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1. Motivations for studying differential geometry

Before diving deep into the study of differential geometry, let us try to discuss informally what a study of
differential geometry comprises of. Suppose Σ2 ⊂ R3 is a "smooth surface" and let x, y ∈ Σ2 and we would
like to measure "distance" between x and y. Naturally, we would like to measure the distance between two
point on Σ along Σ. For the time being, suppose we have a path γ : [a, b]→ R3 with γ([a.b]) ⊂ Σ, γ(a) = x
and γ(b) = y. We can then define the "length of γ" by

l(γ) =

∫ b

a
|γ̇(t)|dt =

∫ b

a

√
〈γ̇(t), γ̇(t)〉dt (1.1)

where γ̇(t) = d
dtγ(t), 〈·, ·〉 is the Euclidean inner product and |v| =

√
〈v, v〉. Having defined the length, we

can define the distance between x and y as

d(x, y) := inf
P (x,y)

l(γ), (1.2)

where P (x, y) = {γ | γ is a path between x and y}.

This gives rise to the following question:

Question 1.1. Given a smooth surface Σ2 and x, y ∈ Σ, does ∃ a smooth path from x to y that has the shortest
possible length? If yes, then is such a path unique?

We will see later in the course that the answer to both the questions is yes if x and y are close
enough. Such a shortest path is called a geodesic (Geodäte) and is characterized by a second-order
ordinary differential equation (gewöhnliche Differentialgelichung zweiter ordnung.) Such geodesics are
the analogoues of "straight lines" on Σ even when no straight path might exist on Σ. For instance, you
might already know that the shortest path between any two points on the surface of a Sphere (Sphäre), or
in other words geodesics, are "great circles" (Großkreise).

One thing which you might have noticed is that the main concept which we needed to define the length
of a path and in turn, the distance between two points is that of the Euclidean inner product 〈, 〉. We
needed to know the value of 〈v, w〉 for those v, w ∈ R3 which are tangent to Σ at any given point. Again,
you might know from your previous courses that 〈, 〉 allows us to compute angles (Winkel)θ between two
vectors v, w by the formula

〈v, w〉 = |v||w| cos θ.

Thus, we can not only define length of any smooth path along Σ but also the angle between two smooth
paths if they intersect. The procedure of being able to take inner product of two "tangent vectors"
(Tangentialvektoren) makes Σ a 2-dimensional Riemannian manifold (2-dimensionale Riemannsche
Mannigfaltigkeit) and the inner product will be called a Riemannian metric (Riemannsche metrik). As
with any new mathematical object/structures, a natural question arises that suppose Σ1,Σ2 ⊂ R3 are two
smooth surfaces and f : Σ1 → Σ2 a smooth bijective map (bijektive Abbildung) such that f−1 : Σ2 → Σ2

is also smooth. Such a function f is called a diffeomorphism (Diffeomorphismus) and Σ1 and Σ2 are
called diffeomorphic (diffeomorph) to each other. In addition, if f preserves all distances and angles
then it is called an isometry (Isometrie) and Σ1 and Σ2 are then isometric (isometrisch) to each other.

Question 1.2. If Σ1 and Σ2 are two diffeomorphic surfaces, is there any way to know if they are also isometric?

For example, consider the two different spheres in R3. In Figure 1, we have the standard embedding of
sphere in R3 and in Figure 2 we have a slightly nonstandard embedding with a part of sphere elongated so
as to look like a cylinder. Intutively, it look like the two spheres are diffeomorphic to each other. Again,
intuitively, it feels that they should not be isometric as the length of paths on the parts of the spheres in the
elongated portion might be different. But how do we make this idea rigorous?
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One way to make this idea rigorous is to introduce the concept of parallel transport (Paralleltransport)
of vectors along closed paths. In the figures, Figure 1 has a "rounder" sphere and the parallel transport of a
vector v along the drawn closed path gives a different vector on return. On the contrary, the shaded part of
the sphere in Figure 2 looks flat and the parallel transport of the vector v is the same vector in the end.
This will be made rigorous in the coming lectures and we will show that this property is related to the
curvature (Krümmung) of the sphere at a point. This will also allow us to prove that the spheres in both
the figures are indeed not isometric!

Figure 1: Standard embedding of S2 ⊂ R3 with parallel transport of a vector along a closed path leading
to a different vector on return.

Figure 2: Another embedding of S2 ⊂ R3 but now the yeellow shaded region is locally flat. Parallel
transport of a vector returns to the same vector along a closed path.

We will spend a lot of time in defining and studying the properties of curvature where we will prove
that it is a mathematical object called a tensor field (Tensorfeld). We will also see the notion of local
flatness, i.e., parts of surfaces which locally look like parts of R2. For instance, the cylinder in Figure 3
shows a cylinder which is locally flat. In fact, this begs the question that can the whole sphere in Figure 2
be elongated so that the sphere is not curved at all?

This will be answered after we will prove the following amazing result.
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Theorem 1.3 (Gauss–Bonnet theorem). If M is a compact, 2-dimensional Riemannian manifold with
boundary ∂M and if K is the Gauss curvature of M and k is the geodesic curvature of ∂M , then∫

M
KdA+

∫
∂M

kds = 2πχ(M), (1.3)

where χ(M) is the Euler characteristic of M .

We will use the Gauss–Bonnet theorem to prove that there cannot exist a Riemannian metric on S2

which is everywhere locally flat.

† † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † †

We now start studying the topics formally.

2. Manifolds

2.1 Topological manifolds

We first recall some basic notions from topology.

Definition 2.1. Let M be a set. A subset O ⊂ P(M) is called a topology on M if

1. ∅,M ∈ O.

2. Arbitrary unions of elements of O is in O, ie., if {Ui}i∈I ∈ O then so is ∪
i∈I
Ui.

3. Finite intersections of elements in O are in O, i.e., if U1, U2 ∈ O then U1 ∩U2 ∈ O. We call the
pair (M,O) a topological space. (topologischen Raum)

Elements ofO are called open sets (offene Mengen). A subset ⊂M is called closed (abgeschlossen) is
M \ C ∈ O. Let (M,OM ) and (N,ON ) be two topological spaces. A map f : M → N is called continuous
(Stetig), if

f−1(V ) ∈ OM ∀ V ∈ ON .

This means, that preimages of open sets in N are open in M . A bijective continuous map f : M → N with
f−1 also being continuous is called a homeomorphism (Homöomorphismus), in which case M and N
are said to be homoemorphic (homömorph).

We can now define what a topological manifold is.

Figure 3:
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Definition 2.2. Let (M,O) be a topological space. Then M is called an n-dimensional topological
manifold (n-dimensionale topologische Mannigfaltigkeit) if

1. M is Hausdorff (hausdorffsch), ie., every pair of distinct points can be separated by open
sets: given p, q ∈M , there exists open sets U 3 p and V 3 q such that U ∩ V = ∅.

2. The topology of M has a countable basis (abzählbare Basis), which means that there exists
a countable subset B ⊂ O such that for every U ∈ O, there exists Bi ∈ B, i ∈ I with

U =
⋃
i∈I
Bi.

3. (most important) M is locally homeomorphic (lokal homöonorph) to Rn (same n as in the
definition), that is, for all p ∈M , there exists an open set U 3 p and an open set V ⊂ Rn and
a homeomorphsim between x : U → V between them.

This basically means that any manifold locally looks an Euclidean space. A pictorial represen-
tation is shown in the figure below.

Definition 2.3. The homeomorphisms x : U → V in Definition 2.2 are called charts (Karten) or
local coordinate systems of M (lokale Koordinatensysteme).

Example 2.4. Any Euclidean space Rn is a n-dimensional manifold with U = M , V = Rn and x = id, the
identity map.

Example 2.5. Any open set O ⊂ Rn is an n-dimensional manifold with U = O, V = Rn and x = id.

Example 2.6. The n-dimensional sphere

Sn = {y ∈ Rn | ||y|| = 1}

is a n-dimensional manifold. The existence of charts can be proved using the stereographic projection.
If s = {−1, 0, . . . , 0} ∈ Rn+1 denotes the south pole of the sphere then we define U1 = Sn \ {s} and let
V1 = Rn. Define the map x by

x(y0, y1, . . . yn︸ ︷︷ ︸
ŷ

) =
2

1 + y0
· ŷ.

Clearly the map x is continuous and bijective. The inverse map x−1 is given by

x−1(z) =
1

4 + ||z||2
(4− ||z||2, 4z)

and hence is also continuous. Thus, x is a chart of M .

6
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Similarly, when we remove the north pole n = {1, 0, . . . 0} ∈ bRn+1 and let U2 = Sn \ {n} and again
choose V2 = Rn+1 then x′ : U2 → V2 given by

x′(y0, y1, . . . , yn︸ ︷︷ ︸
ŷ

) =
2

1− y0
· ŷ,

is another chart, thus proving that Sn is an n-dimensional manifold.

Exercise 2.7. Can you cover Sn by a single chart? If yes, then what would that chart be? If no, then why
not?

Exercise 2.8. Consider the double cone (Doppel-kegel) M = {(y1, y2, y3) ∈ R3 | (y1)2 = (y2)2 + (y3)2}.
Prove that M is not a 2-dimensional manifold by showing the failure of existence of charts.

Example 2.9. Let U ⊂ Rn be an open set and let f : U → Rk be a continuous function. The graph of f
(Grafik von f) is the set

Γ(f) = {(y, f(y)) | y ∈ U}.

Let π1 : Rn ×Rk → Rn be the projection onto the first factor and let x : Γ(f)→ U be x = π1|Γ(f)
which is a

continuous bijection with a continuous inverse. Thus, Γ(f) is an n-dimensional topological manifold and is
in fact, homeomorphic to U itself. The chart (Γ(f), x) are called graph coordinates.

If you assume the fact that Rn and Rm can be homeomorphic if and only if n = m then we have the
following

Lemma 2.10. (Topological Invariance of Dimension). The dimension of a topological manifold is a
topological invariant of the manifold.

We will see more examples of manifolds. Suppose we are given a chart or local coordinates system
x : U → V . Then at every point p ∈ U , we can look at (x1(p), . . . , xn(p)) ∈ V ⊂ Rn, which we will called
coordinates of p (Koordinaten von p).

Before discussing more examples and properties of manifolds, let’s see if we can gather more information
about them in lower dimensions.

0-dimension. If a manifold M is 0-dimensional then every point p ∈M has an open neighbourhood U 3 p
which is homemorphic to R0 = {0}. Thus, {p} is an open subset of M for any p and hence M has the
discrete topology. Moreover, the second requirement in Definition 2.2 forces M to be a countable space.
Thus, we have proved the following

Proposition 2.11. The only topological manifold of dimension 0 are countable spaces with discrete
topology.

We will prove the following classification about 1-dimensional manifolds in future lectures.

Proposition 2.12. Any connected 1-dimensional manifold is homeomorphic to either S1 or R.

Below giving the next example, we would like to understand better the realtion between the topology
on M and the set of charts on M . Intuitively, it looks like we should be able to tell everything about the
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topology of M if we are given a collection of charts of M which cover it. This is the content of the next
lemma.

Lemma 2.13. Every manifold has a unique topology with open sets being the domains of charts of the
manifold.

We prove this lemma in a series of propositions.

Proposition 2.14. Let M be a set and I be an indexing set. Suppose for all i ∈ I, we have Ui ⊂
M, Vi ⊂ Rn and xi : Ui → Vi are bijections. Suppose the following holds:

1.
⋃
i∈I
Ui = M ,

2. for all i ∈ I, xi(Ui ∩ Uj) ⊂ Rn is open, and

3. xj ◦x−1i : xi(Ui ∩Uj)→ xj(Ui ∩Uj) is a continuous map on Rn, for all i, j ∈ I (see Figure 2.14).

Then M carries a unique topology where the sets Ui are open sets and all the maps xi are

homeomorphisms. If in addition, I is countable
then the topology on M has a countable basis and if for any p, q ∈M ∃ i ∈ I with p, q ∈ Ui then M is

also Hausdorff.

Proof of Proposition 2.14. We first prove that if such a topology exists on M then it must be unique. We
prove this by proving that if O is such a topology then a set X ∈ O ⇐⇒ xi(X ∩ Ui) is open in Rn for all
i ∈ I. Suppose O is a topology on M such that Ui are all open sets and xi are all homeomorphisms. Let
X ∈ O. Then X ∩ Ui ∈ O and hence xi(X ∩ Ui) is open in Rn for all i. Conversely, suppose X ⊂M such
that xi(Ui ∩X) ⊂ Rn is open for all i. This means that xi ◦ x−1i (Ui ∩X) is open in Rn and hence X is open
in M . Thus, if a toplogy O given by the conditions of the proposition exists then it must be unique.

To prove the existence, we show that the set

O = {X ⊂M | xi(X ∩ Ui) ⊂ Rn open ∀ i ∈ I}

describes a topology on M . Clearly, ∅,M ∈ O as xi(M ∩ Ui) = xi(Ui) is open in Rn by condition 2. If
Xj ∈ O, j ∈ J then, for all i ∈ I, we have

xi

⋃
j∈J

Xj

 ∩ Ui
 = xi

⋃
j∈J

(Xj ∩ Ui)

 =
⋃
j∈J

xi(Xj ∩ Ui)︸ ︷︷ ︸
open in Rn

and hence arbitrary unions of sets in O are in O. You should prove the finite intersection part yourself.
Thus, O described as above is indeed a topology on M .
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Now we want to show that in this topology, Ui are open sets. But this is clear by condition 2. We now
prove that xi are homeomorphisms for all i ∈ I. Let xi : Ui → Vi ⊂ Rn be a map for some i ∈ I. We only
know part 3. Let Y ⊂ Vi be open. Then, for any j ∈ I, we have

xj(x
−1
i (Y ) ∩ Uj) = xj(x

−1
i (Y ∩ xi(Ui ∩ Uj)))

= (xj ◦ x−1i )︸ ︷︷ ︸
continuous

Y ∩ xi(Ui ∩ Uj)︸ ︷︷ ︸
open by part 2.︸ ︷︷ ︸

open

,

is open in Rn and hence by the definition of O, x−1i (Y ) ∈ O. Similarly, you can prove that x−1i is also
continuous, which proves the proposition.

Now suppose the indexing set I ′ ⊂ I is countable which covers M . Since the topology is unique, I
and I ′ give the same topology on M . Now the topology of each Vi ⊂ Rn has a countable basis Bi. Then
x−1i (Bi)is a countable basis of the topology of Ui and thus,

⋃
i∈I′

x−1i Bi is a countable basis of M .

Finally, Let p, q ∈M with p 6= q and let i ∈ I such that p, q ∈ Ui. Since Rn is Hausdorff, we can choose
V1, V2 ⊂ Vi open with xi(p) ∈ V1, xi(q) ∈ V2 and V1 ∩ V2 = ∅. Then x−1i (V1) and x−1i (V2) separate p and
q.

Example 2.15 (Real Projective Space). We define the real projective space (reeller projektiver Raum) by

RPn = {L ⊂ Rn+1 | L is one-dimensional subspace}, (2.1)

that is, RPn is the set of lines in Rn+1. We use the quotient topology (Quotiententopologie) on RPn by
using the quotient map π : Rn+1 \{0} → RPn which sends each point p in Rn+1 \0 to the subspace spanned
by p, in other words, we use the equivalence relation p ∼ λp, λ 6= 0 ∈ R.

We exhibit charts for RPn. For each i = 1, . . . , n+ 1, let

U i ⊂ Rn+1 \ {0} where pi 6= 0,

and let

Ui = π(U i).

By the properties of quotient maps, Ui ⊂ RPn is open and we define φi : Ui → Rn by

φi
(
[p1, . . . , pn+1]

)
=

(
p1

pi
, . . . ,

pi−1

pi
,
pi+1

pi
, . . . ,

pn+1

pi

)
.

This map is well-defined. Since φi ◦ π is continuous, so is φi and in fact, it is a homeomorphism with the
the continuous inverse given by

φ−1i (u1, . . . , un) = [u1, . . . , ui−1, 1, ui, . . . un].

Geometrically, φ([p]) = u means (u, 1) is the point in Rn+1 where the line [p] intersects the hyperplane
where pi = 1. Now the sets U1, ..., Un+1 cover RPn, we see that (Ui, φi) form a chart of RPn, making it into
a n-dimensional topological manifold.

Example 2.16 (Product manifolds). If M1 and M2 are topological manifolds of dimensions n1 and n2
respectively, then M1 ×M2 is again a topological manifold of dimension n1 + n2.

A simple example of the above phenomenon is the n-torus for n ∈ N. It is denoted by Tn = S1 × S1 × · · · × S1︸ ︷︷ ︸
n−times

and is a topological n-manifold.

† † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † † †
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3. Smooth structures

We recall the definition of smooth maps between Euclidean spaces. Recall that if U ⊂ Rn and V ⊂ Rm
are open subsets then a map f : U → V is called smooth or C∞ if each of its component functions has
continuous partial derivatives of all orders. If, moreover, f is also a bijection and f−1 is also smooth then f
is said to be a smooth diffeomorphism. Since any topological manifold locally looks like an open subset
of an Euclidean space, it makes sense to try to define smooth maps on a topological manifold.

We would like to give a definition of when a map f : M → R is smooth where M is a topological
manifold. For doing this, we would need to put more structure on the manifold. We start with the following

Definition 3.1. Let M be a topological manifold and let (U, φ) and (V, ψ) be two charts such that
U ∩ V 6= ∅. The map

ψ ◦ φ−1 : φ(U ∩ V )→ ψ(U ∩ V ) (3.1)

is called the transition map from φ to ψ.

We make the following

Definition 3.2. Let φ : U → Ũ and ψ : V → Ṽ be two charts on an n-dimensional manifold M .
They are called smoothly compatible or C∞-compatible if

ψ ◦ φ−1 : φ(U ∩ V )→ ψ(U ∩ V ) (3.2)

is a C∞diffeomorphism.

Having understood the definition of a smoothly compatibe charts , we now define what a atlas and a
smooth atlas is.

Definition 3.3. A set of charts φi : Ui → Ũi, i ∈ I, of M is called an atlas of M , if the domains of
the charts cover M , i.e., ⋃

i∈I
Ui = M.

An atlas A is called a smooth atlas or a C∞-atlas if any two charts in A are C∞-compatible.

For proving that an atlas is a smooth atlas, we would only need to verify that each transition map
ψ ◦ φ−1 is smooth whenever (U, φ) and (V, ψ) are charts in A as ψ ◦ φ−1 is obviously a diffeomorphism
because (ψ ◦ φ−1)−1 = φ ◦ ψ−1 and the latter is one of the transition maps which is smooth.

3.1 Examples of smooth atlas

Example 3.4. Let M = U ⊂ Rn be open. Then A = {id : U → U} is a C∞-atlas.

10
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Example 3.5. For M = Sn, we recall the charts from Example 2.6. Consider A = {(x1 : U1 → V1), (x2 :
U2 → V2)} where U1 = Sn \ {s} and U2 = Sn \ {n}. We also recall that

x1(y) =
2

1 + y0
ŷ, where y = (y0, ŷ) ∈ Rn+1,

x−11 (z) =
1

4 + ||z||2
(4− ||z||2, 4z), z ∈ Sn,

x2(y) =
2

1− y0
ŷ.

Thus, for any v ∈ x1(U1 ∩ U2), we have

x2 ◦ x−11 (v) = x2

(
4− ||v||2

4 + ||v||2
,

4v

4 + ||v||2

)
=

2

1− 4−||v||2
4+||v||2

4v

4 + ||v||2

=
4v

||v||2
.

Note that v ∈ Rn \ {0}. Thus, x2 ◦ x−11 is C∞. Similarly, x1 ◦ x−12 is also smooth, making x1 and x2
C∞-compatible and A a C∞-atlas for Sn.

Example 3.6. Let us recall the real projective space RPn and its charts from Example 2.15. One can
compute that for say, i > j and (u1, ..., un) ∈ (Ui ∩ Uj), we have

φj ◦ φ−1i (u1, ..., un) =

(
u1

uj
, · · · , u

j−1

uj
,
uj+1

uj
, · · · , u

i−1

uj
,

1

uj
,
ui+1

uj
, · · · , u

n

uj

)
,

which are just rational functions and hence C∞. Thus, we get a smooth atlas for RPn.

We will see more examples later. But for now, recall that we introduced this notion of smooth atlas
because we wanted to define when a function f : M → R is differentiable. We would like to say that
f : M → R is smooth if f ◦ φ−1 is smooth in the sense of ordinary calculus for each coordinate chart (U, φ)
in the atlas. There is a small problem with this definition. It can happen that may different atlases give rise
to the "same" smooth strcuture on M . To avoid any redundancy, we make the following definition.

Definition 3.7. A C∞-atlas Amax is called a maximal atlas or a differentiable structure on M , if
every chart that is smoothly compatiblle with all charts in Amax is already contained in Amax. In
other words,

Amax := {charts (U, φ) in atlas A of M | φ is C∞ − compatible with all charts in A}. (3.3)

Clearly, Amax is also a C∞-atlas. If φ, ψ are two charts of M which are C∞-compatible with all charts
in A then φ and ψ are C∞-compatible with each other because if x ∈ φ(U ∩ V ) then there exists a chart

τ : Ũ → ˜̃U in A such that φ−1(x) ∈ ˜̃U . So, near x, we have

ψ ◦ φ−1 = (ψ ◦ τ−1)︸ ︷︷ ︸
C∞

◦ (τ ◦ φ−1)︸ ︷︷ ︸
C∞

.

Definition 3.8. Let Mn be a topological manifold. A pair (M,Amax), where Amax is a maximal
atlas on M , is called an n-dimensional differentiable manifold.

11



DIFFERENTIAL GEOMETRY

With this definition in hand we can finally define the differentiability of functions.

Definition 3.9. Let M and N be differentiable manifolds, p ∈M and let k ∈ N∪{∞}. A continuous
map f : M → N is called k-times continuously differentiable at p or Ck at p if ∃ a chart
φ : U → V ∈ Amax(M) with p ∈ U and another chart ψ : Ũ → Ṽ ∈ Amax(N) with f(p) ∈ Ũ and
f(U) ⊂ Ũ such

ψ ◦ f ◦ φ−1 : φ(U)→ Ṽ is Ck. (3.4)

Definition 3.10. LetM,N be differentiable manifolds. A homeomorphism f : M → N is called aCk-
diffeomorphism if both f and f−1 are Ck. In such a case, M and N are called Ck-diffeomorphic.

Before seeing examples of smooth maps, let’s see more examples of smooth manifolds.

Remark 3.11. We emphasize that a smooth structure is an additional data which we associate to a
topological manifold M . So when we say that M is a "smooth manifold" then it is already understood that
there is a smooth maximal atlas prescribed. It can happen that a given topological manifold has many
different smooth structures. For example, consider the homeomorphism

ψ : R→ R, ψ(x) = x3.

The atlas (R, ψ) is a smooth structure on R but it is not C∞-compatible with the standard smooth structure
(R, id) on R because

id ◦ ψ−1(y) = y
1
3

is not smooth at the point {0}. Thus, the two smooth structures are different.

Exercise 3.12. Let M be a nonempty topological manifold of dimension n ≥ 1. Suppose M has a smooth
structure. Show that M has uncountably many distinct smooth structures.

Remark 3.13. In fact, it can happen that a topological manifold has no smooth structures at all. The first
example was given by Kervaire [Ker60] on a compact 10-dimensional manifold.

Although, it seems tempting to define a smooth structure by explicitly describing a maximal smooth
atlas, it is not always convenient to do so because that can contain many charts and so things might be
harder to check explicitly. This can be remedied by the following result.

Proposition 3.14. Let M be a topological manifold.

1. Every smooth atlas A of M is contained in a unique maximal smooth atlas Amax. Such an Amax
is also called the smooth structure determined by A.

