e (z,t) := e~ @TEVIVoy (2 — 22V 1)

with V' € R", is again a solution to the heat equation. Prove that the fundamental solution
p to the heat equation on R is invariant under all Galilean boosts. In fact, find all solutions
u: R x (0,00) of the heat equation on R which are invariant under the Galilean boosts.

Let p > 1. Prove that the negative gradient flow of the energy density

L|u’p+1

1
efu) = 5IVuf = —
for u : R™ x [0,7) is the equation
(O — A)u = |ulP~u.
This is an example of a semi-linear heat equation.

Let (M™,g) be a compact Riemannian manifold satisfying Ric > 0 with Ric being the Ricci
curvature of g and let w: M x [0,T) — R be a solution to the heat equation. Show that

(0 — A)|Vul* < —2|V2ul?.

Deduce a Bernstein-type decay estimate for |[Vul?.