2. Two smooth atlases of M determine the same smooth structure if and only if their union is a
smooth atlas.

12
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Proof. 1. We have already proved the existence of such Amax. To prove uniqueness, note that if B is any
other maximal smooth atlas containing A then each of its charts is C∞-compatible with each chart in A
and hence by definition B ⊂ Amax. Similarly, Amax ⊂ B and hence Amax = B.

2. Exercise.

3.2 Some more examples

Example 3.15. Let M0 be a 0-dimensional manifold. We know that it a countable space with discrete
topology. The charts are {(p, φ) | p ∈ M,φ : {p} → R0} and they trivially satisfy the compatibility
conditions and thus M0 has a unique smooth structure.

Example 3.16. The smooth structure on Rn determined by the atlas (Rn, id) is called the standard smooth
structure on Rn.

Example 3.17. Let V n be a finite dimensional real vector space. Since any norm on V determines a
topology and all the norms are equivalent, we use this topology to view V as a topological manifold. We
show below that V is a smooth manifold. Suppose {e1, . . . , en} is an ordered basis of V and define the
isomorphism φ : Rn → V by

φ(x) =
n∑
i=1

xiei.

This map is a homeomorphism and hence (V, φ−1) is a chart.
Suppose {e′1, . . . , e′n} is any other basis and φ′(x) =

∑n
i=1 x

ie′i is the corresponding isomorphism. We
know from linear algebra that there exists an invertible matrix [Aij ] such that ei =

∑n
j=1A

j
ie
′
j for each i.

The transition map then is given by

φ′−1 ◦ φ(x) = x′, where x′ ∈ Rn and
n∑
j=1

xj
′
e′j =

n∑
i=1

xiei =

n∑
i,j=1

xiAjie
′
j .

In other words, any map sending x 7→ x′ is an invertible linear map and hence is a diffeomorphism, thus
proving that any two charts are C∞–compatible. The collection of all such charts define a smooth structure
on V and makes it into a smooth manifold.

Example 3.18. Let M(n×m,R) denote the space of real n×m matrices. Since this is a real vector space
of dimension nm, from the previous example, it is a smooth nm-dimensional manifold.

Example 3.19 (GL(n,R)). The space of n× n real invertible matrices is called the general linear group
GL(n,R). Since this is an open subset of the set of all matrices, it is a n2-dimensional smooth manifold.

Example 3.20. If M1, . . . ,Mk are smooth manifolds of dimensions n1, . . . , nk, respectively then we already
know that M1 × · · · ×Mk is a topological manifold of dimension n1 + n2 + · · ·+ nk. The charts are of the
form (U1 × · · · × Uk, φ1 × · · · × φk). We notice that if there two such charts then

(ψ1 × · · · × ψk) ◦ (φ1 × · · · × φk)−1 = (ψi ◦ φ−11 )× · · · × (ψk ◦ φ−1k ),

making M1 × · · · ×Mk into a smooth manifold. For example, the n-torus Tn is a smooth manifold.

We can write a version of Proposition 2.14 for smooth manifolds as follows.

13
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Lemma 3.21. Let M be a set and suppose we have a collection {Ui}i∈I , I is countable, of subsets of M
with maps φi : Ui → Rn such that the following holds.

(a) Ui
i∈I

= M .

(b) For all i, φi is a bijection between Ui and an open subset Vi ⊂ Rn.

(c) For all i, j, the sets φi(Ui ∩ Uj) and φj(Ui ∩ Uj) are open in Rn.

(d) If Ui ∩ Uj 6= ∅ for some i, j, then the map φj ◦ φ−1i : φi(Ui ∩ Uj)→ φj(Ui ∩ Uj) is smooth.

(e) For points p, q ∈M either there exists some Ui 3 p, q or there exists distinct Ui, Uj with p ∈ U1 and
q ∈ Uj .

Then M has a unique smooth structure such that each (Ui, φi) is a smooth chart.

Proof. The proof is similar to the proof of Proposition 2.14 with the smoothness condition guaranteed by
point (d) above.

We can use the previous lemma to give an example of smooth manifolds which generalize the real
projective spaces.

Example 3.22 (Grassmann manifolds). Let V n be a real vector space and let

Gk(V ) = {W ⊂ V |W is a k − dimensional subspace}. (3.5)

The set Gk(V ) is a smooth manifold of dimension k(n − k) and is called the Grassmannian. Clearly,
G1(Rn+1) = RPn.

We show that Gk(V ) is a smooth manifold. Let P and Q be complementary subspaces of V of
dimensions k and n− k, respectively, so that V = P ⊕Q. If f : P → Q is a linear map then Γ(f) ⊂ V is a
k-dimensional subspace with

Γ(f) = {v + fV | v ∈ P}.

One can check that Γ(f) ∩Q = {0}. Conversely, if S ⊂ V is any subspace with trivial intersection with Q
then S = Γ(f) where f = (πQ|S ) ◦ (πP|S )−1 where πT : V → T is the projection.

Having established this, we let

L(P,Q) = {L : P → Q | L linear},

which is a vector space and let UQ ⊂ Gk(V ) with UQ being those k-dimensional subspaces of V which
have trivial intersection with Q. Since P ∈ UQ so it is non-empty. The assignment f 7→ Γ(f) gives a map

Γ : L(P,Q)→ UQ,

and is in fact, a bijection. Let us denote Γ−1 = φ. Since L(P,Q) ∼= M((n− k)× k,R) ∼= Rk(n−k), (UQ, φ) is
a chart for Gk(V ) and part (b) of Lemma 3.21 is satisfied.

If (P ′, Q′) is another pair of subspaces as before and φ′ : UQ′ → L(P ′, Q′) is the corresponding chart,
then we first of all notice that φ(UQ ∩ UQ′) ⊂ L(P,Q) is the set of all linear maps f : P → Q such that
Γ(f)∩Q′ = {0}. This set φ(UQ ∩UQ′) is open in L(P,Q). This can be seen as follows. Let f ∈ φ(UQ ∩UQ′)
and this means that Γ(f) ∩Q′ = {0}. If we denote by If : P → V , If (p) = p+ fv then it is abijection from
P to Γ(f). Moreover, kerπP ′ = Q′ so using the linear algebraic fact that

rank(A ◦B) ≤ rank(B) with equality ⇐⇒ Im(B) ∩ kerA = {0},

14
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we see that πP ′ ◦ If has full rank and since the corresponding matrix depend continuously on f , we see
that the set of all such f with Γ(f) ∩Q′ = {0} is open. Thus, part (c) of Lemma 3.21 is also true.

We now show that the transition maps are smooth and leave the rest of the details as an exercise. We
want to show that φ′ ◦ φ−1 is a smooth map on φ(UQ ∩ UQ′). Let f ∈ φ(UQ ∩ UQ′) ⊂ L(P,Q) be arbitrary.
Let S denote the subspace Γ(f) ⊂ V . If f ′ = φ′ ◦φ−1(f), then, f ′ = (πQ′|S

) ◦ (πP ′|S
)−1. Somehow, we would

like to relate this map to f . This can be done as follows: note that If : P → S = Γ(f) is an isomorphism so

f ′ = (πQ′|S
) ◦ If ◦ (If )−1 ◦ (πP ′|S

)−1 = (πQ′ ◦ If ) ◦ (πP ′ ◦ If )−1.

Now we can choose any basis for V and write a basis for spaces P, P ′, Q.Q′ and then let A : P → P ′,
B : P → Q′, C : Q→ P ′ and D : Q→ Q′ be the linear maps with

A = πP ′|P
, B = πQ′|P

, C = πP ′|Q
, and D = πQ′|Q

.

So, for instance, for p ∈ P , we get

(πP ′ ◦ If )p = (A+ Cf)p, (πQ′ ◦ If )p = (B +Df)p,

and hence f ′ = (B +Df)(A+ Cf)−1. But then we are done because all these are matrices whose entries
are just rational functions depending on f and as a result, the matrix entries of f ′ depend smoothly on
those of f . Since f was smooth then so is the transition map. Thus, part (d) of Lemma 3.21 is also satisfied.

Part (a) also follows because if say, {e1, . . . , en} is any basis of V and F ⊂ {1, . . . , n} with |F | = k.
Then if VF = linear span{e1, i ∈ F} and we let UF = UVF with corresponding φVF = φF then the finite
collection {(UF , φF ) | F ⊂ {1, . . . , n}, |F | = k} is a smooth atlas of Gk(V ). Similarly, one can check that
Gk(V ) is indeed Hausdorff and hence the Grassmannian is a smooth manifold.

XXXXXX
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4. Properties of smooth maps

After having understood what smooth maps, let us try to state and prove some basic properties. We will
see more properties of smooth maps as the course progresses.

Proposition 4.1 (Smoothness is a local property). Let M,N be smooth manifolds and let f : M → N
be a map.

(a) If every point p ∈M has a neighbourhood U 3 p such that fU is smooth then f is smooth on M .

(b) Conversely, if f is smooth then its restriction to every open set U ⊂M is smooth.

Proof. It is clear from the definition.

Proposition 4.2. Let M,N,P be smooth manifolds. Then the following holds.

1. Every constant function is a smooth map.

2. The identity map idM : M →M is smooth.

3. If U ⊂M is open then the inclusion map i : U ↪→M is smooth.

4. If f : M → N is smooth and g : N → P is smooth then g ◦ f : M → P is smooth.

Proof. We just prove (1) and (4) and leave the rest as exercises. Let p ∈M and suppose (U, φ) is a chart
containing p. If c : M → N is a constant function with c(p) = c ∈ N, ∀ p ∈ M and (V, ψ) is a chart
containing c, then

ψ ◦ c ◦ φ−1(x) = ψ(c) ∈ ψ(V ),

and hence is a constant function between subsets of Euclidean spaces and so is smooth.
For proving (4), suppose (V, ψ) is a chart containing f(p) and (W, τ) is a chart containing g(f(p)) with

g(V ) ⊂W and τ ◦ g ◦ ψ−1 : ψ(V )→ τ(W ) is smooth. Note that f−1(V ) 3 p is an open set in M and hence
by the smoothness of f , we know that that ∃ a smooth chart (U, φ) of M such that p ∈ U ⊂ f−1(V ) and
ψ ◦ f ◦ φ−1 is smooth. Moreover, g(f(U)) ⊂ g(V ) ⊂W and

τ ◦ (g ◦ f) ◦ φ−1 = τ ◦ (g ◦ ψ−1 ◦ ψ ◦ f) ◦ φ−1 = (τ ◦ g ◦ ψ−1) ◦ (ψ ◦ f ◦ φ−1),

is smooth and hence the composite function g ◦ f is smooth.

We also have the following

Proposition 4.3. Let M1, . . . ,Mk and N be smooth manifolds. If πi : M1 × · · · × Mk → Mi is
the projection map on the Mi factor then a map f : N → M1 × · · · ×Mk is smooth if and only if
fi = πi ◦ f : N →Mi is smooth.

Proof. Exercise.

Let’s see an example. Let S1 denote the unit circle in R2. Define the map f : R→ S1 by f(t) = exp 2πit.
If we use the angle coordinate θ for S1 then with respect to any chart in this coordinate, we have

ψ ◦ f ◦ φ−1(t) = 2πt+ c, c constant.

Thus, f is a smooth map. Similarly, fn : Rn → Tn given by fn(x1, . . . , xn) = (e2πix
1
, . . . , e2πix

n
) is a

smooth map.

Exercise 4.4. Prove that the natural quotient map π : Rn+1 \ {0} → RPn is a smooth map.
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5. Tangent vectors and Tangent spaces

Recall that the definition of a smooth manifold as well as a smooth map was motivated from the point
of view of defining what a function f being differentiable could mean. We again go back to our study of
differential calculus and recall that the derivative of a map was the best linear approximation of the map.
In Euclidean spaces, a linear approximation makes sense both theoretically and pictorially. What could be
the appropriate notion of a linear approximation on a manifold? Let’s start with the simplest possible case.

5.1 Tangent vector and tangent spaces

We first recall that if p ∈ M then by a curve on M passing through p, we mean a map γ : (−ε, ε) → M
with γ(0) = p. If the map is differentiable/smooth then we say that the curve is differentiable/smooth.

Definition 5.1. A tangent vector on M at the point p ∈M is an equivalence class of differentiable
curves [γ] passing through p where γ1 ∼ γ2 if for a chart φ : U → V with p ∈ U , we have

d

dt
(φ ◦ γ1)|t=0

=
d

dt
(φ ◦ γ2)|t=0

. (5.1)

We denote [γ] = γ′(0).

It’s obvious that ∼ is indeed an equivalence relation. We also note that this definition is independent of
the choice of chart. If (U ′, ψ) is another chart containing p then we use the chain rule to compute

d

dt
(ψ ◦ γ)|t=0

=
d

dt

(
(ψ ◦ φ−1) ◦ (φ ◦ γ)

)
|t=0

= D(ψ ◦ φ−1) ◦ d
dt

(φ ◦ γ)|t=0
,

where D(ψ ◦ φ−1)(φ(p)) : Rn → Rn is the derivative of the transition map ψ ◦ φ−1 at the point φ(p) and is
an invertible linear map since ψ ◦ φ−1 is a smooth map with a smooth inverse. Thus, the condition

d

dt
(φ ◦ γ1)|t=0

=
d

dt
(φ ◦ γ2)|t=0

is equivalent to the condition

d

dt
(ψ ◦ γ1)|t=0

=
d

dt
(ψ ◦ γ2)|t=0

.

Definition 5.2. Let M be a smooth manifold and p ∈M . The set

TpM = {γ′(0) | γ is a curve passing through p}

is called the tangent space of M at p.

Even though the definition of a tangent space is very geometric, it doesn’t give much idea about the
type of space TpM is. The next proposition shows that it is a n-dimensional vector space.

Proposition 5.3. Let Mn be a smooth manifold and p ∈M with chart (U, φ) containing p. The tangent
space TpM has a unique vector space structure such that the map

dφp : TpM → Rn, [γ] 7→ (φ ◦ γ)′(0) (5.2)

is an isomorphism of vector spaces. Thus, for every point p ∈M , the tangent space TpM at that point is
a n-dimensional real vector space.
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Proof. The map in (5.2) is clearly well-defined and injective. For surjectivity, we’d need to show that if
v ∈ Rn then there exists a curve whose tangent vector is v. Define γ(t) = φ−1(φ(p) + tv) and choose ε > 0
small enough so that φ(p) + tv ∈ φ(U). Then

dφp(γ
′(0)) =

d

dt

(
φ ◦ φ−1(φ(p) + tv)

)
|t=0

=
d

dt
(φ(p) + tv)|t=0

= v.

The map is also a linear isomorphism and in fact, the vector space structure is explicitly described as
follows: let a, b ∈ R and γ′1(0), γ′2(0) ∈ TpM then

aγ′1(0) + bγ′2(0) = (dφp)
−1 (adφp(γ′1(0)) + bdφp(γ

′
2(0))

)
.

So the only remaining thing to prove is that the vector space structure on TpM is independent of the chart.
To see this, let (ψ : Ũ → Ṽ ) be another chart with p ∈ Ũ . We want to show that the map dψp : TpM → Rn
is linear with respect to the vector space structure induced by φ. But we have already seen that

dψp = D(ψ ◦ φ−1)φ(p)︸ ︷︷ ︸
invertible linear

◦ dφp︸︷︷︸
invertible linear

,

and hence is a vector space isomorphism.

We can think of TpM as the linear approximation to M at the point p.

We can now define the differential of a differentiable map between smooth manifolds.

Lemma 5.4. Let M and N be smooth manifolds and let p ∈ M . Let f : M → N be a smooth map
near p. Then the map

dfp : TpM → Tf(p)N, γ
′(0) 7→ (f ◦ γ)′(0), (5.3)

is a well-defined linear map between vector spaces TpM and Tf(p)N .
The map dfp is called the differential of f at the point p.

Proof. Let (U, φ) be a chart of M containing p and let (Ũ , ψ) be a chart of N containing f(p). We compute,
using the chain rule,

dψf(p)((f ◦ γ)′(0)) = (ψ ◦ f ◦ γ)′(0)

=
(
(ψ ◦ f ◦ φ−1) ◦ (φ ◦ γ)

)′
(0)

= D(ψ ◦ f ◦ φ−1)φ(p) ·
(
(φ ◦ γ)′(0)

)
= D(ψ ◦ f ◦ φ−1)φ(p) · dφp(γ′(0)).

The previous equation implies that

dfp =
(
dψf(p)

)−1 ◦D(ψ ◦ f ◦ φ−1)φ(p) · dφp,

and hence is well-defined, that is, independent of the choice of curve γ and is a linear map.

We notice that if U ⊂ M is open then the differential of the inclusion map i : U ↪→ M is the natural
isomorphism di : TpU → TpM given by

γ′(0) 7→ (i ◦ γ)′(0) = γ′(0),

and hence TpU = TpM .

18



S. DWIVEDI

Exercise 5.5. Prove that if M,N are two smooth manifolds and p ∈M, q ∈ N , then

T(p,q)(M ×N) ∼= TpM × TqN

in a canonical way.

Recall that V is a vector space then its dual space is denoted by V ∗ and is the space of linear functionals
on V , i.e., scalar-valued linear maps on V . In other words,

V ∗ = Hom(V,R), where Hom(V,W ) = {f : V →W | f linear}.

Thus, we define the cotangent space at p ∈M as

T ∗p (M) = Hom(TpM,R) = (TpM)∗. (5.4)

The previously discussed spaces TpM and T ∗pM , when taken together for all points of M , themselves
have a manifold structure and are useful examples of mathematical objects called vector bundles. We will
see more about them much later but for now, let’s discuss tangent and cotangent bundles.

5.2 Tangent and cotangent bundle

Definition 5.6. The tangent bundle TM of a smooth manifold M is the (disjoint) union of all of
its tangent spaces:

TM =
⋃
p∈M

TpM.

• The map π : TM →M which maps a tangent space T − pM to the point p is called the projection
map. Clearly, π is surjective.
• The subset of TM which consists of the zero vectors 0 ∈ TpM, p ∈M is called the zero-section
of TM .
• The tangent space TpM ⊂ TM is called the fiber over p ∈M .

Thus, every fiber of the tangent bundle is an n-dimensional real vector space. Even though, TM looks
like an arbitrary set right now, the result below proves that not only it has a topology inherited from M ,
but it is a smooth manifold in its own right.

Remark 5.7. An arbitray point of TM looks like (p, v) with p ∈ M and v ∈ TpM where the latter is the
tangent space at the point p.

Theorem 5.8. Let Mn be a smooth manifold. The tangent bundle TM can be endowed naturally with
a smooth structure from M making it into a 2n-dimensional smooth manifold. With respect to the
smooth structure, the projection map π : TM →M , the inclusion map i : M ↪→ TM as the zero-section
and the natural inclusions i : TpM ↪→ TM, p ∈M are all smooth maps.

Proof. The first step in describing a smooth structure on TM is to provide an atlas.

Claim 5.9. Let (U, φ) be a chart on M . Then this gives a chart (TU, Tφ) on TM where TU = TpM
p∈U

and

Tφ : TU → R2m is defined using the linear isomorphisms dφp : TpM → Rn by

TU ⊃ TpM 3 X 7→ (φ(p), dφp(X)) ∈ Rn × Rn = R2n.

If (V, ψ) is another chart on M , then the transition map between the charts (TU, Tφ) and (TV, Tψ) is given
by

Tψ ◦ Tφ−1(p, v) = (ψ ◦ φ−1(p), D(ψ ◦ φ−1)(p)v).
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Proof of Claim 5.9. Exercise.
We continue with the proof of the theorem. We endow TM with the unique maximal smooth atlas

containing all the charts of the form (TU, Tφ) where (U, φ) are charts on M , from the Claim 5.9. The
second countability and Hausdorff property for TM follows from the corresponding properties of M and
the fact that countable union of countable sets is again countable. Thus, TM is a 2n-dimensional smooth
manifold.

Consider the map π : TM →M , (p, TpM) 7→ p. Consider a chart (TU, Tφ) 3 (p, TpM) with chart (U, φ)
containing the point π(p). Then

φ ◦ π ◦ Tφ−1(p, v) = φ(p)

which is clearly a smooth map. Similarly, both the inclusions are smooth maps.

Definition 5.10. The cotangent bundle of a manifoldM is again a 2n-dimensional smooth manifold
as is defined as

T ∗M =
⋃
p∈M

T ∗pM.

The cotangent bundle T ∗M is also smooth manifold of dimension 2n and this can be proved in a similar
manner as the case for the tangent bundle. We will learn more about the tangent and cotangent bundles
later but we will keep using them.

We can now define the differential of a smooth map.

Definition 5.11. Let M and N be two smooth manifolds and let f : M → N be a smooth map. The
differential of f , df is the map

df : TM → TN : [γ] 7→ [f ◦ γ].

The restriction of df at every point is precisely the map dfp described in Lemma 5.4.

The proof of Lemma 5.4 also shows that if M , N and f are smooth then so is df .
Using the formulation of df described in the definition above as a map btween tangent bundles, we can

now give a simole proof the very important chain rule.

Proposition 5.12 (Chain Rule). For smooth maps f : M → N , g : N → P between smooth manifolds,
we have

d(g ◦ f) = dg ◦ df : TM → TP.

At every point p ∈M , f(p) ∈ N , this reads as

d(g ◦ f)p = dgf(p) ◦ dfp. (5.5)

Proof. We prove (5.5). Let γ : (−ε, ε)→M with γ(0) = p, we have

d(g ◦ f)p(γ
′(0)) =

d

dt
((g ◦ f) ◦ γ)|t=0

=
d

dt
(g ◦ (f ◦ γ))|t=0

= dgf(p)((f ◦ γ)′(0)) (chain rule in Rn)

= dgf(p)(dfp(γ
′(0))).
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A simple corollary of the previous proposition is the following.

Corollary 5.13. If f : M → N is a diffeomorphism then so is df : TM → TN and moreover,

(df)−1 = d(f−1) : TN → TM.

Proof. Notice that d(idM ) : TM → TM is just the map idTM and hence the result follows from using the
chain rule to

idTM = d(f ◦ f−1) = df ◦ d(f−1).

We also make the following definition.

Definition 5.14. Let k ∈ N ∪ {∞}. A surjective map f : M → N between smooth manifolds is
called a local Ck-diffeomorphism if for all p ∈ M there exists a neighbourhood U 3 p and a
neighbourhood V 3 f(p) such that fU : U → V is a Ck-diffeomorphism.

Clearly, every Ck-diffeomorphism is a local Ck-diffeomorphism but the opposite is not necessarily true.

Example 5.15. Let f : R → S1 be the map f(t) = e2πit. Then f is a surjective map but is not injective,
so it can never be a diffeomorphism. But it a local C∞-diffeomorphism. Let t0 ∈ R and consider
U = (t0 − π, t0 + π) and V = S1 \ {−f(t0)}.

Also notice that if f is a local diffeomorphism then dfp : TpM → Tf(p)N is a linear isomorphism and as
a result dim(TpM) =dim(Tf(p)M) and hence dimM =dim(N).
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6. Derivations and tangent vectors

In this lecture, we see another way of defining tangent vectors and also talk about directional derivatives
which is the analogue of the notion of partial derivatives from multi-variable calculus. This will be useful
in doing actual computations.

Notation. We will denote by Ck(M) = {f : M → R | f is Ck}. We also denote by C∞p =
⋃

U open, p∈U
C∞(U).

Definition 6.1 (Directional derivatives). Let M be a smooth manifold and let p ∈ M . Let γ′(0) ∈
TpM and f ∈ C∞(M). We define

∂γ′(0)f = dfp(γ
′(0)) =

d

dt
(f ◦ γ)|t=0

∈ R,

and call it the directional derivative of f in the direction of the tangent vector γ′(0).

Definition 6.2 (Derivations). A map ∂ : C∞p → R is called a derivation at p if the following holds.

1. Locality: If Ũ ⊂ U is open, p ∈ Ũ and f ∈ C∞(U) then

∂f = ∂(fŨ ).

2. R-linearity: if a, b ∈ R and f, g ∈ C∞p then

∂(af + bg) = a∂f + b∂g.

3. Leibniz rule: If f, g ∈ C∞p then

∂(fg) = g∂f + f∂g.

Clearly, the usual partial derivatives ∂
∂xi

, i = 1, ..., n in Rn are derivations. In fact, the definition was
wade to prove the following.

Proposition 6.3. The directional derivatives ∂γ′(0) on a smooth manifold are derivations.

Proof. We just check the Leibniz rule which essentially follows from the Leibniz rule in Rn. We have

∂γ′(0)(fg) =
d

dt
((fg) ◦ γ)|t=0

=
d

dt
((f ◦ γ)(g ◦ γ))|t=0

= (g ◦ γ)(0)
d

dt
(f ◦ c)|t=0

+ (f ◦ γ)(0)
d

dt
(g ◦ γ)|t=0

(Leibiniz rule in Euclidean spaces)

= g(p)∂γ′(0)f + f(p)∂γ′(0)g.

We denote the set of all derivations at p by Der(C∞p ). This space is a real vector space via

(α∂1 + β∂2)(f) = α∂1f + β∂2f.

We want another way to understand tangent vectors and the next lemma exactly starts with that fact.
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Lemma 6.4. Let M be a smooth manifold and let p ∈M . The map

∂ : TpM → Der(C∞p ), γ′(0) 7→ ∂γ′(0),

is linear.

Proof. Let φ : U → V be a chart of M with p ∈ U . We will have to use the vector structure on TpM to
check the linearity of the map, which is clearly a well-defined map. That is, we have to show that

∂ ◦ (dφ|p)−1

is linear. Assume v ∈ Rn and put
γ(t) := φ−1(φ(p) + tv).

For f ∈ C∞p , we compute, (
∂ ◦ (dφ|p)−1(v)

)
(f) = df |p

(
(dφ|p)−1(v)

)
= df |p(γ′(0))

=
d

dt
(f ◦ γ(t))

∣∣∣∣
t=0

=
d

dt

(
f ◦ φ−1(φ(p) + tv)

)∣∣∣∣
t=0

=
〈
D(f ◦ φ−1)|φ(p), v

〉
.

which is an expression that is linear in v.

Thus, we can view tangent vectors are derivations and the way to think about it is that you take a
tangent vector and take the directional derivative in its direction.

Let e1, . . . , en be the standard basis of Rn. Then (dφ|p)−1(e1), . . . , (dφ|p)−1(en) form a basis of TpM .
What does this basis looks like? We compute,

∂(dφ|p)−1(ej)(f) =
〈
D(f ◦ φ−1)|φ(p), ej

〉
=
∂(f ◦ φ−1)

∂xj

∣∣∣∣
φ(p)

=:
∂f

∂xj

∣∣∣∣
p

where we are abusing notation and still writing f ◦ φ−1 = f which is the coordinate representation of f in
the chart (U, φ).

This tells us that if (U, φ) is any chart on M and we write (x1, . . . , xn) as the coordinates on U then

For every chart (U, φ), we have the derivations

∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

.
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In fact, this also allows us to prove the following result which tells that the tangent vectors as equivalence
classes is the same as derivations.

Lemma 6.5. Let M be a differentiable manifold and let p ∈M . Then the map

∂ : TpM → Der(C∞p ), γ′(0) 7→ ∂γ′(0),

is an isomorphism. In particular, every derivation is a directional derivative and for every chart
φ : U → V with p ∈ U

∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

is a basis of Der(C∞p ).

Proof. We have already proved that ∂ is indeed a linear map between vector spaces and that given a chart,
we get the derivations ∂

∂x1

∣∣
p
, . . . , ∂

∂xn

∣∣
p
. We now show that

∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

form a basis of Der(C∞p ). Namely, then we know that the linear map ∂ maps the basis

(dφ|p)−1(e1), . . . , (dφ|p)−1(en)

of TpM onto the basis
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

of Der(C∞p ) and is hence an isomorphism.

a) Linear Independence: Let
n∑
i=1

αi
∂

∂xi

∣∣∣∣
p

= 0.

We have to show:
α1 = · · · = αn = 0.

Choose
f = xj .

Then

0 =
n∑
i=1

αi
∂xj

∂xi

∣∣∣∣
p

= αj for j = 1, . . . , n.

b) Spanning set: Let δ ∈ Der(C∞p ). Set

αj := δ(xj) = δ(φj), for j = 1, . . . , n.

We will show that

δ =
n∑
j=1

αj · ∂

∂xj

∣∣∣∣
p

.

Exercise: Prove that any derivation vanish on constant functions.
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Let f ∈ C∞p , and assume, without loss of generality that

φ( ˜̃U) = B(φ(p), r).

More precisely, since f ∈ C∞(Ũ) with p ∈ Ũ open, so we choose a neighborhood ˜̃U of p with

˜̃U ⊂ Ũ ∩ U

and assume that its image is an open ball. If M were Rn then to produce a function we would have used
Taylor’s theorem. In fact,

Claim 6.6. For any function h ∈ C∞(B(q, r)), there exist g1, . . . , gn ∈ C∞(B(q, r)) with

(i)

h(x) = h(q) +
n∑
i=1

(xi − qi)gi(x)

and

(ii)
∂h

∂xi
(q) = gi(q).

Proof of the Claim: For x ∈ B(q, r) set

wx : [0, 1]→ R, wx(t) := h(tx+ (1− t)q).

Then,

h(x)− h(q) = wx(1)− wx(0)

=

∫ 1

0
ẇx(t) dt (Fundamental theorem of Calculus)

=

∫ 1

0

n∑
i=1

∂h

∂xi

∣∣∣∣
tx+(1−t)q

· (xi − qi) dt

=

n∑
i=1

(xi − qi)
∫ 1

0

∂h

∂xi

∣∣∣∣
tx+(1−t)q

dt︸ ︷︷ ︸
=:gi(x)

.

We now work backwards and define gi as the function in the last line of the equation, thus proving (i) .
Once we have (i), (ii) follows via differentiation.

We use the claim proved above with h = f ◦ φ−1. Thus, there exist g1, . . . , gn ∈ C∞(B(x(p), r)) such
that

(f ◦ φ−1)(x) = (f ◦ φ−1)(φ(p)) +

n∑
i=1

(
φi − φi(p)

)
· gi(x)

and
∂(f ◦ φ−1)

∂xi
(φ(p)) = gi(φ(p)).
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It follows that

δ(f)
locality

= δ
(
f | ˜̃U
)

= δ

(
f(p) +

n∑
i=1

(
φi − φi(p)

)
(gi ◦ φ)

)

=
n∑
i=1

δ
(
(φi − φi(p))(gi ◦ φ)

)
Leibniz rule

=
n∑
i=1

δ(φi − φi(p)) · gi(φ(p)) + (φi − φi(p))|p︸ ︷︷ ︸
=0

δ(gi ◦ φ)


linearity

=
n∑
i=1

δ(xi) gi(x(p))

=
n∑
i=1

αi · ∂f
∂xi

∣∣∣∣
p

.

From now on we identify TpM with Der(C∞p ) via the isomorphism ∂. For example, we write for
ξ ∈ TpM

ξ =
n∑
i=1

ξi
∂

∂xi

∣∣∣∣
p

instead of

∂ξ =

n∑
i=1

ξi
∂

∂xi

∣∣∣∣
p

and ξ =

n∑
i=1

ξi(dφ|p)−1(ei)

where
(ξ1, . . . , ξn)> = dφ|p(ξ).

Change of coordinates:

How do the coefficients ξ1, . . . , ξn of a tangent vector change, if we replace the chart (U, φ) by another
chart (V, ψ)?

Let ξ ∈ TpM , let (U, φ) and (V, ψ) be charts, both containing p. We express ξ with respect to both charts

ξ =

n∑
i=1

ξi
∂

∂xi

∣∣∣∣
p

=

n∑
j=1

ηj
∂

∂yj

∣∣∣∣
p

.

Now we want to compute the coefficients ξi in terms of the ηj and vice versa. Using the Chain Rule,
Prop 5.12, we computeξ

1

...
ξn

 = dφ|p(ξ) = (dφ|p)

(dψ|p)−1

η
1

...
ηn


 = D(φ ◦ ψ−1)|ψ(p)

η
1

...
ηn

 .

Similarly, η
1

...
ηn

 = D(ψ ◦ φ−1)|φ(p)

ξ
1

...
ξn

 .
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Thus

ηj =

n∑
i=1

∂(ψj ◦ φ−1)
∂xi

∣∣∣∣
phi(p)

· ξi (1.6)

Let us look at the special case

ξ =
∂

∂xi

∣∣∣∣
p

,

that is,
(ξ1, . . . , ξn)> = ei.

We get

∂

∂xi

∣∣∣∣
p

=
n∑
j=1

ηj
∂

∂yj

∣∣∣∣
p

=
n∑
j=1

n∑
k=1

ξk
∂(yj ◦ x−1)

∂xk

∣∣∣∣
x(p)

· ∂

∂yj

∣∣∣∣
p

=

n∑
j=1

∂(yj ◦ x−1)
∂xi

∣∣∣∣
x(p)

· ∂

∂yj

∣∣∣∣
p

,

hence
∂

∂xi

∣∣∣∣
p

=
n∑
j=1

∂(yj ◦ x−1)
∂xi

∣∣∣∣
x(p)

· ∂

∂yj

∣∣∣∣
p

(1.7)

If we use the Einstein summation convention, meaning that when an index appears twice in an
expression, once as an upper index and once as a lower index, then summation over this index is
understood, then the above equation could be written as

∂

∂xi

∣∣∣∣
p

=
∂(yj ◦ x−1)

∂xi

∣∣∣∣
x(p)

· ∂

∂yj

∣∣∣∣
p

or even shorter as
∂

∂xi
=
∂yj

∂xi
· ∂

∂yj
.

6.1 Differential of a map in coordinates

Recall that we defined the differential of a map f in terms of using the notion of tangent vectors via curves
as well as using derivations. We would like to do some explicit computations and would like to see how
the term df for some f : M → N looks like in coordinates. Let’s try to understand this in the spacial case
when M = Rn and N = Rm. Let f : U ⊂ Rn → V ⊂ Rm be a smooth map. For any p ∈ U , we expect df to
be a m× n matrix. We determine the matrix explicitly, in terms of the standard coordinate bases. Using
(x1, . . . , xn) to denote the coordinates in the domain and (y1, . . . , ym) to denote those in the codomain, we
use the chain rule to compute the action of dfp on a typical basis vector as follows:

dfp

(
∂

∂xi

∣∣∣∣
p

)
h =

∂

∂xi

∣∣∣∣
p

(h ◦ f)

=
∂h

∂yj
(f(p))

∂f j

∂xi
(p)

=

(
∂f j

∂xi
(p)

∂

∂yj

∣∣∣∣
f(p)

)
h.
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Thus,

dfp

(
∂

∂xi

∣∣∣∣
p

)
=
∂f j

∂xi
(p)

∂

∂yj

∣∣∣∣
f(p)

. (6.1)

This says that the matrix of the linear map dfp in terms of the coordinate bases is
∂f1

∂x1 (p) · · · ∂f1

∂xn (p)
...

. . .
...

∂fm

∂x1 (p) · · · ∂fm

∂xn (p)

 ,

which is precisely the Jacobian matrix of f at p. Therefore, in this case,

dfp : TpRn → Tf(p)Rm

corresponds to the total derivative
Df(p) : Rn → Rm.

Now consider the more general case of a smooth map F : M → N between smooth manifolds.
Choosing smooth coordinate charts (U,ϕ) for M containing p and (V, ψ) for N containing F (p), we obtain
the coordinate representation

F̂ = ψ ◦ F ◦ ϕ−1 : ϕ(U ∩ F−1(V ))→ ψ(V ).

Let p̂ = ϕ(p) denote the coordinate representation of p. By the computation above, dF̂p̂ is represented
with respect to the standard coordinate bases by the Jacobian matrix of F̂ at p̂. Using the fact that
F ◦ ϕ−1 = ψ−1 ◦ F̂ , we compute

dFp

(
∂

∂xi

∣∣∣∣
p

)
= dFp

(
d(ϕ−1)p̂

(
∂

∂xi

∣∣∣∣
p̂

))
= d(ψ−1)F̂ (p̂)

(
dF̂p̂

(
∂

∂xi

∣∣∣∣
p̂

))
.

latex

dFp

(
∂

∂xi

∣∣∣∣
p

)
= d(ψ−1)F̂ (p̂)

(
∂F̂ j

∂xi
(p̂)

∂

∂yj

∣∣∣∣
F̂ (p̂)

)

=
∂F̂ j

∂xi
(p̂)

∂

∂yj

∣∣∣∣
F (p)

. (3.10)

Thus, dFp is represented in coordinate bases by the Jacobian matrix of (the coordinate representative
of) F . Sometimes, the differential of a map is also called the pushforward of F and is denoted as F∗.

7. Vector fields

Next we want to introduce vector fields. Vector fields are maps which associate to each point of a manifold
a tangent vector in the corresponding tangent space. We have the following:

Definition 7.1. A map ξ : M → TM is called a vector field on M , if for every p ∈M we have

π(ξ(p)) = p. (7.1)

We can use the coordinate representation of a chart to write the local coordinate description of any
vector field. Let φ : U → V be a chart of M . A vector field ξ on U is characterized by the functions which
are coefficients of the tangent vector ξ(p), p ∈M . More precisely, we have

ξ1, . . . , ξn : V → R
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for which

ξ(p) =

n∑
i=1

ξi(φ(p))
∂

∂xi

∣∣∣∣
p

.

For the chart φ of M we consider the corresponding chart Φφ on TM . Using the notation as before, we see
that ξ corresponds to the map

v 7→ (v, ξ1(v), . . . , ξn(v)), v ∈ V = φ(U) ⊂ Rn.

Thus ξ is Ck on U if and only if the coefficient functions ξ1, . . . , ξn are Ck on V .
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8. Submanifolds

As with any mathematical structure, once we have seen and understood the theory of manifolds, it makes
sense to ask whether subsets of manifolds also admit a smooth structure. We will see that the notion of
immersions, submersions and embeddings are the key properties which allow us to study special subsets of a
manifold which are manifolds in their own right.

8.1 Submersions, immersions and embeddings

Definition 8.1. Let M and N are smooth manifolds and let F : M → N be a smooth point. For
p ∈M , we define the rank of F at p to be the rank of the linear map

dFp : TpM → TF (p)N.

In other words, it is the rank of the Jacobian matrix of F in any smooth chart, or the dimension of
Im dFp ⊆ TF (p)N .
If F has the same rank r at every point, we say that it has constant rank, and write rankF = r.

We know by the rank-nullity theorem that rank of F ≤ min{dimM,dimN}. If the rank of dFp is equal
to this upper bound, we say that F has full rank at p, and if F has full rank everywhere, we say F has
full rank.

Definition 8.2. A smooth map F : M → N is called a smooth submersion if its differential is
surjective at each point (or equivalently, if rankF = dimN).

It is called a smooth immersion if its differential is injective at each point (equivalently, rankF =
dimM).

Proposition 8.3. Suppose F : M → N is a smooth map and p ∈M . If dFp is surjective, then p has a
neighborhood U such that F |U is a submersion. If dFp is injective, then p has a neighborhood U such
that F |U is an immersion.

Proof. Choose any smooth coordinates for M near p and for N near F (p), either hypothesis means that
Jacobian matrix of F in coordinates has full rank at p. The result now follows from the fact that the set of
m× n matrices of full rank is an open subset of M(m× n,R)1, so by continuity, the Jacobian of F has full
rank in some neighbourhood of p.

Example 8.4 (Submersions and Immersions).

(a) SupposeM1, . . . ,Mk are smooth manifolds. Then each of the projection maps πi : M1×· · ·×Mk →Mi

is a smooth submersion. In particular, the projection π : Rn+k → Rn onto the first n coordinates is a
smooth submersion.

(b) If γ : J →M is a smooth curve in a smooth manifold M with or without boundary, then γ is a smooth
immersion if and only if γ′(t) 6= 0 for all t ∈ J .

(c) Exercise: If M is a smooth manifold and its tangent bundle is denoted by TM prove that the
projection π : TM →M is a smooth submersion.

1Let f be the function taking A ∈M(m× n) to the f(A) = ΣB |det(B)| where the sum is running over all m×m (assuming
m < n) sub-matrices of A. Clearly, f is continuous so f−1(R \ {0}) is an open set is M(m× n)

30



S. DWIVEDI

(d) The smooth map X : R2 → R3 given by

X(u, v) =
(
(2 + cos 2πu) cos 2πv, (2 + cos 2πu) sin 2πv, sin 2πu

)
is a smooth immersion of R2 into R3 whose image is the doughnut-shaped surface obtained by
revolving the circle (y − 2)2 + z2 = 1 in the (y, z)-plane about the z-axis.

Exercise 8.5. Show that a composition of smooth submersions is a smooth submersion, and a composition
of smooth immersions is a smooth immersion. Give a counterexample to show that a composition of maps
of constant rank need not have constant rank.

We already saw the definition of a smooth local diffeomorphism. We also saw that if f : M → N is a
local diffeomorphism then the linear map dfp : TpM → Tf(p)N is an isomorphism. The converse of this
statement is also true and is known as the inverse function theorem.

Theorem 8.6 (Inverse Function Theorem for Manifolds). Suppose M and N are smooth manifolds,
and f : M → N is a smooth map. If p ∈M is a point such that dfp is an isomorphism, then there are
neighbourhoods U0 of p and V0 of f(p) such that f |U0 : U0 → V0 is a diffeomorphism.

Proof. The fact that dfp is bijective implies that M and N have the same dimension, say n. Choose smooth
charts (U,ϕ) centered at p and (V, ψ) centered at f(p), with f(U) ⊆ V . Then f̂ = ψ ◦ f ◦ ϕ−1 is a smooth
map from the open subset Û = ϕ(U) ⊆ Rn into V̂ = ψ(V ) ⊆ Rn, with f̂(p) = 0. Because ϕ and ψ are
diffeomorphisms, the differential df̂0 = dψf(p) ◦ dfp ◦ d(ϕ−1)0 is nonsingular. The inverse function theorem
for Euclidean spaces implies that there are connected open subsets Û0 ⊆ Û and V̂0 ⊆ V̂ containing 0 such
that f̂ restricts to a diffeomorphism from Û0 to V̂0. Then U0 = ϕ−1(Û0) and V0 = ψ−1(V̂0) are connected
neighborhoods of p and f(p), respectively, and it follows by composition that f |U0 is a diffeomorphism
from U0 to V0.

The next result shows the relationship between immersions, submersions and local diffeomorphisms.

Proposition 8.7. Suppose M and N are smooth manifolds and let f : M → N be a map.

1. f is a local diffeomorphism if and only if it is both a smooth immersion and a smooth submersion.

2. If dimM = dimN and f is either a smooth immersion or a smooth submersion, then it is a local
diffeomorphism.

Proof. Suppose first that f is a local diffeomorphism. Given p ∈ M , there is a neighbourhood U of
p such that f is a diffeomorphism from U to f(U) and dfp : TpM → Tf(p)N is an isomorphism. Thus
rank f = dimM = dimN , so f is both a smooth immersion and a smooth submersion. Conversely, if f is
both a smooth immersion and a smooth submersion, then dfp is an isomorphism at each p ∈M , and the
inverse function theorem Theorem refthm:IFT shows that p has a neighborhood on which f restricts to a
diffeomorphism onto its image. This proves 1.

To prove 2., note that if M and N have the same dimension, then either injectivity or surjectivity of dfp
implies bijectivity, so f is a smooth submersion if and only if it is a smooth immersion, and thus 2 follows
from 1.

8.2 The Rank Theorem

We see example of a submersion and immersion.

Example 8.8. Canonical Projection π : Rm → Rn (where m > n)

π(x1, x2, . . . , xm) = (x1, x2, . . . , xn)
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is a submersion. The differential at any point p is the linear map:

dπp : Rm → Rn

represented by the n×m matrix

dπp =


1 0 · · · 0 0 · · · 0
0 1 · · · 0 0 · · · 0
...

. . .
...

...
0 0 · · · 1 0 · · · 0


This matrix has rank n everywhere =⇒ dπp is surjective =⇒ π is a submersion. Also notice that each
fiber π−1(c) ∼= Rm−n is an affine subspace.

Example 8.9. The Canonical Inclusion ι : Rm → Rn (where m < n)

ι(x1, . . . , xm) = (x1, . . . , xm, 0, . . . , 0)

is an immersion. The differential at any point p is:

dιp =



1 0 · · · 0
0 1 · · · 0
...

. . .
...

0 0 · · · 1
0 0 · · · 0
...

...
0 0 · · · 0


∈Mn×m(R)

This is an n×m matrix of rank m everywhere =⇒ dιp is injective.

The most important fact about constant-rank maps is the following consequence of the inverse function
theorem, which says that a constant-rank smooth map can be placed locally into a particularly simple
canonical form by a change of coordinates and so in a way the examples provided above of submersions
and immersions are the model examples.

We first recall the following canonical form result for surjective linear maps.

Theorem 8.10 (Canonical Form for a Linear Map). Suppose V and W are finite-dimensional vector spaces,
and T : V →W is a linear map of rank r. Then there are bases for V and W with respect to which T has the
following matrix representation [

Ir 0
0 0

]
,

where Ir is the r × r identity matrix.

Theorem 8.11 (Rank Theorem). Suppose M and N are smooth manifolds of dimensions m and n,
respectively, and F : M → N is a smooth map with constant rank r. For each p ∈ M there exist
smooth charts (U,ϕ) 3 p for M and (V, ψ) 3 F (p) for N such that F (U) ⊆ V , in which F has a
coordinate representation of the form

F̂
(
x1, . . . , xr, xr+1, . . . , xm

)
=
(
x1, . . . , xr, 0, . . . , 0

)
. (8.1)

If F is a smooth submersion then the representation becomes

F̂
(
x1, . . . , xn, xn+1, . . . , xm

)
=
(
x1, . . . , xn

)
, (8.2)

and if F is a smooth immersion, it is

F̂
(
x1, . . . , xm

)
=
(
x1, . . . , xm, 0, . . . , 0

)
. (8.3)
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Proof. Because the theorem is local, after choosing smooth coordinates we can replace M and N by
open subsets U ⊆ Rm and V ⊆ Rn. Since DF (p) has rank r hence its matrix representation has some
r × r submatrix with nonzero determinant. By reordering the coordinates, w.l.o.g., we assume that it
is the upper left submatrix, (∂F i/∂xj) for i, j = 1, . . . , r. We write the standard coordinates on Rm and
Rn as (x, y) = (x1, . . . , xr, y1, . . . , ym−r) in Rm and (v, w) = (v1, . . . , vr, w1, . . . , wn−r) in Rn. By initial
translations of the coordinates, we may assume without loss of generality that p = (0, 0) and F (p) = (0, 0).

If we write F (x, y) =
(
Q(x, y), R(x, y)

)
for some smooth maps Q : U → Rr and R : U → Rn−r, then

our hypothesis is that (∂Qi/∂xj) is nonsingular at (0, 0).

Define ϕ : U → Rm by ϕ(x, y) =
(
Q(x, y), y

)
. Its total derivative at (0, 0) is

Dϕ(0, 0) =

∂Qi∂xj
(0, 0)

∂Qi

∂yj
(0, 0)

0 δij

 ,

where δij is the Kronecker delta, which is defined by

δij =

{
1 if i = j,

0 if i 6= j.

The matrix Dϕ(0, 0) is nonsingular because one block ∂Qi

∂xj
(0, 0) is non-singular at (0, 0) and the second

diagonal block is just the identity matrix. Therefore, by the inverse function theorem Theorem 8.6, there are
connected neighbourhoods U0 of (0, 0) and Ũ0 of ϕ(0, 0) = (0, 0) such that ϕ : U0 → Ũ0 is a diffeomorphism.
By shrinking U0 and Ũ0 if necessary, we may assume that Ũ0 is an open cube.

Writing the inverse map as ϕ−1(x, y) =
(
A(x, y), B(x, y)

)
for some smooth functions A : Ũ0 → Rr and

B : Ũ0 → Rm−r, we compute

(x, y) = ϕ
(
A(x, y), B(x, y)

)
=
(
Q
(
A(x, y), B(x, y)

)
, B(x, y)

)
. (8.4)

Comparing y components shows that B(x, y) = y, and therefore ϕ−1 has the form

ϕ−1(x, y) =
(
A(x, y), y

)
.

On the other hand, ϕ ◦ ϕ−1 = Id implies Q
(
A(x, y), y

)
= x, and therefore F ◦ ϕ−1 has the form

F ◦ ϕ−1(x, y) =
(
x, R̃(x, y)

)
,

where R̃ : Ũ0 → Rn−r is defined by R̃(x, y) = R
(
A(x, y), y

)
. The Jacobian matrix of this composite map at

an arbitrary point (x, y) ∈ Ũ0 is

D(F ◦ ϕ−1)(x, y) =

 δij 0

∂R̃i

∂xj
(x, y)

∂R̃i

∂yj
(x, y)

 .

Since composing with a diffeomorphism does not change the rank of a map, this matrix has rank r
everywhere in Ũ0 because F was assumed to have rank r and ϕ−1 is a diffeomorphism. The first r columns
are obviously linearly independent, so the rank can be r only if the derivatives ∂R̃i/∂yj vanish identically
on Ũ0, which implies that R̃ is actually independent of (y1, . . . , ym−r). Thus, if we let S(x) = R̃(x, 0), then
we have

F ◦ ϕ−1(x, y) =
(
x, S(x)

)
. (8.5)

We complete the proof by defining an appropriate smooth chart in some neighborhood of (0, 0) ∈ V .
Let V0 ⊆ V be the open subset defined by V0 = {(v, w) ∈ V : (v, 0) ∈ Ũ0}. Then V0 is a neighborhood of
(0, 0). Because Ũ0 is a cube and F ◦ϕ−1 has the form (8.5), it follows that F ◦ϕ−1(Ũ0) ⊆ V0, and therefore
F (U0) ⊆ V0. Define ψ : V0 → Rn by ψ(v, w) =

(
v, w − S(v)

)
. This is a diffeomorphism onto its image,
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because its inverse is given explicitly by ψ−1(s, t) =
(
s, t+ S(s)

)
; thus (V0, ψ) is a smooth chart. It follows

from (8.5) that
ψ ◦ F ◦ ϕ−1(x, y) = ψ

(
x, S(x)

)
=
(
x, S(x)− S(x)

)
= (x, 0),

which was to be proved.

The next corollary can be viewed as a more invariant statement of the rank theorem. It says that
constant-rank maps are precisely the ones whose local behaviour is the same as that of their differentials.

Corollary 8.12. Let M and N be smooth manifolds, let F : M → N be a smooth map, and suppose
M is connected. Then the following are equivalent:

(a) For each p ∈ M there exist smooth charts containing p and F (p) in which the coordinate
representation of F is linear.

(b) F has constant rank.

Proof. First suppose F has a linear coordinate representation in a neighbourhood of each point. Since
every linear map has constant rank, it follows that the rank of F is constant in a neighbourhood of each
point, and thus by connectedness it is constant on all of M . Conversely, if F has constant rank, the rank
theorem shows that it has the linear coordinate representation (8.1) in a neighbourhood of each point.

We now use the rank theorem, which is purely a local statement to say something about the global
nature of smooth maps based on their rank. Before we do that, we recall the following topological notions.

Definition 8.13. Let X be a topological space.

(a) A subset A ⊆ X is called nowhere dense if its closure has empty interior:

int(A) = ∅.

(b) A subset A ⊆ X is called meagre (or of the first category) if it can be written as a countable
union of nowhere dense sets:

A =
∞⋃
n=1

An, int(An) = ∅ ∀n ∈ N.

(c) A subsetA ⊆ X is called comeagre (or residual, or of the second category) if its complement
X \A is meagre.
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Theorem 8.14 (Baire Category Theorem). The following two classes of topological spaces are Baire
spaces, meaning that every countable intersection of open dense subsets is dense:

(i) Every complete metric space (X, d) is a Baire space.

(ii) Every locally compact Hausdorff space X is a Baire space.

Another may wo reformulate this is the following. Let X be either a complete metric space or a locally
compact Hausdorff space. Then the following equivalent statements hold:

(a) (Open dense sets) If {Un}∞n=1 is a countable collection of open dense subsets of X, then

∞⋂
n=1

Un 6= ∅.

In fact,
∞⋂
n=1

Un is dense in X.

(b) (Nowhere dense sets) If {An}∞n=1 is a countable collection of nowhere dense subsets of X, then

int

( ∞⋃
n=1

An

)
= ∅.

That is, X cannot be written as a countable union of nowhere dense sets.

(c) (Meagre sets) No nonempty open subset of X is meagre. Equivalently, X itself is not meagre:

X 6=
∞⋃
n=1

An whenever each An is nowhere dense in X.

(d) (Residual sets) Every comeagre (residual) subset of X is dense in X.

We now state and prove the Global Rank theorem.

Theorem 8.15 (Global Rank Theorem). Let M and N be smooth manifolds, and suppose F : M → N
is a smooth map of constant rank.

(a) If F is surjective, then it is a smooth submersion.

(b) If F is injective, then it is a smooth immersion.

(c) If F is bijective, then it is a diffeomorphism.

Proof. Let m = dimM , n = dimN , and suppose F has constant rank r. To prove (a), assume that F is not
a smooth submersion, which means that r < n. By the rank theorem, Theorem 8.11, for each p ∈M there
are smooth charts (U,ϕ) for M centered at p and (V, ψ) for N centered at F (p) such that F (U) ⊆ V and
the coordinate representation of F is given by (8.1).

Shrinking U if necessary, we may assume that it is a regular coordinate ball and F (Ū) ⊆ V , where Ū is
the closed coordinate ball and is the closure of the open set U . This implies that F (Ū) is a compact subset
of the set

{
y ∈ V : yr+1 = · · · = yn = 0

}
, so it is closed in N and contains no open subset of N ; hence it

is nowhere dense in N . Since every open cover of a manifold has a countable subcover, we can choose
countably many such charts {(Ui, ϕi)} covering M , with corresponding charts {(Vi, ψi)} covering F (M).
Because F (M) is equal to the countable union of the nowhere dense sets F (Ūi), it follows from the Baire
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category theorem, Theorem 8.14, that F (M) has empty interior in N , which means F cannot be surjective.
To prove (b), assume that F is not a smooth immersion, so that r < m. By the rank theorem, for

each p ∈ M we can choose charts on neighbourhoods of p and F (p) in which F has the coordinate
representation (8.1). It follows that F (0, . . . , 0, ε) = F (0, . . . , 0, 0) for any sufficiently small ε, so F is not
injective.

Finally, (c) follows from (a) and (b), because a bijective smooth map of constant rank is a smooth
submersion by part (a) and a smooth immersion by part (b); so Proposition 8.7 implies that F is a local
diffeomorphism, and because it is bijective, it is a diffeomorphism.

8.3 Embeddings

One special kind of immersion is particularly important.

Definition 8.16. If M and N are smooth manifolds, a smooth embedding of M into N is a smooth
immersion F : M → N that is also a topological embedding, i.e., a homeomorphism onto its image
F (M) ⊆ N in the subspace topology.

Example 8.17 (Smooth Embeddings). 1. If M is a smooth manifold with and U ⊆ M is an open
submanifold, the inclusion map U ↪→M is a smooth embedding.

2. If M1, . . . ,Mk are smooth manifolds and pi ∈ Mi are arbitrarily chosen points, each of the maps
ιj : Mj →M1 × · · · ×Mk given by

ιj(q) = (p1, . . . , pj−1, q, pj+1, . . . , pk)

is a smooth embedding. In particular, the inclusion map Rn ↪→ Rn+k given by sending (x1, . . . , xn) to
(x1, . . . , xn, 0, . . . , 0) is a smooth embedding.
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Let us see some non-examples of smooth embeddings. Below we give some examples where one or the
other criteria for being a smooth embedding fails.

Example 8.18 (A Smooth Topological Embedding). The map γ : R → R2 given by γ(t) = (t3, 0) is a
smooth map and a topological embedding, but it is not a smooth embedding. The map γ is smooth and is a
topological embedding as

γ(R) = {(x, 0) : x ∈ R},

which is the x-axis in R2. The inverse map from the image γ(R) to R:

γ−1(x, 0) = 3
√
x.

Since x 7→ 3
√
x is continuous, γ−1 is continuous. Therefore γ is a homeomorphism of R onto its image, so it

is a topological embedding.
But γ is not a smooth embedding as

γ′(t) = (3t2, 0).

and hence at t = 0,
γ′(0) = (0, 0).

Thus the differential
dγ0 : T0R→ T(0,0)R2

is the zero map, so it is not injective.

Example 8.19 (The Figure-Eight Curve). Consider the curve β : (−π, π)→ R2 defined by

β(t) = (sin 2t, sin t).

Its image looks like a figure-eight in the plane, see the figure below. We show that β is not a smooth
embedding. We have

β′(t) = (2 cos 2t, cos t),

and henceβ′(t) 6= 0 for all t ∈ (−π, π) as, at t = π
2 , β′

(
π
2

)
=
(
2 cosπ, cos π2

)
= (−2, 0) 6= 0. and at t = 0,

β′(0) = (2, 1) 6= 0.

−1 1

−1

1

β(0) = (0, 0)
x

y

We check that β is not a homeomorphism onto its image. The inverse β−1 : β((−π, π)) → (−π, π) is
not continuous. First observe that

β(0) = (sin 0, sin 0) = (0, 0).
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Now define the sequence

tn = π − 1

n
∈ (−π, π), n ≥ 2.

Then tn → π as n→∞, and

sin 2tn = sin
(
2π − 2

n

)
= − sin 2

n → 0,

sin tn = sin
(
π − 1

n

)
= sin 1

n → 0.

Therefore
β(tn) =

(
− sin 2

n , sin 1
n

)
−→ (0, 0) = β(0) in R2.

So β(tn)→ β(0) in the subspace topology on β((−π, π)).
If β−1 were continuous, we would need

β−1(β(tn)) = tn −→ β−1(0, 0) = 0.

But tn → π 6= 0. Therefore β−1 is not continuous at (0, 0), so β is not a homeomorphism onto its image.

Example 8.20. Let T2 = S1 × S1 be the 2-torus, and let α be any irrational number. The map γ : R→ T2

given by
γ(t) =

(
e2πit, e2πiαt

)
,

is a smooth immersion because γ′(t) never vanishes. It is also injective, because γ(t1) = γ(t2) implies
that both t1 − t2 and αt1 − αt2 are integers, which is impossible unless t1 = t2. However, γ is not a
homeomorphism onto its image. To see this, let ε > 0. Then we can find n,m ∈ bZ such that |αn−m| < ε.
Thus,

|γ(n)− γ(0)| = |(e2πin, e2πiαn)− (1, 1)| = |(1, e2πiαn)− (1, 1)| ≤ |e2πiαn − e2πim| ≤ |2π(αn−m)| ≤ 2πε.

Thus, γ(0) ∈ γ(Z) but Z has no limit point in R.

Of course, if α ∈ Q then γ is not even injective.

8.4 Submanifolds

As the name suggests, submanifolds should be part of a manifold which should be manifolds in their own
right. This is the nottion we want to make precise in this section. We will give two ways to define a
submanifold. First, let us recall from linear algebra that a linear subspace of a vector space, for instance

R` × {0} = {(x1, . . . , x`, 0, . . . , 0) ∈ Rn | (x1, . . . , x`) ∈ R`} ⊂ Rn. (8.6)
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is definitely a manifold in its own right and in fact, this is the typical example of a submanifold. Indeed,
any `-dimensional subspace of an n-dimensional vector space looks like (8.6) after a suitable linear change
of coordinates. The notion of a smooth submanifold generalizes this idea. We first start with the following
definition.

Definition 8.21 (Slice charts). A chart (U , x) on an n-manifold M is called an `-dimensional slice
chart for a subset L ⊂M if

L ∩ U = x−1(R` × {0}),

i.e. the points in U belong to L if and only if their coordinates x`+1, . . . , xn vanish.

Definition 8.22. Suppose M is a smooth n-manifold. A subset L ⊂M is called an `-dimensional
smooth submanifold of M if M admits a collection of smooth slice charts for L whose domains
cover every point of L.

Example 8.23. If we use the polar coordinates for describing the smooth structure on S1 ⊂ R2 with the
two charts (U, θ) and (V, φ), where θ(U) = (0, 2π) and φ(V ) = (−π, π)., then these two coordinates were
defined on open subsets of S1, but they also have natural extensions to open subsets of R2, namely

U ′ := {tv ∈ R2 | v ∈ U, t > 0}, V ′ := {tv ∈ R2 | v ∈ V, t > 0}.

Recall that a 1-dimensional slice chart for S1 ⊂ R2 is a chart (U ′, (x1, x2)) on R2 such that a point of U ′
lies on S1 if and only if x2 = 0.

Define the radial and angular coordinates on R2 \ {0} as usual, and set:

ρ := r − 1 so that S1 = {r = 1} = {ρ = 0}.

Define
U ′ = R2 \

(
{0} ∪ {(x, 0) | x > 0}

)
.

which is R2 with the origin and the positive x-axis removed. The coordinate map is:

(θ, ρ) : U ′ → (0, 2π)× (−1,∞),

where θ ∈ (0, 2π) is the polar angle and ρ =
√
x2 + y2 − 1. Then:

S1 ∩ U ′ = (θ, ρ)−1(R× {0}),

since ρ = 0 ⇐⇒ r = 1. Similarly,

V ′ = R2 \
(
{0} ∪ {(x, 0) | x < 0}

)
.

which is R2 with the origin and the negative x-axis removed. The coordinate map is

(φ, ρ) : V ′ → (−π, π)× (−1,∞),

where φ ∈ (−π, π) is the polar angle and ρ =
√
x2 + y2 − 1. Then:

S1 ∩ V ′ = (φ, ρ)−1(R× {0}).

So S1 ⊂ U ′ ∪ V ′, and the two slice charts cover every point of S1, confirming that S1 is a smooth
1-dimensional submanifold of R2.
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Let us now prove that a submanifold of a manifold is also a manifold in its own right.

Proposition 8.24. If L is an `-dimensional Ck-submanifold of an n-dimensional Ck-manifold M , then
L inherits naturally from M the structure of an `-dimensional Ck-manifold such that the inclusion map
i : L ↪→M is of class Ck. Moreover, for each p ∈ L, the tangent space TpL is naturally an `-dimensional
linear subspace of TpM .

Proof. We associate to every slice chart (U , x) for L ⊂M a chart of the form (U ∩ L, xL) on L, where we
use the coordinate projection

π`(x
1, . . . , xn) := (x1, . . . , x`)

to define
xL = π` ◦ x|U∩L : U ∩ L→ R`.

Since L is a submanifold, L can be covered by slice charts and hence the collection of all charts of this
form defines an atlas on L. We now check the compatibility conditions. Given two such charts (U ∩ L, xL)
and (V ∩ L, yL) derived from two Ck-compatible slice charts (U , x) and (V, y), the transition map y ◦ x−1
preserves the subspace R` × {0} ⊂ Rn, and its restriction to the intersection of its domain with this
subspace is the transition map yL ◦ x−1L , which is therefore of class Ck as y ◦ x−1 is of class Ck. Similarly,
second countability and Hausdorff property for L follows from that of M and thus L is a Ck-manifold. The
inclusion map i : L ↪→M , with respect to any slice chart (U , x) and the associated chart (U ∩ L, xL) on L,
looks like

(x1, . . . , x`) 7→ (x1, . . . , x`, 0, . . . , 0),

which is clearly smooth, thus the inclusion is of class Ck.2

For each p ∈ L, the tangent map dip : TpL→ TpM is simply the canonical inclusion TpL ↪→ TpM defined
by regarding each path in L as a path in M . Since its image is a linear subspace, it gives a canonical
isomorphism of TpL to a linear subspace of TpM .

Thus a submanifold L ⊂M is a manifold and from now on, we will assume that L is endowed with the
differentiable structure described in Proposition 8.24.

Exercise 8.25. Suppose M and N are both Ck-manifolds and f : M → N is a map of class Ck. Prove:

(a) For any Ck-submanifold L ⊂M , the restriction f |L : L→ N is also a map of class Ck.

(b) If L ⊂ N is a Ck-submanifold such that f(M) ⊂ L, then the resulting map f : M → L is also of class
Ck.

8.5 Embeddings and level sets

We nowtry to understand the relation between embeddings and submanifolds which will also allow us to
produce many more examples of submanifolds. The main result in this direction is the following.

Theorem 8.26. If f : M → N is an embedding, then its image f(M) is a smooth submanifold of N .

2Recall that if both L and M are manifolds of class Ck but k < ∞, then it does not make sense to say that the inclusion
L ↪→ M is smooth, even though it looks smooth in the particular local coordinates we chose. The point is that one could also
choose different coordinates in which it would still appear to be a map of class Ck, but not necessarily C∞.
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Proof. We want to produce slice charts for f(M) ⊂ N . Suppose q ∈ f(M). Since f is injective, there is
a unique point p ∈ M such that f(p) = q, and since f is an immersion, the Rank Theorem 8.11 gives
us charts (U , x) on M and (V, y) on N with x(p) = 0 and y(q) = 0 such that y ◦ f ◦ x−1 takes the form
(x1, . . . , xm) 7→ (x1, . . . , xm, 0, . . . , 0). Since the inverse f(M) → M is also continuous, we are free to
assume after possibly shrinking V ⊂ N to a smaller neighborhood of q that

f−1(V ∩ f(M)) ⊂ U ,

or in other words, V ∩ f(M) = f(U). This proves that (V, y) is a slice chart for the subset f(M).

In fact, we can give an alternative definition of the notion of a submanifold as a corollary of the previous
theorem.

Corollary 8.27. A subset L ⊂ M of a smooth manifold M is a smooth submanifold if and only if it
admits a smooth structure for which the inclusion map L ↪→M is a smooth embedding. �

We now see the relations between submersions and submanifolds. We make the following

Definition 8.28. Let f : M → N be a smooth map. A point p ∈ M is called a regular point of f
if f is a submersion at p, and a critical point otherwise. A point q ∈ N is a critical value of f if
q = f(p) for some critical point p, and q is otherwise called a regular value of f .

Theorem 8.29. For any smooth map f : Mm → Nn with regular value q ∈ N , L := f−1(q) ⊂ M
is a smooth submanifold with dimL = dimM − dimN , and the tangent space at any point p ∈ L is
TpL = ker dfp ⊂ TpM .

Proof. We would like to find slice charts for L. For each p ∈ L = f−1(q), f is by assumption a submersion
at p, so Theorem 8.11 provides charts x near p and y near q such that x(p) and y(q) are both the origin
in their respective Euclidean spaces and y ◦ f ◦ x−1 becomes the map (x1, . . . , xm) 7→ (x1, . . . , xn). The
zero-set of this map is a neighborhood of p in f−1(q) as seen in the x-coordinates, thus x is a slice chart.
We now look at the tangent space and prove that TpL = ker dfp. Notice first that for any path γ in L
through p, f ◦ γ is a constant path at q ∈ N , and hence dfp([γ]) = 0 ∈ TqN , proving TpL ⊂ ker dfp. Now q
is a regular value and hence dfp : TpM → TqN is surjective. This implies

dimTpL = dimL = dimM − dimN = dimTpM − dimTqN = dim kerTpf,

by the rank-nullity theorem.

Definition 8.30. Submanifolds of the form f−1(q) ⊂M for regular values q ∈ N are called regular
level sets of f .

Thus, a submersion f : M → N is distinguished by the property that all of its level sets are regular, and
are thus smooth submanifolds.

In fact, the proof of Theorem 8.29 also proves the following result on maps of constant rank.

Theorem 8.31 (Constant-Rank Level set theorem). Let f : Mm → Nn be a smooth map between
smooth manifolds such that f is of constant rank r. Then the level sets of f , i.e., f−1(q) ⊂M, q ∈ N
are smooth submanifolds of M of dimension m− r.

We now have a very easy way of proving that simple examples like the unit spheres Sn ⊂ Rn+1 really
are smooth submanifolds.
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Example 8.32. Define f : Rn+1 → R in terms of the standard Euclidean inner product by f(x) = |x|2 =
〈x, x〉. This is a smooth map, with differential at any point x ∈ Rn+1 given by dxf(v) = 2〈x, v〉, so it is
a submersion everywhere except at the origin. This makes Sn = f−1(1) into a smooth submanifold of
dimension (n+ 1)− 1 = n, so in particular, Sn inherits a natural smooth structure for which the inclusion
Sn ↪→ Rn+1 is a smooth embedding. The kernel of dxf at a point x ∈ Sn is the orthogonal complement of
x, hence

TxS
n = x⊥ ⊂ Rn+1.

which is something you prove explicitly in Problem 3 in Problem Set 3.

Example 8.33. The smooth map f : R2 → R : (x, y) 7→ xy has only one critical point, at (x, y) = (0, 0),
thus f−1(t) is a smooth submanifold (a hyperbola) for every t 6= 0, and so is f−1(0) \ {(0, 0)}, but f−1(0)
fails to be a submanifold at the origin.

42



S. DWIVEDI

9. Vector Fields

9.1 Smooth vector fields

Definition 9.1. Let M be a smooth manifold. A vector field on M is a continuous map X : M →
TM , usually written p 7→ Xp, with the property that

π ◦X = idM , π : TM →M the projection map (9.1)

or equivalently, Xp ∈ TpM for each p ∈M .

One can visualize a vector field on M in the same way as to visualize vector fields in Euclidean space:
as an arrow attached to each point of M , chosen to be tangent to M and to vary continuously from point
to point.

Since we already saw that if M is a smooth manifold then the tangent bundle TM inherits a smooth
structure from M in Theorem 5.8, we say that a vector field is a smooth vector fields if it is smooth as
map from M to TM .

Just as for functions, if X is a vector field on M , the support of X is defined to be the closure of the
set {p ∈M : Xp 6= 0}. A vector field is said to be compactly supported if its support is a compact set.

Suppose M is a smooth n-manifold. If X : M → TM is a vector field and (U, (xi)) is any smooth
coordinate chart for M , we can write the value of X at any point p ∈ U in terms of the coordinate basis
vectors:

Xp = Xi(p)
∂

∂xi

∣∣∣∣
p

. (9.2)

This defines n functions Xi : U → R, called the component functions of X in the given chart. We can
give the smoothness of vector fields in terms of the smoothness of the component functions.

Proposition 9.2. Let M be a smooth manifold, and let X : M → TM be a vector field. If (U, (xi)) is
any smooth coordinate chart on M , then the restriction of X to U is smooth if and only if its component
functions with respect to this chart are smooth.

Proof. Let (xi, vi) be the natural coordinates on π−1(U) ⊆ TM associated with the chart (U, (xi)). By
definition of natural coordinates, the coordinate representation of X : M → TM on U is

X̂(x) = (x1, . . . , xn, X1(x), . . . , Xn(x)),

where Xi is the i-th component function of X in xi-coordinates. It follows immediately that smoothness of
X in U is equivalent to smoothness of its component functions.

Let’s see some examples of smooth vector fields.

Example 9.3. (Coordinate Vector Fields). If (U, (xi)) is any smooth chart on M , the assignment

p 7→ ∂

∂xi

∣∣∣∣
p

determines a vector field on U , called the i-th coordinate vector field and denoted by ∂/∂xi. It is smooth
because its component functions are constants.
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Example 9.4. (The Euler Vector Field). The vector field V on Rn whose value at x ∈ Rn is

Vx = x1
∂

∂x1

∣∣∣∣
x

+ · · ·+ xn
∂

∂xn

∣∣∣∣
x

is smooth because its coordinate functions are linear. It vanishes at the origin, and points radially outward
everywhere else. It is called the Euler vector field.

If U ⊆M is open, the fact that TpU is naturally identified with TpM for each p ∈ U allows us to identify
TU with the open subset π−1(U) ⊆ TM . Therefore, a vector field on U can be thought of either as a map
from U to TU or as a map from U to TM , whichever is more convenient. If X is a vector field on M , its
restriction X|U is a vector field on U , which is smooth if X is.

If M is a smooth manifold we would use
Notation: the notation X(M) or Γ(TM) to denote the set of all smooth vector fields on M .
The set X(M) is a R-vector space under point wise addition and scalar multiplication:

(aX + bY )p = aXp + bYp.

The zero element of this vector space is the zero vector field, whose value at each p ∈ M is 0 ∈ TpM .
In addition, smooth vector fields can be multiplied by smooth real-valued functions: if f ∈ C∞(M) and
X ∈ X(M), we define fX : M → TM by

(fX)p = f(p)Xp.

The next proposition shows that these operations indeed yield smooth vector fields.

Proposition 9.5. Let M be a smooth manifold.

(1) If X and Y are smooth vector fields on M and f, g ∈ C∞(M), then fX + gY is a smooth vector
field.

(2) X(M) is a module over the ring C∞(M).

Proof. Exercise.

9.2 Local and Global Frames

Coordinate vector fields in a smooth chart provide a convenient way of representing vector fields, because
their values form a basis for the tangent space at each point. However, they are not the only choices.

Suppose M is a smooth n-manifold. An ordered k-tuple (X1, . . . , Xk) of vector fields defined on some
subset A ⊆M is said to be linearly independent if (X1|p, . . . , Xk|p) is a linearly independent k-tuple in
TpM for each p ∈ A, and is said to span the tangent bundle if the k-tuple (X1|p, . . . , Xk|p) spans TpM at
each p ∈ A.

Definition 9.6. A local frame for M is an ordered n-tuple of vector fields (E1, . . . , En) defined on
an open subset U ⊆M that is linearly independent and spans the tangent bundle. In other words,
the vectors (E1|p, . . . , En|p) form a basis for TpM at each p ∈ U .

It is called a global frame if U = M , and a smooth frame if each of the vector fields Ei is smooth.

Example 9.7. (Local and Global Frames).

(a) The standard coordinate vector fields form a smooth global frame for Rn.

(b) If (U, (xi)) is any smooth coordinate chart for a smooth manifold M , then the coordinate vector
fields form a smooth local frame (∂/∂xi) on U , called a coordinate frame. Every point of M is in
the domain of such a local frame.
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(c) The vector field d/dθ on S1 where θ is the angle coordinate is a smooth global frame for the circle.

(d) The n-tuple of vector fields (∂/∂θ1, . . . , ∂/∂θn) on the n-torus Tn = S1 × · · · × S1 is a smooth global
frame for Tn.

For subsets of Rn, there is a special type of frame that is often more useful for geometric problems
than arbitrary frames. A k-tuple of vector fields (E1, . . . , Ek) defined on some subset A ⊆ Rn is said to be
orthonormal if for each p ∈ A, the vectors (E1|p, . . . , Ek|p) are orthonormal with respect to the Euclidean
dot product (where we identify TpRn with Rn in the usual way). A (local or global) frame consisting of
orthonormal vector fields is called an orthonormal frame.

9.3 Vector fields and derivations

Recall that we an view a tangent vector as a derivation. Similarly, vector fields define operators on the space
of smooth real-valued functions C∞(M) on a manifold M . If X ∈ X(M) and f is a smooth real-valued
function defined on an open subset U ⊆M , we obtain a new function Xf : U → R, defined by

(Xf)(p) = Xpf,

where the tangent vector Xp is acting as a derivation on the function f . Since the action of a tangent vector
on a function is determined by the values of the function in an arbitrarily small neighbourhood, it follows
that Xf is locally determined. In particular, for any open subset V ⊆ U ,

(Xf)|V = X(f |V ). (9.3)

This construction yields another useful smoothness criterion for vector fields.

Proposition 9.8. Let M be a smooth manifold and let X : M → TM be a vector field. The following
are equivalent:

(a) X is smooth.

(b) For every f ∈ C∞(M), the function Xf is smooth on M .

(c) For every open subset U ⊆M and every f ∈ C∞(U), the function Xf is smooth on U .

Proof. We will prove that (a)⇒ (b)⇒ (c)⇒ (a).
To prove (a)⇒ (b), assume X is smooth, and let f ∈ C∞(M). For any p ∈M , we can choose smooth

coordinates (xi) on a neighbourhood U of p. Then for x ∈ U , we can write

Xf(x) =

(
Xi(x)

∂

∂xi

∣∣∣∣
x

)
f = Xi(x)

∂f

∂xi
(x).

Since the component functions Xi are smooth on U , it follows that Xf is smooth in U . Since the same is
true in a neighbourhood of each point, Xf is smooth on M .

To prove (b)⇒ (c), suppose U ⊆M is open and f ∈ C∞(U). For any p ∈ U , let ψ be a smooth bump
function that is equal to 1 in a neighbourhood of p and supported in U , and define f̃ = ψf , extended to be
zero on M \ suppψ. Then Xf̃ is smooth by assumption, and is equal to Xf in a neighbourhood of p. This
shows that Xf is smooth in a neighbourhood of each point of U .

Finally, to prove (c)⇒ (a), suppose Xf is smooth whenever f is smooth on an open subset of M . If
(xi) are any smooth local coordinates on U ⊆M , we can think of each coordinate xi as a smooth function
on U . Applying X to one of these functions, we obtain

Xxi = Xj ∂

∂xj
(xi) = Xi.

Because Xxi is smooth by assumption, it follows that the component functions of X are smooth, so X is
smooth.
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Thus, a smooth vector field X ∈ X(M) defines a map from

C∞(M)→ C∞(M), f 7→ Xf.

This map is clearly linear over R. Moreover, the Leibniz rule for tangent vectors as derivations implies the
product rule for vector fields:

X(fg) = f Xg + g Xf, (9.4)

as you can easily check by evaluating both sides at an arbitrary point p ∈M .

A map X : C∞(M)→ C∞(M) is called a derivation (as distinct from a derivation at p) if it is linear
over R and satisfies (9.4) for all f, g ∈ C∞(M). Thus, any vector field is a derivation on C∞(M).

The function Xf is sometimes also denoted by LXf = Xf and is called the Lie derivative of f in
the direction of X.

The next proposition shows that derivations of C∞(M) can be identified with smooth vector fields.

Lemma 9.9. Let M be a smooth manifold. A map D : C∞(M)→ C∞(M) is a derivation if and only
if it is of the form Df = Xf = LXf for some smooth vector field X ∈ X(M).

Proof. We just showed above that every smooth vector field induces a derivation. Conversely, suppose
D : C∞(M)→ C∞(M) is a derivation. We need to come up with a vector field X such that Df = Xf for
all f . From the discussion above, it is clear that if there is such a vector field, its value at p ∈M must be
the derivation at p whose action on any smooth real-valued function f is given by

Xpf = Df(p).

The linearity of D guarantees that this expression depends linearly on f , and the fact that D is a derivation
yields the Leibniz rule for tangent vectors. Thus, the map Xp : C∞(M)→ R so defined is indeed a tangent
vector, that is, a derivation of C∞(M) at p. This defines X as a vector field. Because Xf = Df is smooth
whenever f ∈ C∞(M), this vector field is smooth by Proposition 9.8.

Thus,

smooth vector fields on M ↔ derivations of C∞(M).

9.4 Vector fields, smooth maps, pushforwards and pullbacks

Recall that if F : M → N is a smooth map and X is a vector field on M , then for each point p ∈ M , we
obtain a vector dFp(Xp) ∈ TF (p)N by applying the differential of F to Xp. This begs the question: Can this
process when applied globally, gives a vector field on N instead of just tangent vectors which depend on
the point? The answer is no, this does not in general define a vector field on N . For example, if F is not
surjective, there is no way to decide what vector to assign to a point q ∈ N \ F (M). If F is not injective,
then for some points of N there may be several different vectors obtained by applying dF to X at different
points of M .

Suppose F : M → N is smooth and X is a vector field on M , and suppose there happens to be a vector
field Y on N with the property that for each p ∈M , dFp(Xp) = YF (p). In this case, we say the vector fields
X and Y are F-related . The next proposition shows how F -related vector fields act on smooth functions.
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Proposition 9.10. Suppose F : M → N is a smooth map between manifolds, X ∈ X(M), and
Y ∈ X(N). Then X and Y are F -related if and only if for every smooth real-valued function f defined
on an open subset of N ,

X(f ◦ F ) = (Y f) ◦ F. (9.5)

Proof. For any p ∈M and any smooth real-valued f defined in a neighbourhood of F (p),

X(f ◦ F )(p) = Xp(f ◦ F ) = dFp(Xp)f,

while
(Y f) ◦ F (p) = (Y f)(F (p)) = YF (p)f.

Thus, (9.5) is true for all f if and only if dFp(Xp) = YF (p) for all p, i.e., if and only if X and Y are
F -related.

Example 9.11. Let F : R → R2 be the smooth map F (t) = (cos t, sin t). Then d
dt ∈ X(R) is F -related to

the vector field Y ∈ X(R2) defined by

Y = x
∂

∂y
− y ∂

∂x
.

We show this in two different ways.
We show that for every t ∈ R,

dFt

(
d

dt

∣∣∣∣
t

)
= YF (t).

Recall that for a smooth map F : R→ R2 written in coordinates as F (t) = (F 1(t), F 2(t)), the differential
acts by

dFt

(
d

dt

∣∣∣∣
t

)
=
dF 1

dt
(t)

∂

∂x

∣∣∣∣
F (t)

+
dF 2

dt
(t)

∂

∂y

∣∣∣∣
F (t)

.

So

dFt

(
d

dt

∣∣∣∣
t

)
= − sin t

∂

∂x

∣∣∣∣
F (t)

+ cos t
∂

∂y

∣∣∣∣
F (t)

.

By the definition of Y ,

Y(x,y) = −y ∂

∂x

∣∣∣∣
(x,y)

+ x
∂

∂y

∣∣∣∣
(x,y)

.

Evaluating at (x, y) = F (t) = (cos t, sin t),

YF (t) = − sin t
∂

∂x

∣∣∣∣
F (t)

+ cos t
∂

∂y

∣∣∣∣
F (t)

,

and hence

dFt

(
d

dt

∣∣∣∣
t

)
= YF (t) for all t ∈ R.

Hence
d

dt
is F -related to Y .

We can also use (9.5) to show the same. Let f ∈ C∞(R2) be arbitrary. Using the chain rule,

d

dt
(f ◦ F )(t) =

d

dt
f(cos t, sin t) =

∂f

∂x
(F (t)) · d

dt
(cos t) +

∂f

∂y
(F (t)) · d

dt
(sin t),

which gives
d

dt
(f ◦ F )(t) = − sin t · ∂f

∂x
(F (t)) + cos t · ∂f

∂y
(F (t)).
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By the definition of Y ,

(Y f)(x, y) = −y ∂f
∂x

(x, y) + x
∂f

∂y
(x, y).

Evaluating at F (t) = (cos t, sin t),

(Y f)(F (t)) = − sin t · ∂f
∂x

(F (t)) + cos t · ∂f
∂y

(F (t)),

and hence
d

dt
(f ◦ F )(t) = (Y f)(F (t)) for all t ∈ R and all f ∈ C∞(R2).

Therefore
d

dt
is F -related to Y .
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It is important to remember that for a given smooth map F : M → N and vector field X ∈ X(M), there
may not be any vector field on N that is F -related to X. There is one special case, however, in which there
is always such a vector field, as the next lemma shows.

Lemma 9.12. Suppose M and N are smooth manifolds and F : M → N is a diffeomorphism. For
every X ∈ X(M), there is a unique smooth vector field on N that is F -related to X.

Proof. For Y ∈ X(N) to be F -related to X means that dFp(Xp) = YF (p) for every p ∈ M . If F is a
diffeomorphism, we define Y by

Yq = dFF−1(q)

(
XF−1(q)

)
.

It is clear that Y , so defined, is the unique vector field that is F -related to X. Note that Y : N → TN is the
composition of the following smooth maps:

N
F−1

−−→M
X−→ TM

dF−−→ TN.

It follows that Y is smooth.

We can now make the following definition.

Definition 9.13 (Pushforwards and Pullbacks). Let F : M → N be a diffeomorphism between
smooth manifolds M and N . We denote the unique vector field that is F -related to X by F∗X, and
call it the pushforward of X by F . It is explicitly described by

(F∗X)q = dFF−1(q)

(
XF−1(q)

)
. (9.6)

The pullback of a vector field Y ∈ X(N) is denoted by F ∗Y and is defined as

F ∗Y = dF−1 ◦ Y ◦ F ∈ X(M). (9.7)

As long as the inverse map F−1 can be computed explicitly, the pushforward of a vector field can be
computed directly from the formula in (9.6).

Let us compute the pushforward of a vector field explicitly.
Let M and N be the following open submanifolds of R2:

M = {(x, y) : y > 0 and x+ y > 0},

N = {(u, v) : u > 0 and v > 0},

and define F : M → N by F (x, y) = (x+ y, x/y + 1). Then F is a diffeomorphism because its inverse is
easily computed: just solve (u, v) = (x+ y, x/y + 1) for x and y to obtain the formula (x, y) = F−1(u, v) =
(u− u/v, u/v). Let us compute the pushforward F∗X, where X is the following smooth vector field on M :

X(x,y) = y2
∂

∂x

∣∣∣∣
(x,y)

.

The differential of F at a point (x, y) ∈M is represented by its Jacobian matrix,

DF (x, y) =

(
1 1
1
y − x

y2

)
,

and thus dFF−1(u,v) is represented by the matrix

DF
(
u− u

v
,
u

v

)
=

(
1 1
v
u

v−v2

u

)
.
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For any (u, v) ∈ N ,

XF−1(u,v) =
u2

v2
∂

∂x

∣∣∣∣
F−1(u,v)

.

Therefore, applying (9.6) with p = (u, v) yields the formula for F∗X:

(F∗X)(u,v) =
u2

v2
∂

∂u

∣∣∣∣
(u,v)

+
u

v

∂

∂v

∣∣∣∣
(u,v)

.

9.5 Vector Fields and Submanifolds

If S ⊆M is an embedded submanifold, a vector field X on M does not necessarily restrict to a vector field
on S, because Xp may not lie in the subspace TpS ⊆ TpM at a point p ∈ S. Given a point p ∈ S, a vector
field X on M is said to be tangent to S at p if Xp ∈ TpS ⊆ TpM . It is tangent to S if it is tangent to S at
every point of S.

Suppose S ⊆M is an embedded submanifold and Y is a smooth vector field on M . If there is a vector
field X ∈ X(S) that is ι-related to Y , where ι : S ↪→M is the inclusion map, then clearly Y is tangent to S,
because Yp = dιp(Xp) is in the image of dιp for each p ∈ S. The next proposition shows that the converse
is true.

Proposition 9.14 (Restricting Vector Fields to Submanifolds). Let M be a smooth manifold, let
S ⊆ M be an embedded submanifold and let ι : S ↪→ M denote the inclusion map. If Y ∈ X(M) is
tangent to S, then there is a unique smooth vector field on S, denoted by Y |S , that is ι-related to Y .

Proof. The fact that Y is tangent to S means by definition that Yp is in the image of dιp for each p. Thus,
for each p there is a vector Xp ∈ TpS such that Yp = dιp(Xp). Since dιp is injective, Xp is unique, so this
defines X as a vector field on S. If we can show that X is smooth, it is the unique vector field that is
ι-related to Y . It suffices to show that it is smooth in a neighbourhood of each point.

Let p be any point in S. Since S is an embedded submanifold, let (U, (xi)) be a slice chart in M centred
at p, so that S ∩ U is the subset where xk+1 = · · · = xn = 0, and (x1, . . . , xk) form local coordinates for S
in U . If Y = Y 1 ∂

∂x1 + · · ·+ Y n ∂
∂xn in these coordinates, it follows from our construction that X has the

coordinate representation Y 1 ∂
∂x1 + · · ·+ Y k ∂

∂xk
, which is clearly smooth on U .

9.6 Lie Brackets

In this section we introduce an important way of combining two smooth vector fields to obtain another
vector field.

Let X and Y be smooth vector fields on a smooth manifold M . Given a smooth function f : M → R,
we can apply X to f and obtain another smooth function Xf . In turn, we can apply Y to this function,
and obtain yet another smooth function Y Xf = Y (Xf). The operation f 7→ Y Xf , however, does not in
general satisfy the product rule and thus cannot be a vector field, as the following example shows.

Example 9.15. Define vector fields X = ∂
∂x and Y = x ∂

∂y on R2, and let f(x, y) = x, g(x, y) = y. Then
direct computation shows that XY (fg) = 2x, while fXY g + gXY f = x, so XY is not a derivation of
C∞(R2).

We can also apply the same two vector fields in the opposite order, obtaining a (usually different)
function XY f . Applying both of these operators to f and subtracting, we obtain an operator

[X,Y ] : C∞(M)→ C∞(M),

called the Lie bracket of X and Y , defined by

[X,Y ]f = XY f − Y Xf.
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The key fact is that this operator is a vector field.

Lemma 9.16. The Lie bracket of any pair of smooth vector fields is a smooth vector field.

Proof. It suffices to show that [X,Y ] is a derivation of C∞(M). For arbitrary f, g ∈ C∞(M), we compute

[X,Y ](fg) = X(Y (fg))− Y (X(fg))

= X(fY g + gY f)− Y (fXg + gXf)

= Xf Y g + f XY g +Xg Y f + g XY f

− Y f Xg − f Y Xg − Y gXf − g Y Xf
= f XY g + g XY f − f Y Xg − g Y Xf
= f [X,Y ]g + g[X,Y ]f.

The value of the vector field [X,Y ] at a point p ∈M is the derivation at p given by the formula

[X,Y ]pf = Xp(Y f)− Yp(Xf). (9.8)

However, this formula is of limited usefulness for computations, because it requires one to compute terms
involving second derivatives of f that will always cancel each other out. The next proposition gives an
extremely useful coordinate formula for the Lie bracket, in which the cancellations have already been
accounted for.

Proposition 9.17 (Coordinate Formula for the Lie Bracket). Let X,Y be smooth vector fields on a
smooth manifold M and let X = Xi ∂

∂xi
and Y = Y j ∂

∂xj
be the coordinate expressions for X and Y in

terms of some smooth local coordinates (xi) for M . Then [X,Y ] has the following coordinate expression:

[X,Y ] =

(
Xi∂Y

j

∂xi
− Y i∂X

j

∂xi

)
∂

∂xj
, (9.9)

or more concisely,

[X,Y ] = (XY j − Y Xj)
∂

∂xj
. (9.10)

Proof. Because we know already that [X,Y ] is a smooth vector field, its action on a function is determined
locally: ([X,Y ]f)|U = [X,Y ](f |U ). Thus it suffices to compute in a single smooth chart, where we have

[X,Y ]f = Xi ∂

∂xi

(
Y j ∂f

∂xj

)
− Y j ∂

∂xj

(
Xi ∂f

∂xi

)
= Xi∂Y

j

∂xi
∂f

∂xj
+XiY j ∂2f

∂xi∂xj
− Y j ∂X

i

∂xj
∂f

∂xi
− Y jXi ∂2f

∂xj∂xi

= Xi∂Y
j

∂xi
∂f

∂xj
− Y j ∂X

i

∂xj
∂f

∂xi
,

where in the last step we have used the fact that mixed partial derivatives of a smooth function can be
taken in any order. Interchanging the roles of the dummy indices i and j in the second term, we obtain
(9.9).

One trivial application of (9.9) is to compute the Lie brackets of the coordinate vector fields (∂/∂xi) in
any smooth chart: because the component functions of the coordinate vector fields are all constants, it
follows that [

∂

∂xi
,
∂

∂xj

]
≡ 0 for all i and j. (9.11)
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Notice that this also follows from the definition of the Lie bracket in (9.8), and is essentially a restatement
of the fact that mixed partial derivatives of smooth functions commute. Here is a slightly less trivial
computation.

Example 9.18. Define smooth vector fields X,Y ∈ X(R3) by

X = x
∂

∂x
+

∂

∂y
+ x(y + 1)

∂

∂z
,

Y =
∂

∂x
+ y

∂

∂z
.

Then (9.10) gives us

[X,Y ] = X(1)
∂

∂x
+X(y)

∂

∂z
− Y (x)

∂

∂x
− Y (1)

∂

∂y
− Y (x(y + 1))

∂

∂z

= 0
∂

∂x
+ 1

∂

∂z
− 1

∂

∂x
− 0

∂

∂y
− (y + 1)

∂

∂z

= − ∂

∂x
− y ∂

∂z
,

which is indeed a vector field.

Let us now see some basic properties of the Lie bracket.

Proposition 9.19 (Properties of the Lie Bracket). The Lie bracket satisfies the following identities for
all X,Y, Z ∈ X(M):

(a) BILINEARITY: For a, b ∈ R,

[aX + bY, Z] = a[X,Z] + b[Y, Z],

[Z, aX + bY ] = a[Z,X] + b[Z, Y ].

(b) ANTISYMMETRY:
[X,Y ] = −[Y,X].

(c) JACOBI IDENTITY:
[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

(d) For f, g ∈ C∞(M),
[fX, gY ] = fg[X,Y ] + (fXg)Y − (gY f)X. (9.12)

Proof. You can check bilinearity and antisymmetry yourself. The proof of the Jacobi identity is just a
computation:

[X, [Y,Z]]f + [Y, [Z,X]]f + [Z, [X,Y ]]f

= X[Y, Z]f − [Y, Z]Xf + Y [Z,X]f

− [Z,X]Y f + Z[X,Y ]f − [X,Y ]Zf

= XY Zf −XZY f − Y ZXf + ZY Xf + Y ZXf − Y XZf
− ZXY f +XZY f + ZXY f − ZY Xf −XY Zf + Y XZf.

In this last expression all the terms cancel in pairs. Part (d) is again a direct computation from the definition
of the Lie bracket. Let h ∈ C∞(M). We have

[fX, gY ]h = (fX)(gY )h− (gY )(fX)h

= (fX)(gY h)− (gY )(fXh)

= fg(XY h) + f(Xg)(Y h)− fg(Y Xh)− g(Y f)(Xh)

= fg[X,Y ]h+ (fXg)Y h− (gY f)Xh.

52



S. DWIVEDI

The significance of part (d) of this proposition might not be evident at this point, but it will become
clearer in the future lectures when we will talk about the Lie derivative of a vector field in the direction of
another vector field where it will be shown to be equal to the Lie bracket and hence the Lie derivative will
indeed be a derivation using part (d).

The next result relates the Lie bracket of F -related vector fields.

Proposition 9.20 (Naturality of the Lie Bracket). Let F : M → N be a smooth map between manifolds
and let X1, X2 ∈ X(M) and Y1, Y2 ∈ X(N) be vector fields such that Xi is F -related to Yi for i = 1, 2.
Then [X1, X2] is F -related to [Y1, Y2].

Proof. Using (9.5) and the fact that Xi and Yi are F -related,

X1X2(f ◦ F ) = X1

(
(Y2f) ◦ F

)
= (Y1Y2f) ◦ F.

Similarly,
X2X1(f ◦ F ) = (Y2Y1f) ◦ F.

Therefore,

[X1, X2](f ◦ F ) = X1X2(f ◦ F )−X2X1(f ◦ F )

= (Y1Y2f) ◦ F − (Y2Y1f) ◦ F
=
(
[Y1, Y2]f

)
◦ F.

When applied in special cases, this result has the following important corollaries. First we consider the
case in which the map is a diffeomorphism.

Corollary 9.21. We have the following.

1. (Pushforwards of Lie Brackets) Suppose F : M → N is a diffeomorphism and X1, X2 ∈ X(M).
Then F∗[X1, X2] = [F∗X1, F∗X2].

2. (Brackets of Vector Fields Tangent to Submanifolds) Let M be a smooth manifold and let S be an
embedded submanifold of M . If Y1 and Y2 are smooth vector fields on M that are tangent to S,
then [Y1, Y2] is also tangent to S.

Proof. 1. This is just the special case of Proposition 9.20 in which F is a diffeomorphism and Yi = F∗Xi.

2. We know there exist smooth vector fields X1 and X2 on S such that Xi is ι-related to Yi for i = 1, 2,
where ι : S → M is the inclusion. By Proposition 9.20, [X1, X2] is ι-related to [Y1, Y2], which is
therefore tangent to S.
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10. Integral curves and flows of vector fields

10.1 Integral Curves

Suppose M is a smooth manifold. If γ : J →M is a smooth curve, then for each t ∈ J , the velocity vector
γ′(t) is a vector in Tγ(t)M . What about the reverse process? That is, given V ∈ X(M), can we come up
with a curve γ such that the tangent vector is the corresponding image of the vector field?

Definition 10.1. Let V is a vector field on M . An integral curve of V is a differentiable curve
γ : J →M whose velocity at each point is equal to the value of V at that point:

γ′(t) = Vγ(t) for all t ∈ J. (10.1)

If 0 ∈ J , the point γ(0) is called the starting point of γ.

Before dwelling further in the theory, let us see some simple examples.

Example 10.2. Let (x, y) be standard coordinates on R2, and let V = ∂
∂x ∈ X(R2). Then

γ(t) = (a+ t, b), a, b constants

is an integral curve for V . Things to notice is that given any (p, q) ∈ R2 ∃! integral curve of V starting
from (p, q) and the images of two integral curves are either identical or disjoint. It is easy to check that the
integral curves of V are precisely the straight lines parallel to the x-axis.

Example 10.3. Let W = x ∂
∂y − y ∂∂x ∈ X(R2). If γ : R → R2 is a smooth curve, written in standard

coordinates as γ(t) = (x(t), y(t)), then the condition γ′(t) = Wγ(t) for γ to be an integral curve translates
to

x′(t)
∂

∂x

∣∣∣∣
γ(t)

+ y′(t)
∂

∂y

∣∣∣∣
γ(t)

= x(t)
∂

∂y

∣∣∣∣
γ(t)

− y(t)
∂

∂x

∣∣∣∣
γ(t)

.

Comparing the components of these vectors, we see that this is equivalent to the system of ordinary
differential equations

x′(t) = −y(t),

y′(t) = x(t).

These equations have the solutions

x(t) = a cos t− b sin t, y(t) = a sin t+ b cos t,

for arbitrary constants a and b, and thus each curve of the form γ(t) = (a cos t − b sin t, a sin t + b cos t)
is an integral curve of W starting at (a, b). When (a, b) = (0, 0), this is the constant curve γ(t) ≡ (0, 0);
otherwise, it is a circle traversed counterclockwise. Thus, given any (a, b) ∈ R2, we see once again that
there is a unique integral curve starting at each point (a, b) ∈ R2, and the images of the various integral
curves are either identical or disjoint.

From this example we see that given V ∈ X(M), finding integral curve of V boils down to solving a
system of ordinary differential equations in a smooth chart. More precisely, suppose V is a smooth vector
field on M and γ : J →M is a smooth curve. On a smooth coordinate domain U ⊆M , we can write γ in
local coordinates as γ(t) = (γ1(t), . . . , γn(t)). Then (10.1) for γ to be an integral curve of V can be written

γ̇i(t)
∂

∂xi

∣∣∣∣
γ(t)

= V i(γ(t))
∂

∂xi

∣∣∣∣
γ(t)

,
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which reduces to the following autonomous system of ordinary differential equations (ODEs):

γ̇1(t) = V 1(γ1(t), . . . , γn(t)),

...

γ̇n(t) = V n(γ1(t), . . . , γn(t)).

(10.2)

This means that to guarantee the existence of integral curves, we would need to solve an ordinary
differential equation (ODE). Thus, we first recall the following fundamental result on ODEs.

Theorem 10.4 (Fundamental theorem for ODEs). Suppose U ⊂ Rn is open and V : U → Rn is a
smooth vector-valued function. Consider the system of ODE

γ̇i(t) = V i(γ1(t), . . . , γn(t)), i = 1, . . . , n,

γi(t0) = ci, i = 1, . . . , n.

with c = (c1, . . . , cn) ∈ U . Then

1. (existence) ∀t0 ∈ R and x0 ∈ U there exists an open interval J0 3 t0 and an open subset U0 ⊂ U
with x0 ∈ U0 such that for all c ∈ U0 there exists a C1-curve γ : J0 → U that solves the ODE.

2. (Uniqueness) Any two solutions γ1 and γ2 of the above ODE are same on their common domain.

3. The map θ : J0 × U0 → U given by θ(t, x) = γ(t) where the γ is the unique solution above and
γ(t0) = x, is a smooth map.

Using this theorem we have the following simple result.

Proposition 10.5. Let V be a smooth vector field on a smooth manifold M . For each point p ∈ M ,
there exist ε > 0 and a smooth curve γ : (−ε, ε)→M that is an integral curve of V starting at p.

We notice some elementary properties of integral curves.

• If a ∈ R and γ : J → M is an integral curve of V ∈ X(M), then the curve γ̃ : J̃ → M defined by
γ̃(t) = γ(at) is an integral curve of the vector field aV , where J̃ = {t : at ∈ J}.
Proof. We can examine the action of γ̃′(t) on a smooth real-valued function f defined in a neighbour-
hood of a point γ̃(t0). By the chain rule and the fact that γ is an integral curve of V ,

γ̃′(t0)f =
d

dt

∣∣∣∣
t=t0

(f ◦ γ̃)(t) =
d

dt

∣∣∣∣
t=t0

(f ◦ γ)(at)

= a(f ◦ γ)′(at0) = aγ′(at0)f = aVγ̃(t0)f. �

• Let V , M , J , and γ be as before. For any b ∈ R, the curve γ̂ : Ĵ → M defined by γ̂(t) = γ(t+ b) is
also an integral curve of V , where Ĵ = {t : t+ b ∈ J}.

• Suppose M and N are smooth manifolds and F : M → N is a smooth map. Then X ∈ X(M) and
Y ∈ X(N) are F -related if and only if F takes integral curves of X to integral curves of Y , meaning
that for each integral curve γ of X, F ◦ γ is an integral curve of Y .

Proof. Suppose first that X and Y are F -related, and γ : J → M is an integral curve of X. If we
define σ : J → N by σ = F ◦ γ, then

σ′(t) = (F ◦ γ)′(t) = dFγ(t)(γ
′(t)) = dFγ(t)(Xγ(t)) = YF (γ(t)) = Yσ(t),

so σ is an integral curve of Y .
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Conversely, suppose F takes integral curves of X to integral curves of Y . Given p ∈ M , let
γ : (−ε, ε)→M be an integral curve of X starting at p. Since F ◦ γ is an integral curve of Y starting
at F (p), we have

YF (p) = (F ◦ γ)′(0) = dFp(γ
′(0)) = dFp(Xp),

which shows that X and Y are F -related.
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10.2 Flows of vector fields

Let M be a smooth manifold and V ∈ X(M), and suppose that for each point p ∈ M , V has a unique
integral curve starting at p and defined for all t ∈ R, which we denote by θ(p) : R→M . (We don’t know
whether this is always possible or not.) For each t ∈ R, we can define a map θt : M →M by sending each
p ∈M to the point obtained by following for time t the integral curve starting at p:

θt(p) = θ(p)(t).

Each map θt “slides” the manifold along the integral curves for time t. Then t 7→ θ(p)(t + s) is an
integral curve of V starting at q = θ(p)(s) and since we are assuming uniqueness of integral curves,
θ(q)(t) = θ(p)(t+ s). When we translate this into a statement about the maps θt, it becomes

θt ◦ θs(p) = θt+s(p).

Together with the equation θ0(p) = θ(p)(0) = p, which holds by definition, this implies that the map

θ : R×M →M is an action of the additive group R on M.

Definition 10.6. A global flow on M which is also sometimes called a one-parameter group
action is a continuous left R-action on M ; that is, a continuous map θ : R×M →M satisfying the
following properties for all s, t ∈ R and p ∈M :

θ(t, θ(s, p)) = θ(t+ s, p), θ(0, p) = p. (10.3)

Given a global flow θ on M , we have the following two collections of maps:

• For each t ∈ R, define a continuous map θt : M →M by

θt(p) = θ(t, p).

which satisfy
θt ◦ θs = θt+s, θ0 = IdM . (10.4)

As is the case for any continuous group action, each map θt : M →M is a homeomorphism, and if
the flow is smooth, θt is a diffeomorphism.

• For each p ∈M , define a curve θ(p) : R→M by

θ(p)(t) = θ(t, p).

The image of this curve is the orbit of p under the group action.

The next proposition shows that every smooth global flow is derived from the integral curves of some
smooth vector field in precisely the way we described above. Before stating the result let us make the
following

Definition 10.7. If θ : R ×M → M is a smooth global flow, for each p ∈ M we define a tangent
vector Vp ∈ TpM by

Vp = θ(p)′(0). (10.5)

The assignment p 7→ Vp is a vector field on M , which is called the infinitesimal generator of θ.

Lemma 10.8. Let θ : R×M →M be a smooth global flow on a smooth manifold M . The infinitesimal
generator V of θ is a smooth vector field on M , and each curve θ(p) is an integral curve of V .
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Proof. To show that V is smooth we show that V f is smooth for every f ∈ C∞(U), U ⊆M . For any such
f and any p ∈ U , just note that

V f(p) = Vpf = θ(p)′(0)f =
d

dt

∣∣∣∣
t=0

f(θ(p)(t)) =
∂

∂t

∣∣∣∣
(0,p)

f(θ(t, p)).

Because f(θ(t, p)) is a smooth function of (t, p) by composition, so is its partial derivative with respect to t.
Thus, V f(p) depends smoothly on p, so V is smooth.

Next we need to show that θ(p) is an integral curve of V , which means that θ(p)′(t) = Vθ(p)(t) for all
p ∈ M and all t ∈ R. Let t0 ∈ R be arbitrary, and set q = θ(p)(t0) = θt0(p), so what we have to show is
θ(p)′(t0) = Vq. By the group law, for all t,

θ(q)(t) = θt(q) = θt(θt0(p)) = θt+t0(p) = θ(p)(t+ t0).

Therefore, for any smooth real-valued function f defined in a neighbourhood of q,

Vqf = θ(q)′(0)f =
d

dt

∣∣∣∣
t=0

f(θ(q)(t)) =
d

dt

∣∣∣∣
t=0

f(θ(p)(t+ t0))

= θ(p)′(t0)f,

which was to be shown.

Example 10.9 ((Global Flows).). The two vector fields on R2 described in Examples 10.2 and 10.3 both
had integral curves defined for all t ∈ R, so they generate global flows. Using the results of that example,
we can write down the flows explicitly.

(a) The flow of V = ∂/∂x in R2 is the map τ : R× R2 → R2 given by

τt(x, y) = (x+ t, y).

For each nonzero t ∈ R, τt translates the plane to the right (t > 0) or left (t < 0) by a distance |t|.

(b) The flow of W = x ∂/∂y − y ∂/∂x is the map θ : R× R2 → R2 given by

θt(x, y) = (x cos t− y sin t, x sin t+ y cos t).

For each t ∈ R, θt rotates the plane through an angle t about the origin.

Thus,

infinitesimal generators of global flows are smooth vector fields

A natural question arises: Is the converse of the above statement true, i.e., given a smooth V ∈ X(M),
must it be an infinitesimal generator of some global flow? Let’s see some examples with smooth vector
fields whose integral curves are not defined for all t ∈ R.

Example 10.10. Let M = R2 \ {0} with standard coordinates (x, y), and let V be the vector field ∂
∂x on

M . The unique integral curve of V starting at (−1, 0) ∈ M is γ(t) = (t − 1, 0). However, in this case, γ
cannot be extended continuously past t = 1.

Example 10.11. Let M be all of R2 and let W = x2 ∂
∂x . The unique integral curve of W starting at (1, 0) is

γ(t) =

(
1

1− t
, 0

)
.

This curve also cannot be extended past t = 1, because its x-coordinate is unbounded as t↗ 1.

58



S. DWIVEDI

Thus, not every smooth vector field V gives rise to global flows by being their infinitesimal generator.

Definition 10.12. If M is a manifold, a flow domain for M is an open subset D ⊆ R×M with the
property that for each p ∈M , the set

D(p) = {t ∈ R : (t, p) ∈ D}

is an open interval containing 0.

A flow on M is a continuous map θ : D →M , where D ⊆ R×M is a flow domain, that satisfies the
following group laws: for all p ∈M ,

θ(0, p) = p, (10.6)

and for all s ∈ D(p) and t ∈ D(θ(s,p)) such that s+ t ∈ D(p),

θ(t, θ(s, p)) = θ(t+ s, p). (10.7)

The flow θ is also sometimes called a local flow or a local one-parameter group action.

If θ is smooth, the infinitesimal generator of θ is defined by Vp = θ(p)′(0).

Just like Lemma 10.8, we have the following result.

Lemma 10.13. If θ : D → M is a smooth flow, then the infinitesimal generator V of θ is a smooth
vector field, and each curve θ(p) is an integral curve of V .

We make the following definition.

Definition 10.14. A maximal integral curve is one that cannot be extended to an integral curve
on any larger open interval and a maximal flow is a flow that admits no extension to a flow on a
larger flow domain.

The next theorem is the main result of about flows of vector fields.

Theorem 10.15 (Fundamental Theorem on Flows). Let V be a smooth vector field on a smooth
manifold M . There is a unique smooth maximal flow θ : D →M whose infinitesimal generator is V .
This flow has the following properties:

(a) For each p ∈M , the curve θ(p) : D(p) →M is the unique maximal integral curve of V starting at
p.

(b) If s ∈ D(p), then D(θ(s,p)) is the interval D(p) − s = {t− s : t ∈ D(p)}.

(c) For each t ∈ R, the set
Mt = {p ∈M | (t, p) ∈ D}

is open in M , and θt : Mt →M−t is a diffeomorphism with inverse θ−t.

(d) For each (t, p) ∈ D, (θt)∗V (p) = V (θ(p)).

Proof. The proof is a bit long so we proceed in stages. We first prove uniqueness in part (a). We know
from Proposition 10.5 that given the smooth vector field V , there exists an integral curve starting at each
point p ∈M for atleast some short time. Suppose γ, γ̃ : J →M are two integral curves of V defined on the
same open interval J such that γ(t0) = γ̃(t0) for some t0 ∈ J . We want to prove that in this case when γ, γ̃
agree at one point, they must agree on every point of their common domain. Let

S = {t ∈ J | γ(t) = γ̃(t)}.
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Clearly, S 6= ∅, because t0 ∈ S by hypothesis, and S is closed in J by continuity as if (tn) is a sequence in S
which converges to t, we can use continuity of γ, γ̃ to get γ(tn)→ γ(t) = γ̃(tn) = γ̃(t), thus proving that
t ∈ S. We now want to prove that S is also open and then use connectedness of J to prove that J = S.
Suppose t1 ∈ S. Then in a smooth coordinate neighbourhood around the point p = γ(t1), γ and γ̃ are
both solutions to same ODE with the same initial condition γ(t1) = γ̃(t1) = p. By the uniqueness part of
Theorem 10.4, γ ≡ γ̃ on an interval containing t1, which implies that S is open in J . Since J is connected,
S = J , which implies that γ = γ̃ on all of J . Thus, any two integral curves that agree at one point agree on
their common domain. Thus, if we manage to define a flow θ and then the coorresponding θ(p) then it
must be the unique integral curve starting at p.

We now prove maximality of the integral curve.Let p ∈M and let D(p) be the union of all open intervals
J ⊆ R containing 0 on which an integral curve starting at p is defined. Since we want to prove maximality
of the domain, a natural thing would be to take the union and that is exactly what we are doing above.
Define θ(p) : D(p) →M by letting θ(p)(t) = γ(t), where γ is any integral curve starting at p and defined on
an open interval containing 0 and t. Given any point t, since all such integral curves agree at t as explained
above, θ(p) is well defined„ i.e., it’s image is independent of the integral curve chosen and is obviously the
unique maximal integral curve starting at p as we have taken the union of all possible intervals.

Now let
D = {(t, p) ∈ R×M : t ∈ D(p)},

and define θ : D → M by θ(t, p) = θ(p)(t). By definition, for each p ∈ M , θ(p) is the unique maximal
integral curve of V starting at p. To verify that θ is actually a flow, we will need to verify group laws and
show that D is a flow domain. Fix any p ∈ M and s ∈ D(p), and write q = θ(s, p) = θ(p)(s). The curve
γ : D(p) − s→M defined by γ(t) = θ(p)(t+ s) starts at q, and the translation property of integral curves
shows that γ is an integral curve of V . By uniqueness of ODE solutions, γ agrees with θ(q) on their common
domain, which is equivalent to the second group law (10.7), and the first group law (10.6) is a by-product
of the definition. Thus, θ is actually a flow.

By maximality of θ(q), the domain of γ cannot be larger than D(q), which means that D(p) − s ⊆ D(q).
Since 0 ∈ D(p), this implies that −s ∈ D(q), and the group law implies that θ(q)(−s) = θ(p)(s − s) =
θ(p)(0) = p. Applying the same argument with (−s, q) in place of (s, p), we find that D(q) + s ⊆ D(p), which
is the same as D(q) ⊆ D(p) − s. This proves part (b).

We continue the proof of showing that the flow θ obtained above indeed is a smooth flow. That is, we
show that D is open in R ×M (so it is a flow domain), and that θ : D → M is smooth. Define a subset
W ⊆ D as the set of all (t, p) ∈ D such that θ is defined and smooth on a product neighbourhood of (t, p)
of the form J × U ⊆ D, where J ⊆ R is an open interval containing 0 and U ⊆ M is a neighbourhood
of p. Then W is open in R ×M , and the restriction of θ to W is smooth because of the smoothness of
each integral curve θ(p) which follows from the smoothness of the vector field V , so it suffices to show
that W = D. Suppose this is not the case. Then there exists some point (τ, p0) ∈ D rW . Without loss of
generality, assume τ > 0.

Let t0 = inf{t ∈ R+ : (t, p0) /∈ W} (note that this is different from what we saw in the lectures because
we added R+ in the definition, you can also take sup instead of inf and proceed similarly. The main idea
remains unchanged.). By the ODE theorem, θ is defined and smooth in some product neighbourhood of
(0, p0), so t0 > 0. Since t0 ≤ τ and D(p0) is an open interval containing 0 and τ , it follows that t0 ∈ D(p0).
Let q0 = θ(p0)(t0). By the ODE theorem again, there exist ε > 0 and a neighbourhood U0 of q0 such that
(−ε, ε)×U0 ⊆W . We will use the group law to show that θ extends smoothly to a neighborhood of (t0, p0),
which contradicts our choice of t0. We will do this by using the translation property of integral curves.

Choose some t1 < t0 such that t1 + ε > t0 and θ(p0)(t1) ∈ U0. We can do this because of the neighbourhood
of smoothness being (−ε, ε)×U0 for the point q0. Since t1 < t0, we have (t1, p0) ∈W , as t0 is the infimum,
and so there is a product neighborhood (t1 − δ, t1 + δ)× U1 ⊆W . By definition of W , this implies that θ
is defined and smooth on [0, t1 + δ)× U1. Because θ(t1, p0) ∈ U0, we can choose U1 small enough that θ
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maps {t1} × U1 into U0. Define θ̃ : [0, t1 + ε)× U1 →M by

θ̃(t, p) =

{
θt(p), p ∈ U1, 0 ≤ t < t1,

θt−t1 ◦ θt1(p), p ∈ U1, t1 − ε < t < t1 + ε.

The group law for θ guarantees that these definitions agree where they overlap, and our choices of U1,
t1, and ε ensure that this defines a smooth map. By the translation property, each map t 7→ θ̃(t, p) is an
integral curve of V , so θ̃ is a smooth extension of θ to a neighbourhood of (t0, p0), contradicting our choice
of t0. This completes the proof that W = D and completes the proof of the statement that θ is a smooth
flow and D as defined above is a flow domain.

We now prove (c). The fact that Mt is open is an immediate consequence of the fact that D is open as
each slice at any fixed time t is precisely Mt. We now prove that θt indeed maps Mt to M−t. From part (b)
we deduce

p ∈Mt ⇒ t ∈ D(p) ⇒ D(θt(p)) = D(p) − t
⇒ −t ∈ D(θt(p)) ⇒ θt(p) ∈M−t,

which shows that θt maps Mt to M−t. Moreover, the group laws then show that θ−t ◦ θt is equal to the
identity on Mt. Reversing the roles of t and −t shows that θt ◦ θ−t is the identity on M−t, which proves
that θ is a diffeomorphism.

Finally, we prove part (d). Let θ(t0, p) = q so we would like to prove that (θt0)∗(V (p)) = V (θt0(p)) =
V (q). Let f ∈ C∞(M). Then

((θt0)∗(V (p)))f = Vp(f ◦ θt0) =
d

dt

∣∣∣∣
t=0

f ◦ θt0 ◦ θp(t)

=
d

dt

∣∣∣∣
t=0

f(θt0+t(p)) (using the group law)

=
d

dt

∣∣∣∣
t=0

f(θq(t))

=

(
d

dt

∣∣∣∣
t=0

θq(t)

)
f = V (q)f (as θq is an integral curve for V ),

thus completeing the proof of the theorem.

Definition 10.16. The flow θ in Theorem 10.15 is called the flow generated by V , or just the flow
of V .

Heuristically, the term “infinitesimal generator” comes from fact that in a smooth chart, a good
approximation to an integral curve can be obtained by composing many small straight-lines, with the
direction and length of each motion determined by the value of the vector field at the point arrived at in
the previous step. Intuitively, one can think of a flow as a sequence of infinitely many infinitesimally small
linear steps and hence V is “generating" the flow θ.

Proposition 10.17 (Naturality of Flows). Suppose M and N are smooth manifolds, F : M → N is a
smooth map, X ∈ X(M), and Y ∈ X(N). Let θ be the flow of X and η the flow of Y . If X and Y are
F -related, then for each t ∈ R, F (Mt) ⊆ Nt and ηt ◦ F = F ◦ θt on Mt:

Mt
F−→ Nt

θt ↓ ↓ ηt
M−t

F−→ N−t.

61



DIFFERENTIAL GEOMETRY

Proof. We know from the property of integral curves that for any p ∈M , the curve F ◦ θ(p) is an integral
curve of Y starting at F ◦ θ(p)(0) = F (p). Thus, by uniqueness of integral curves, the maximal integral
curve η(F (p)) must be defined at least on the interval D(p), and F ◦ θ(p) = η(F (p)) on that interval. This
means that

p ∈Mt ⇒ t ∈ D(p) ⇒ t ∈ D(F (p)) ⇒ F (p) ∈ Nt,

which is equivalent to F (Mt) ⊆ Nt, and

F (θ(p)(t)) = η(F (p))(t) for all t ∈ D(p),

which is equivalent to ηt ◦ F (p) = F ◦ θt(p) for all p ∈Mt.

As a corollary, we have that if F : M → N is a diffeomorphism and θ is the flow of a vector field
X ∈ X(M) then the flow of F∗X is ηt = F ◦ θt ◦ F−1, with domain Nt = F (Mt) for each t ∈ R.

10.3 Complete Vector Fields

Definition 10.18 (Complete vector fields). We say that a smooth vector field is complete if it
generates a global flow, or equivalently if each of its maximal integral curves is defined for all t ∈ R.

It is not always easy to determine by looking at a vector field whether it is complete or not. If you can
solve the ODE explicitly to find all of the integral curves, and they all exist for all time, then the vector
field is complete. On the other hand, if you can find a single integral curve that cannot be extended to
all of R, as we did for the vector fields of examples above, then it is not complete. However, it is often
impossible to solve the ODE explicitly, so it is useful to have some general criteria for determining when a
vector field is complete.

We will show below that all compactly supported smooth vector fields, and therefore all smooth vector
fields on a compact manifold, are complete. The proof will be based on the following lemma.

Lemma 10.19. Let V be a smooth vector field on a smooth manifold M , and let θ be its flow. Suppose
there is a positive number ε such that for every p ∈M , the domain of θ(p) contains (−ε, ε). Then V is
complete.

Remark 10.20. What is this lemma actually saying? It is saying that if an integral curve of a vector field
stops existing then the vector field must be “blowing up" in finite time. In other words, if an integral curve
of a vector field can survive for even a short uniform time for every point in the manifold then it must exist
for all time. Intuitively, the hypothesis that θ(p) contains (−ε, ε) for all p should explain that you can keep
on applying the translation lemma and extending the existence time for the integral curve.

Proof. We prove it by contradiction. The basic idea is to use the translation property of integral curves.
Suppose for the sake of contradiction that for some p ∈ M , the domain D(p) of θ(p) is bounded above.
(A similar proof works if it is bounded below.) Let b = supD(p), let t0 be a positive number such that
b − ε < t0 < b, and let q = θ(p)(t0). The hypothesis implies that θ(q)(t) is defined at least for t ∈ (−ε, ε).
Define a curve γ : (−ε, t0 + ε)→M by

γ(t) =

{
θ(p)(t), −ε < t < b,

θ(q)(t− t0), t0 − ε < t < t0 + ε.

These two definitions agree where they overlap, because θ(q)(t− t0) = θt−t0(q) = θt−t0 ◦ θt0(p) = θt(p) =
θ(p)(t) by the group law for θ. By the translation property, γ is an integral curve starting at p. Since
t0 + ε > b, this means that γ starting from p is existing beyond b, which is a contradiction to the definition
of b. Thus, γ exists for all t ∈ R and hence V is a complete vector field.
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Theorem 10.21. Every compactly supported smooth vector field on a smooth manifold is complete.
Thus, on a compact smooth manifold, every smooth vector field is complete.

Proof. Suppose V is a compactly supported vector field on a smooth manifold M , and let K = suppV .
For each p ∈ K, there is a neighbourhood Up of p and a positive number εp such that the flow of V is
defined at least on (−εp, εp) × Up. By compactness, finitely many such sets Up1 , . . . , Upk cover K. With
ε = min{εp1 , . . . , εpk}, it follows that every maximal integral curve starting in K is defined at least on
(−ε, ε). Since V ≡ 0 outside of K, every integral curve starting in M rK is constant and thus can be
defined on all of R. Thus the hypotheses of Lemma 10.19 are satisfied, so V is complete.

63



DIFFERENTIAL GEOMETRY

11. Lie Derivatives

We know how to differentiate real-valued functions in the direction of a vector field on a manifold. Indeed,
a tangent vector v ∈ TpM is by definition an operator that acts on a smooth function f to give a number
vf that we interpret as a directional derivative of f at p. How can we make sense of directional derivatives
of a vector field in the direction of a given vector? Let us start from the familiar case of Euclidean spaces.
We can define the directional derivative of a smooth vector field W in the direction of a vector v ∈ TpRn. It
is the vector

DvW (p) =
d

dt

∣∣∣∣
t=0

Wp+tv = lim
t→0

Wp+tv −Wp

t
. (11.1)

An easy calculation shows that DvW (p) can be evaluated by applying Dv to each component of W
separately:

DvW (p) = DvW
i(p)

∂

∂xi

∣∣∣∣
p

.

Unfortunately, this definition is heavily dependent upon the fact that Rn is a vector space, so that the
tangent vectors Wp+tv and Wp can both be viewed as elements of Rn. If we want to mimic (11.1) on
a manifold, we can try to replace p + tv by a curve γ(t) that starts at p and whose initial velocity is v.
But even with this substitution, the difference quotient still makes no sense because Wγ(t) and Wγ(0) are
elements of the two different vector spaces Tγ(t)M and Tγ(0)M , respectively. It was not a problem in the
Euclidean space because there is a canonical identification of each tangent space with Rn itself; but on a
manifold there is no such identification. Thus there is no coordinate-independent way to make sense of the
directional derivative of W in the direction of a vector v.

We fix this problem by replacing the vector v ∈ TpM with a vector field V ∈ X(M), so we can use the
flow of V to push values of W back to p and then differentiate.

Definition 11.1. Suppose M is a smooth manifold, V is a smooth vector field on M , and θ is the
flow of V . For any smooth vector field W on M , define a vector field on M , denoted by LVW and
called the Lie derivative of W with respect to V , by

(LVW )p =
d

dt

∣∣∣∣
t=0

d(θ−t)θt(p)
(
Wθt(p)

)
= lim

t→0

d(θ−t)θt(p)
(
Wθt(p)

)
−Wp

t
, (11.2)

provided the derivative exists.

For small t 6= 0, at least the difference quotient makes sense: θt is defined in a neighbourhood of p, and
θ−t is the inverse of θt, so both d(θ−t)θt(p)

(
Wθt(p)

)
and Wp are elements of TpM .

Lemma 11.2. Suppose M is a smooth manifold and V,W ∈ X(M). Then (LVW )p exists for every
p ∈M , and LVW is a smooth vector field.

Proof. We check that the component functions of the vector field LVW are smooth in any coordinate chart.
Let θ be the flow of V and for an arbitrary p ∈M , let (U, (xi)) be a smooth chart containing p. Choose an
open interval J0 containing 0 and an open subset U0 ⊆ U containing p such that θ maps J0 × U0 into U .
We can always do that using continuity of the flow θ. For (t, x) ∈ J0 × U0, write the component functions
of θ as

(
θ1(t, x), . . . , θn(t, x)

)
. Then for any (t, x) ∈ J0 × U0, the matrix of d(θ−t)θt(x) : Tθt(x)M → TxM is[

∂θi

∂xj
(−t, θ(t, x))

]
ij

,
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and hence,

d(θ−t)θt(x)
(
Wθt(x)

)
=
∂θi

∂xj
(−t, θ(t, x))W j(θ(t, x))

∂

∂xi

∣∣∣∣
x

.

Since θi and W j are smooth functions, the coefficient of ∂
∂xi
|x depends smoothly on (t, x). It follows that

(LVW )x, which is obtained by taking the derivative of this expression with respect to t and setting t = 0,
exists for each x ∈ U0 and depends smoothly on x.

While equation 11.2 explains exactly how to make sense of the derivative of a vector field in the
direction of another, it is not very useful for explicit computations, because typically the flow is difficult or
impossible to write down explicitly. Fortunately, there is a simple formula for computing the Lie derivative
without explicitly finding the flow.

Theorem 11.3. If M is a smooth manifold and X,Y ∈ X(M), then LXY = [X,Y ].

Proof. Let θ be the flow of X and let p ∈M . We first note that (11.2) is equivalent to the expression

(LXY )p =
d

dt
(θ∗t Y )p|t=0, where (θ∗t Y )p = (θ−1t )∗θt(p)Yθt(p).

Recall also that for any f ∈ C∞(M), (Xf)p = d
dt(θ

∗
t f)p|t=0 where θ∗t f = f ◦ θt and similarly we have

(θ∗t Y f)p = (θ∗t Y )p(θ
∗
t f). We now use all this and compute. We have

(X(Y f))p = lim
t→0

(θ∗t Y f)p − (Y f)p
t

= lim
t→0

(θ∗t Y )p(θ
∗
t f)− (Y f)p
t

.

We add and subtract (θ∗t Y )pf to get

(X(Y f))p = lim
t→0

(θ∗t Y )p(θ
∗
t f)− (θ∗t Y )pf + (θ∗t Y )pf − Ypf

t

= lim
t→0

(θ∗t Y )p
(θ∗t f)− f

t
+ lim
t→0

(θ∗t Y )p − Yp
t

f = YpXf + (LXY )p.

Thus, we get that XY = Y X + LXY.

We now have a geometric interpretation of the Lie bracket of two vector fields: it is the directional
derivative of the second vector field along the flow of the first. We immediately get the following.

Proposition 11.4. Suppose M is a smooth manifold and V,W,X ∈ X(M).

1. LVW = −LWV .

2. LV [W,X] = [LVW,X] + [W,LVX].

3. L[V,W ]X = LV LWX − LWLVX.

4. If g ∈ C∞(M), then LV (gW ) = (V g)W + gLVW .

5. If F : M → N is a diffeomorphism, then F∗(LVX) = LF∗V F∗X.

Notice that Proposition 11.4 (d) is immediate from Proposition 9.19 (d) and it is of this form because
the Lie bracket [fV, gW ] can be thought of as the Lie derivative LfV (gW ), it satisfies a product rule in g
and W ; and because it can also be thought of as −LgW (fV ), it satisfies a product rule in f and V as well.

If V and W are vector fields on M and θ is the flow of V , the Lie derivative (LVW )p, by definition,
expresses the t-derivative of the time-dependent vector d(θ−t)θt(p)

(
Wθt(p)

)
∈ TpM at t = 0. The next

proposition shows how it can also be used to compute the derivative of this expression at other times.
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Proposition 11.5. Suppose M is a smooth manifold and V,W ∈ X(M). Let θ be the flow of V . For
any (t0, p) in the domain of θ,

d

dt

∣∣∣∣
t=t0

d(θ−t)θt(p)
(
Wθt(p)

)
= d(θ−t0)

(
(LVW )θt0 (p)

)
. (11.3)

Proof. Let p ∈M be arbitrary, let D(p) ⊆ R denote the domain of the integral curve θ(p), and consider the
map X : D(p) → TpM given by X(t) = d(θ−t)θt(p)

(
Wθt(p)

)
. The same idea as in the proof of Lemma 11.2

shows that X is a smooth curve in the vector space TpM . Making the change of variables t = t0 + s, we
obtain

X ′(t0) =
d

ds

∣∣∣∣
s=0

X(t0 + s) =
d

ds

∣∣∣∣
s=0

d(θ−t0−s)
(
Wθs+t0 (p)

)
=

d

ds

∣∣∣∣
s=0

d(θ−t0) ◦ d(θ−s)
(
Wθs(θt0 (p))

)
= d(θ−t0)

(
d

ds

∣∣∣∣
s=0

d(θ−s)
(
Wθs(θt0 (p))

))
.

The last equality follows because d(θ−t0) : Tθt0 (p)M → TpM is a linear map that is independent of s. By
definition of the Lie derivative, this last expression is equal to the right-hand side of (11.3).

11.1 Commuting Vector Fields

Definition 11.6. Let M be a smooth manifold and V,W ∈ X(M). We say that V and W commute
if VWf = WV f for every smooth function f , or equivalently if [V,W ] ≡ 0.

If θ is a smooth flow, a vector field W is said to be invariant under θ if W is θt-related to itself for
each t or equivalently that d(θt)p(Wp) = Wθt(p) for all (t, p) in the domain of θ.

The next proposition shows that these two concepts are intimately related.

Proposition 11.7. For smooth vector fields V and W on a smooth manifold M , the following are
equivalent:

(a) V and W commute.

(b) W is invariant under the flow of V .

(c) V is invariant under the flow of W .

As a result, every smooth vector field is invariant under its own flow.

Proof. Suppose V,W ∈ X(M), and let θ denote the flow of V . We prove (b) =⇒ (a). If (b) holds,
then Wθt(p) = d(θt)p(Wp) whenever (t, p) is in the domain of θ. Applying d(θ−t)θt(p) to both sides, we
conclude that d(θ−t)θt(p)

(
Wθt(p)

)
= Wp, which by the definition of the Lie derivative or (11.2) implies

[V,W ] = LVW = 0. The same argument shows that (c) implies (a).
To prove that (a) implies (b), assume that [V,W ] = LVW = 0. Let p ∈ M be arbitrary, and let

X(t) = d(θ−t)θt(p)
(
Wθt(p)

)
for t ∈ D(p). Proposition 11.5 shows that X ′(t) ≡ 0. Since X(0) = Wp, this

implies that X(t) = Wp for all t ∈ D(p), and applying d(θt)p to both sides yields the identity that says W is
invariant under θ. Similarly (a) implies (c).
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We now relate commuting vector fields in terms of the relationship between their respective flows.
More precisely, the next theorem will prove that two vector fields commute if and only if their flows
commute. But what does two flows commuting with each other means?

Suppose V and W are smooth vector fields on M , and let θ and ψ be their respective flows. If V and
W are complete vector fields and hence θ and ψ are global flows, then their flows commute means

θt ◦ ψs = ψs ◦ θt for all s, t ∈ R.

However, if either V or W is not complete, the most we can hope for is that this equation holds for all s
and t such that both sides are defined.

Unfortunately, even when the vector fields commute, their flows might not commute in this naive sense,
because there are examples of commuting vector fields V and W and particular choices of t, s, and p for
which both θt ◦ ψs(p) and ψs ◦ θt(p) are defined, but they are not equal.

Exercise 11.8. Consider R3 and consider the vector fields

V =
∂

∂x
− y

x2 + y2
∂

∂z
, W =

∂

∂y
+

x

x2 + y2
∂

∂z
.

Let θ and ψ be the flow of V and W respectively. Show that V and W commute but there exist p ∈ R3 and
s, t ∈ R such that θt ◦ ψs(p) and ψs ◦ θt(p) both exist but are not equal. (Hint: for instance, p = (1,−1, 0)
and s = 2, t = −2 does the job. Maybe write the equation for the integral curves.)

Here is the problem: if θt ◦ψs(p) is defined for t = t0 and s = s0, then by the properties of flow domains,
it must be defined for all t in some open interval containing 0 and t0, but the analogous statement need
not be true of s - there might be values of s between 0 and s0 for which the integral curve of V starting at
ψs(p) does not extend all the way to t = t0.

Thus we make the following definition.

Definition 11.9. If θ and ψ are flows on M , we say that θ and ψ commute if the following condition
holds for every p ∈ M : whenever J and K are open intervals containing 0 such that one of the
expressions θt ◦ ψs(p) or ψs ◦ θt(p) is defined for all (s, t) ∈ J ×K, both are defined and they are
equal. For global flows, this is the same as saying that θt ◦ ψs = ψs ◦ θt for all s and t.

Here is the main result for commuting flows.

Theorem 11.10. Smooth vector fields commute if and only if their flows commute.

Proof. Let V and W be smooth vector fields on a smooth manifold M , and let θ and ψ denote their
respective flows. Assume first that V and W commute. Suppose that p ∈ M , and J and K are open
intervals containing 0 such that ψs ◦ θt(p) is defined for all (s, t) ∈ J × K. By Proposition 11.7, the
hypothesis implies that V is invariant under ψ. Fix any s ∈ J , and consider the curve γ : K →M defined
by γ(t) = ψs ◦ θt(p) = ψs

(
θ(p)(t)

)
. This curve satisfies γ(0) = ψs(p), and its velocity at t ∈ K is

γ′(t) =
d

dt

(
ψs(θ

(p)(t))
)

= d(ψs)
(
θ(p)′(t)

)
= d(ψs)(Vθ(p)(t)) = Vγ(t).

Thus, γ is an integral curve of V starting at ψs(p). By uniqueness, therefore,

γ(t) = θψs(p)(t) = θt
(
ψs(p)

)
.

This proves that θ and ψ commute.
Conversely, assume that the flows commute, and let p ∈ M . If ε > 0 is chosen small enough that

ψs ◦ θt(p) is defined whenever |s| < ε and |t| < ε, then the hypothesis guarantees that ψs ◦ θt(p) = θt ◦ψs(p)
for all such s and t. This can be rewritten in the form

ψθt(p)(s) = θt
(
ψ(p)(s)

)
.
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Differentiating this relation with respect to s, we get

Wθt(p) =
d

ds

∣∣∣∣
s=0

ψθt(p)(s) =
d

ds

∣∣∣∣
s=0

θt
(
ψ(p)(s)

)
= d(θt)p(Wp).

Applying d(θ−t)θt(p) to both sides, we conclude

d(θ−t)θt(p)
(
Wθt(p)

)
= Wp.

Differentiating with respect to t and applying the definition of the Lie derivative shows that (LVW )p =
0.
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12. Cotangent bundle and 1-forms

Recall that if V is a finite-dimensional R-vector space then the space of all linear functionals, i.e., linear
maps ω : V → R is denoted by V ∗ and is called the dual space to V . Elements of V ∗ are called covectors on
V . In fact, we immediately get a basis of V ∗ once we choose a basis of V as given in the next proposition.

Proposition 12.1. Let V be a finite-dimensional vector space. Given any basis (e1, . . . , en) for V , let
ε1, . . . , εn ∈ V ∗ be the covectors defined by

εi(ej) = δij ,

where δij is the Kronecker delta symbol. Then (ε1, . . . , εn) is a basis for V ∗, called the dual basis to (ej)
and hence dimV ∗ = dimV .

So, for instance, for the standard basis (e1, . . . , en) of Rn, the dual basis is denoted by
(
e1, . . . , en

)
, and

is called the standard dual basis. Notice that we are using upper indices for denoting the covectors. These
basis covectors are the linear functionals on Rn given by

ei(v) = ei
(
v1, . . . , vn

)
= vi.

In matrix notation, a linear map from Rn to R is represented by a 1× n matrix, that is, it is a row matrix.
The basis covectors can therefore also be thought of as the linear functionals represented by the row
matrices

e1 = (1 0 . . . 0), e2 = (0 1 0 . . . 0), . . . , en = (0 . . . 0 1).

In general, if (ej) is a basis for V and (εi) is its dual basis, then for any vector v = vjej ∈ V , we have

εi(v) = vj εi(ej) = vj δij = vi.

We can express an arbitrary covector ω ∈ V ∗ in terms of the dual basis as

ω = ωi ε
i, (12.1)

where the components are determined by ωi = ω(ei) and similarly, the action of ω on a vector v = vjej is

ω(v) = ωi v
i. (12.2)

Notation: We always write basis covectors with upper indices, and components of a covector with lower
indices.
Suppose V and W are vector spaces and L : V →W is a linear map. We define a linear map L∗ : W ∗ → V ∗,
called the dual map or transpose of L, by

(L∗ω)(v) = ω(Lv) for ω ∈W ∗, v ∈ V.

The dual maps satisfies the following properties.

(1) (A ◦B)∗ = B∗ ◦A∗.

(2) (IdV )∗ : V ∗ → V ∗ is the identity map of V ∗.

For a vector space V , we also have a second dual space V ∗∗ = (V ∗)∗. For each vector space V there is
a natural, basis-independent map ξ : V → V ∗∗, defined as follows. For each vector v ∈ V , define a linear
functional ξ(v) : V ∗ → R by

ξ(v)(ω) = ω(v) for ω ∈ V ∗.

Proposition 12.2. For any finite-dimensional vector space V , the map ξ : V → V ∗∗ is an isomorphism.
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Proof. Because dimV = dimV ∗∗, it suffices to verify that ξ is injective. Suppose v ∈ V is not zero. Extend
v to a basis (v = e1, . . . , en) for V , and let (ε1, . . . , εn) denote the dual basis for V ∗. Then ξ(v) 6= 0 because

ξ(v)
(
ε1
)

= ε1(v) = ε1(e1) = 1.

The preceding proposition shows that when V is finite-dimensional, we can unambiguously identify
V ∗∗ with V itself, because the map ξ is canonically defined, without reference to any basis. It is important
to observe that although V ∗ is also isomorphic to V (for the simple reason that any two finite-dimensional
vector spaces of the same dimension are isomorphic), there is no canonical isomorphism V ∼= V ∗.

12.1 Tangent Covectors on Manifolds

Now let M be a smooth manifold. For each p ∈M , we define the cotangent space at p, denoted by T ∗pM ,
to be the dual space to TpM

T ∗pM = (TpM)∗ .

Elements of T ∗pM are called tangent covectors at p, or just covectors at p.
Let (U, xi) be a coordinate chart. Then the coordinate basis

(
∂
∂xi

∣∣
p

)
gives rise to a dual basis for T ∗pM ,

which we denote by
(
λi
∣∣
p

)
. Any covector ω ∈ T ∗pM can thus be written uniquely as ω = ωi λ

i
∣∣
p
, where

ωi = ω

(
∂

∂xi

∣∣∣∣
p

)
.

Let us try to understand how the covectors look like under change of coordinate system. Suppose that
(x̃j) is another set of smooth coordinates whose domain contains p, and let

(
λ̃j
∣∣
p

)
denote the basis for

T ∗pM dual to
(
∂
∂x̃j

∣∣
p

)
. We recall that the coordinate vector fields transform as follows:

∂

∂xi

∣∣∣∣
p

=
∂x̃j

∂xi
(p)

∂

∂x̃j

∣∣∣∣
p

. (12.3)

Writing ω in both systems as ω = ωi λ
i
∣∣
p

= ω̃j λ̃
j
∣∣
p
, we can use (12.3) to compute the components ωi in

terms of ω̃j:

ωi = ω

(
∂

∂xi

∣∣∣∣
p

)
= ω

(
∂x̃j

∂xi
(p)

∂

∂x̃j

∣∣∣∣
p

)
=
∂x̃j

∂xi
(p)ω̃j . (12.4)

Thus, the components of a vector, i.e., the n-tuples (v1, . . . , vn) and (ṽ1, . . . , ṽn) assigned to two different
coordinate systems (xi) and (x̃j) were related by the transformation law

ṽj =
∂x̃j

∂xi
(p)vi,

and a covector transforms, according to the following slightly different rule:

ωi =
∂x̃j

∂xi
(p)ω̃j . (11.7)

12.2 Covector Fields or 1-forms

For any smooth manifold M the disjoint union

T ∗M =
∐
p∈M

T ∗pM
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is called the cotangent bundle of M . It has a natural projection map π : T ∗M → M sending ω ∈ T ∗pM
to p ∈ M . As above, given any smooth local coordinates (xi) on an open subset U ⊆ M , for each p ∈ U
we denote the basis for T ∗pM dual to

(
∂
∂xi

∣∣
p

)
by
(
λi
∣∣
p

)
. This defines n maps λ1, . . . , λn : U → T ∗M , called

coordinate covector fields. Just like the case for tangent bundle Theorem 5.8, the next result states that
the cotangent bundle is also a 2n-dimensional manifold with a smooth structure inherited from M .

Theorem 12.3. Let M be a smooth n-manifold. The cotangent bundle T ∗M has a unique topology
and smooth structure making it into a smooth 2n-dimensional manifold.

Proof. We leave the proof as an exercise.

As in the case of the tangent bundle, smooth local coordinates for M yield smooth local coordinates for
its cotangent bundle. If (xi) are smooth coordinates on an open subset U ⊆M ,then the map from π−1(U)
to R2n given by

ξi λ
i
∣∣
p
7→
(
x1(p), . . . , xn(p), ξ1, . . . , ξn

)
is a smooth coordinate chart for T ∗M . We call (xi, ξi) the natural coordinates for T ∗M associated with
(xi).

Again, as was the case with vector fields, we have the following definition.

Definition 12.4. A covector field or a (differential) 1-form is a continuous map ω : M → T ∗M
such that

π ◦ ω = idM .

Thus, for every p ∈M , ωp ∈ T ∗pM .

In any smooth local coordinates on an open subset U ⊆M , a covector field ω can be written in terms of
the coordinate covector fields (λi) as ω = ωi λ

i for n functions ωi : U → R called the component functions
of ω. They are characterized by

ωi(p) = ωp

(
∂

∂xi

∣∣∣∣
p

)
.

If ω is a covector field and X is a vector field on M , then we can form a function ω(X) : M → R by

ω(X)(p) = ωp(Xp), p ∈M.

If we write ω = ωi λ
i and X = Xj ∂

∂xj
in terms of local coordinates, then ω(X) has the local coordinate

representation ω(X) = ωiX
i.

Just as in the case of vector fields, there are several ways to check for smoothness of a covector field.

Proposition 12.5. Let M be a smooth manifold and let ω : M → T ∗M be a covector field. The
following are equivalent:

1. ω is smooth.

2. In every smooth coordinate chart, the component functions of ω are smooth.

3. For every smooth vector field X ∈ X(M), the function ω(X) is smooth on M .

4. For every open subset U ⊆M and every smooth vector field X on U , the function ω(X) : U → R
is smooth on U .

We denote the real vector space of all smooth covector fields on M by X∗M or Ω1(M). For f ∈ C∞(M),
the covector field fω is defined as

(fω)p = f(p)ωp. (12.5)
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12.3 The Differential of a Function

Recall that the gradient of a smooth real-valued function f on Rn is defined as the vector field whose
components are the partial derivatives of f

grad f =

n∑
i=1

∂f

∂xi
∂

∂xi
.

Although the partial derivatives of a smooth function cannot be interpreted in a coordinate-independent
way as the components of a vector field, it turns out that they can be interpreted as the components of a
covector field. This is the most important application of covector fields.

Definition 12.6. Let f be a smooth real-valued function on a smooth manifold M We define a
covector field df , called the differential of f , by

dfp(v) = vf for v ∈ TpM.

Proposition 12.7. The differential of a smooth function is a smooth covector field.

Proof. Clearly at each point p ∈M , dfp(v) depends linearly on v, so that dfp is indeed a covector at p. To
see that df is smooth, we use Proposition 12.5 (3): for any smooth vector field X on M , the function df(X)
is smooth because it is equal to Xf .

Let us compute df in coordinates or in other words, let’s compute its coordinate representation. Let (xi)
be smooth coordinates on an open subset U ⊆M , and let (λi) be the corresponding coordinate dual basis
on U . Write df in coordinates as dfp = Ai(p)λ

i
∣∣
p

for some functions Ai : U → R; then the definition of df
implies

Ai(p) = dfp

(
∂

∂xi

∣∣∣∣
p

)
=

∂

∂xi

∣∣∣∣
p

f =
∂f

∂xi
(p).

This yields the following formula for the coordinate representation of df :

dfp =
∂f

∂xi
(p)λi

∣∣∣∣
p

. (12.6)

Thus, the component functions of df in any smooth coordinate chart are the partial derivatives of f with
respect to those coordinates. As a result, the differential of f in coordinates is analogous to the gradient of
f in local coordinates but df makes sense irrespective of any coordinate system.

Applying (12.6) to the special case in which f is one of the coordinate functions xj : U → R, we obtain

dxj
∣∣
p

=
∂xj

∂xi
(p)λi

∣∣
p

= δji λ
i
∣∣
p

= λj
∣∣
p
.

In other words, the coordinate covector field λj is none other than the differential dxj . Therefore, the
formula (12.6) for dfp can be rewritten as

dfp =
∂f

∂xi
(p) dxi

∣∣
p
,

or as an equation between covector fields instead of covectors:

df =
∂f

∂xi
dxi. (11.11)

From now on, we abandon the notation λi for the coordinate coframe, and use dxi instead.
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Example 12.8. If f(x, y) = x2y cosx on R2, then df is given by the formula

df =
∂
(
x2y cosx

)
∂x

dx+
∂
(
x2y cosx

)
∂y

dy

=
(
2xy cosx− x2y sinx

)
dx+ x2 cosx dy.

Recall that for a smooth real-valued function f : M → R, we now have two different definitions for the
differential of f at a point p ∈ M . Previously, we defined dfp as a linear map from TpM to Tf(p)R.Now,
we defined dfp as a covector at p, which is to say a linear map from TpM to R. These are really the same
object, once we take into account the canonical identification between R and Tf(p)R; one easy way to see
this is to note that both are represented in coordinates by the row matrix whose components are the partial
derivatives of f .

Proposition 12.9 (Properties of the Differential). Let M be a smooth manifold and let f, g ∈ C∞(M).

(a) If a and b are constants, then d(af + bg) = a df + b dg.

(b) d(fg) = f dg + g df .

(c) d(f/g) = (g df − f dg)/g2 on the set where g 6= 0.

(d) If f is constant, then df = 0.

Proposition 12.10 (Functions with Vanishing Differentials). If f is a smooth real-valued function on
a smooth manifold M then df = 0 if and only if f is constant on each component of M .

Proof. It suffices to assume that M is connected and show that df = 0 if and only if f is constant. One
direction is immediate: if f is constant, then df = 0. Conversely, suppose df = 0, let p ∈ M , and let
C = {q ∈ M : f(q) = f(p)}. If q is any point in C, let U be a smooth coordinate ball centred at q. From
(11.11) we see that ∂f

∂xi
≡ 0 in U for each i, so by elementary calculus f is constant on U . This shows

that C is open, and since it is closed by continuity, it must be all of M . Thus, f is everywhere equal to the
constant f(p).
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12.4 Pullbacks of Covector Fields

As we have seen, a smooth map yields a linear map on tangent vectors called the differential. Dualizing
this leads to a linear map on covectors going in the opposite direction.

Let F : M → N be a smooth map between smooth manifolds and let p ∈M be arbitrary. The differential
dFp : TpM → TF (p)N yields a dual linear map

dF ∗p : T ∗F (p)N → T ∗pM,

called the (pointwise) pullback by F at p, or the cotangent map of F . Unraveling the definitions, we
see that dF ∗p is characterized by

dF ∗p (ω)(v) = ω
(
dFp(v)

)
, for ω ∈ T ∗F (p)N, v ∈ TpM.

Here comes the important part. Recall that when we discussed vector fields, we made a point of
noting that pushforwards of vector fields under smooth maps are defined only in the special cases of
diffeomorphisms or Lie group homomorphisms (recall the notion of being F -related). The surprising thing
about covectors is that covector fields always pull back to covector fields.

Definition 12.11. Given a smooth map F : M → N and a covector field ω on N , define a covector
field F ∗ω on M , called the pullback of ω by F , by

(F ∗ω)p = dF ∗p
(
ωF (p)

)
. (12.7)

It acts on a vector v ∈ TpM by
(F ∗ω)p(v) = ωF (p)

(
dFp(v)

)
.

In contrast to the vector field case, there is no ambiguity here about what point to pull back from:
the value of F ∗ω at p is the pullback of ω at F (p).

Let us prove two important properties of the pullback.

Proposition 12.12. Let F : M → N be a smooth map between smooth manifolds. Suppose u is a
continuous real-valued function on N , and ω is a covector field on N . Then

F ∗(uω) = (u ◦ F )F ∗ω. (12.8)

If in addition u is smooth, then
F ∗du = d(u ◦ F ). (12.9)

Proof. To prove (12.8) we compute(
F ∗(uω)

)
p

= dF ∗p
(
(uω)F (p)

)
= dF ∗p

(
u(F (p))ωF (p)

)
= u

(
F (p)

)
dF ∗p

(
ωF (p)

)
(by linearity of dF ∗p )

= u
(
F (p)

)
(F ∗ω)p (by definition)

=
(
(u ◦ F )F ∗ω

)
p
.

For (12.9), we let v ∈ TpM be arbitrary, and compute

(F ∗du)p(v) =
(
dF ∗p

(
duF (p)

))
(v) (by (12.7))

= duF (p)

(
dFp(v)

)
(by definition of dF ∗p )

= dFp(v)u (by definition of du)

= v(u ◦ F ) (by definition of dFp)

= d(u ◦ F )p(v) (by definition of d(u ◦ F )).
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Proposition 12.13. Suppose F : M → N is a smooth map between smooth manifolds and let ω be a
covector field on N . Then F ∗ω is a covector field on M . If ω is smooth, then so is F ∗ω.

Proof. Let p ∈ M be arbitrary, and choose smooth coordinates (yj) for N in a neighborhood V of F (p).
Let U = F−1(V ), which is a neighborhood of p. Writing ω in coordinates as ω = ωj dy

j for continuous
functions ωj on V and using Proposition 12.12 twice, we have the following computation in U :

F ∗ω = F ∗
(
ωj dy

j
)

= (ωj ◦ F )F ∗ dyj = (ωj ◦ F )d
(
yj ◦ F

)
. (12.10)

This expression is continuous, and is smooth if ω is smooth.

Example 12.14. Let F : R3 → R2 be the map given by

(u, v) = F (x, y, z) =
(
x2y, y sin z

)
,

and let ω ∈ X∗
(
R2
)

be the covector field

ω = u dv + v du.

According to (12.10), the pullback F ∗ω is given by

F ∗ω = (u ◦ F )d(v ◦ F ) + (v ◦ F )d(u ◦ F )

=
(
x2y
)
d(y sin z) + (y sin z)d

(
x2y
)

= x2y(sin z dy + y cos z dz) + y sin z
(
2xy dx+ x2 dy

)
= 2xy2 sin z dx+ 2x2y sin z dy + x2y2 cos z dz.

Suppose M is a smooth manifold, S ⊆M is an immersed submanifold and ι : S ↪→M is the inclusion
map. If ω is any smooth covector field on M , the pullback by ι yields a smooth covector field ι∗ω on S. To
see what this means, let v ∈ TpS be arbitrary, and compute

(ι∗ω)p(v) = ωp
(
dιp(v)

)
= ωp(v),

since dιp : TpS → TpM is just the inclusion map, under our usual identification of TpS with a subspace of
TpM . Thus, ι∗ω is just the restriction of ω to vectors tangent to S. For this reason, ι∗ω is often called the
restriction of ω to S.

12.5 Lie Derivatives of 1-forms

The Lie derivative operation can be extended to covector fields. Suppose M is a smooth manifold, V is
a smooth vector field on M , and θ is its flow. For any p ∈M , if t is sufficiently close to zero, then θt is a
diffeomorphism from a neighborhood of p to a neighbourhood of θt(p), so d(θt)

∗
p pulls back covectors at

θt(p) to ones at p by the formula

d(θt)
∗
p(ωθt(p))(v) = ωθt(p)(d(θt)p(v1)).

Note that d(θt)
∗
p(ωθt(p)) is just the value of the pullback covector field θ∗tω at p.
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Definition 12.15. Given a smooth covector field ω on M , we define the Lie derivative of ω with
respect to V , denoted by LV ω, by

(LV ω)p =
d

dt

∣∣∣∣
t=0

(θ∗tω)p = lim
t→0

d(θt)
∗
p(ωθt(p))− ωp

t
, (12.11)

provided the derivative exists.

Just as for the case of vector fields we have

Proposition 12.16. With M , V , and ω as above, the derivative in (12.11) exists for every p ∈M and
defines LV ω as a smooth covector field on M .

Lemma 12.17. Let M be a smooth manifold and let V ∈ X(M). Suppose f is a smooth real-valued
function on M , and ω is a smooth covector field on M . Then

(a) LV (fω) = (LV f)ω + fLV ω.

(b) If X is a smooth vector field then,

LV (ω(X)) = (LV ω)(X) + ω(LVX) (12.12)

One consequence of this proposition is the following formula expressing the Lie derivative of any
smooth covector field in terms of Lie brackets and ordinary directional derivatives of functions, which
allows us to compute Lie derivatives without first determining the flow.

Corollary 12.18. We have the following.

1. If V is a smooth vector field and ω is a smooth covector field, then for any smooth vector fields X

(LV ω)(X) = V (ω(X))− ω([V,X]). (12.13)

2. If f ∈ C∞(M), then LV (df) = d(LV f).

Proof. We just prove (2). Using (12.13), for any X ∈ X(M) we compute

(LV df)(X) = V (df(X))− df([V,X]) = V Xf − [V,X]f

= V Xf − (V Xf −XV f) = XV f

= d(V f)(X) = d(LV f)(X). �
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13. Tensors

After having studied the concept of vector fields and covector fields in detail and understanding the
techniques to study them, we now start with the study of tensors which provide a uniform way to combine
the study of tangent and cotangent bundles. We begin with tensors on a vector space, which are multilinear
generalizations of covectors; a covector is the special case of a tensor of rank one.

Many geometric structures which we will see in the study of differential geometry are tensors: for
instance, Riemannian metrics, almost complex structures, symplectic structures, differential forms etc.

13.1 Multilinear Algebra

Recall that covectors are real-valued linear functions on a vector space. A tensor is a generalization of this
in the sense that tensors are real-valued multilinear functions of one or more variables.

Suppose V1, . . . , Vk, and W are vector spaces. A map

F : V1 × · · · × Vk →W

is said to be multilinear if it is linear as a function of each variable for each i,

F (v1, . . . , avi + bv′i, . . . , vk) = aF (v1, . . . , vi, . . . , vk) + bF (v1, . . . , v
′
i, . . . , vk).

In this way, a multilinear function of one variable is just a linear function, and a multilinear function of
two variables is generally called bilinear. Let us write L(V1, . . . , Vk;W ) for the set of all multilinear maps
from V1 × · · · × Vk to W . It is a vector space under the usual operations of pointwise addition and scalar
multiplication:

(F + F ′)(v1, . . . , vk) = F (v1, . . . , vk) + F ′(v1, . . . , vk),

(aF )(v1, . . . , vk) = a(F (v1, . . . , vk)).

For example, dot product in Rn, the cross product in R3, the determinant are all examples of multilinear
maps. Let’s see a different but rather important example.

Example 13.1 (Tensor product of covectors). Suppose V is a vector space, and ω, η ∈ V ∗. Define a
function ω ⊗ η : V × V → R by

ω ⊗ η(v1, v2) = ω(v1)η(v2),

where the product on the right is just ordinary multiplication of real numbers. The linearity of ω and η
guarantees that ω ⊗ η is a bilinear function of v1 and v2. If (e1, e2) denotes the standard dual basis for
(R2)∗, then e1 ⊗ e2 : R2 × R2 → R is the bilinear function

e1 ⊗ e2((w, x), (y, z)) = wz.

We can generalize the last example to any arbitrary real-valued multilinear functions as follows: let
V1, . . . , Vk,W1, . . . ,Wl be real vector spaces, and suppose F ∈ L(V1, . . . , Vk;R) and G ∈ L(W1, . . . ,Wl;R).
Define a function

F ⊗G : V1 × · · · × Vk ×W1 × · · · ×Wl → R

by
F ⊗G(v1, . . . , vk, w1, . . . , wl) = F (v1, . . . , vk)G(w1, . . . , wl). (12.1)

It follows from the multilinearity of F and G that F ⊗G(v1, . . . , vk, w1, . . . , wl) depends linearly on each
argument vi or wj separately, so F ⊗ G is an element of L(V1, . . . , Vk,W1, . . . ,Wl;R), called the tensor
product of F and G. One can show that

(F ⊗G)⊗H = F ⊗ (G⊗H).

Thus, we can write tensor products of three or more multilinear functions unambiguously without
parentheses. If F1, . . . , Fl are multilinear functions depending on k1, . . . , kl variables, respectively, their
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tensor product F1 ⊗ · · · ⊗ Fl is a multilinear function of k = k1 + · · · + kl variables, whose action on k
vectors is given by inserting the first k1 vectors into F1, the next k2 vectors into F2, and so forth, and
multiplying the results together.

If ωj ∈ V ∗j for j = 1, . . . , k, then ω1 ⊗ · · · ⊗ ωk ∈ L(V1, . . . , Vk;R) is the multilinear function given by

ω1 ⊗ · · · ⊗ ωk(v1, . . . , vk) = ω1(v1) · · ·ωk(vk). (13.1)

The next proposition shows that a basis for any space of multilinear functions can be formed by taking
all possible tensor products of basis covectors.

Proposition 13.2 (A Basis for the Space of Multilinear Functions). Let V1, . . . , Vk be real vector
spaces of dimensions n1, . . . , nk, respectively. For each j ∈ {1, . . . , k}, let (E

(j)
1 , . . . , E

(j)
nj ) be a basis for

Vj , and let (ε1(j), . . . , ε
nj
(j)) be the corresponding dual basis for V ∗j . Then the set

B =
{
εi1(1) ⊗ · · · ⊗ ε

ik
(k) : 1 ≤ i1 ≤ n1, . . . , 1 ≤ ik ≤ nk

}
is a basis for L(V1, . . . , Vk;R), which therefore has dimension equal to n1 · · ·nk.

Proof. We need to show that B is linearly independent and spans L(V1, . . . , Vk;R). Suppose F ∈
L(V1, . . . , Vk;R) is arbitrary. For each ordered k-tuple (i1, . . . , ik) of integers with 1 ≤ ij ≤ nj , define a
number Fi1...ik by

Fi1...ik = F
(
E

(1)
i1
, . . . , E

(k)
ik

)
. (13.2)

If we show that
F = Fi1...ikε

i1
(1) ⊗ · · · ⊗ ε

ik
(k)

the it will follow that B spans L(V1, . . . , Vk;R). For any k-tuple of vectors (v1, . . . , vk) ∈ V1× · · · ×Vk, write
v1 = vi11 E

(1)
i1
, . . . , vk = vikk E

(k)
ik

, and compute

Fi1...ikε
i1
(1) ⊗ · · · ⊗ ε

ik
(k)(v1, . . . , vk) = Fi1...ikε

i1
(1)(v1) · · · ε

ik
(k)(vk)

= Fi1...ikv
i1
1 · · · v

ik
k ,

while F (v1, . . . , vk) is equal to the same thing by multilinearity. This proves the claim.
To show that B is linearly independent, suppose some linear combination equals zero:

Fi1...ikε
i1
(1) ⊗ · · · ⊗ ε

ik
(k) = 0.

Apply this to any ordered k-tuple of basis vectors, (E
(1)
j1
, . . . , E

(k)
jk

). By the same computation as above, this
implies that each coefficient Fj1...jk is zero. Thus, the only linear combination of elements of B that sums
to zero is the trivial one. �

This proof shows, by the way, that the components Fi1...ik of a multilinear function F in terms of the
basis elements in B are given by (13.2). Thus, F is completely determined by its action on all possible
sequences of basis vectors.
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13.2 Covariant and Contravariant Tensors

Definition 13.3. Let V be a finite-dimensional real vector space. If k is a positive integer, a covariant
k-tensor on V is an element of the k-fold tensor product V ∗ ⊗ · · · ⊗ V ∗, which can also be thoght of
as a real-valued multilinear function of k elements of V :

α : V × · · · × V︸ ︷︷ ︸
k copies

−→ R.

The number k is called the rank of α.

Thus, a covriant tensor eats k-vectors and spits out a real number. A 0-tensor is, by convention, just a
real number. We denote the vector space of all covariant k-tensors on V by the notation

T k(V ∗) = V ∗ ⊗ · · · ⊗ V ∗︸ ︷︷ ︸
k copies

.

For instance, a covector is a covariant tensor of rank 1. An inner product is a covariant tensor of rank 2.

Definition 13.4. For any finite-dimensional real vector space V , we define the space of contravariant
tensors on V of rank k to be the vector space

T k(V ) = V ⊗ · · · ⊗ V︸ ︷︷ ︸
k copies

.

Elements of T k(V ) can also be thought of as

T k(V ) ∼=

multilinear functions α : V ∗ × · · · × V ∗︸ ︷︷ ︸
k copies

→ R

 .

Combining the previous two definitions we have the following

Definition 13.5. For any nonnegative integers k, l, we define the space of mixed tensors on V of type
(k, l) as

T (k,l)(V ) = V ⊗ · · · ⊗ V︸ ︷︷ ︸
k copies

⊗V ∗ ⊗ · · · ⊗ V ∗︸ ︷︷ ︸
l copies

.

Thus, in our notation, for instance,

T (0,0)(V ) = T 0(V ∗) = T 0(V ) = R,

T (0,1)(V ) = T 1(V ∗) = V ∗,

T (1,0)(V ) = T 1(V ) = V,

T (0,k)(V ) = T k(V ∗),

T (k,0)(V ) = T k(V ).

Remark 13.6. The notation T (k,l)(V ) is not universal. Another common notation is T kl (V ). Another
notation reverse the roles of k and l so one must be careful in reading another source.
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A corollary of Proposition 13.2 is the following statement on basis of the space of tensors.

Corollary 13.7. Let V be an n-dimensional real vector space with a basis (Ei) and let (εj) is the dual
basis for V ∗. Then the following sets constitute bases for the tensor spaces over V :{

εi1 ⊗ · · · ⊗ εik : 1 ≤ i1, . . . , ik ≤ n
}

for T k(V ∗);

{Ei1 ⊗ · · · ⊗ Eik : 1 ≤ i1, . . . , ik ≤ n} for T k(V );{
Ei1 ⊗ · · · ⊗ Eik ⊗ ε

j1 ⊗ · · · ⊗ εjl : 1 ≤ i1, . . . , ik, j1, . . . , jl ≤ n
}

for T (k,l)(V ).

Therefore,
dimT k(V ∗) = dimT k(V ) = nk and dimT (k,l)(V ) = nk+l.

Thus, given a basis of V and the corresponding dual basis, we can explicitly write the expression of any
element A ∈ T k(V ∗). We have

A = Ai1...ikε
i1 ⊗ · · · ⊗ εik ,

where the nk coefficients Ai1...ik are determined by

Ai1...ik = A(Ei1 , . . . , Eik).

13.3 Tensor Fields on Manifolds

Let M be a smooth manifold. We mimic our descriptions of tangent bundle and cotangent bundle to first
define the bundle of covariant k-tensors on M by

T kT ∗M =
∐
p∈M

T k(T ∗pM).

Analogously, we define the bundle of contravariant k-tensors by

T kTM =
∐
p∈M

T k(TpM),

and the bundle of mixed tensors of type (k, l) by

T (k,l)TM =
∐
p∈M

T (k,l)(TpM).

Immediately, we see, for instance that

T (0,0)TM = T 0T ∗M = T 0TM = M × R,

T (0,1)TM = T 1T ∗M = T ∗M,

T (1,0)TM = T 1TM = TM,

T (0,k)TM = T kT ∗M,

T (k,0)TM = T kTM.

Just like the case with the tangent and cotangent bundle, one can prove that the above space, also called
tensor bundle over M are smooth manifolds with a smooth structure inherited from M and they also
come equipped with a projection map π : T (k,l)(M) → M . Thus, we can also mimic the description of
vector fields and covector fields to give the following definition.
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Definition 13.8. A (k, l)-tensor field α on a smooth manifold M is a continuous map

α : M → T (k,l)(M)

such that
π ◦ α = idM .

The tensor field α is smooth if it is a smooth map between smooth manifolds.

We see that contravariant 1-tensor fields are the same as vector fields, and covariant 1-tensor fields are
covector fields, a 0-tensor field is the same as a continuous real-valued function.
Notation: We will denote the space of all (k, l)-tensor fields by Γ(T (k,l)TM). These are infinite-dimensional
vector spaces over R, and are modules overC∞(M). In any smooth local coordinates (xi), elements of
these bundles can be written (using the summation convention) as

A =



Ai1...ik dx
i1 ⊗ · · · ⊗ dxik , A ∈ Γ(T kT ∗M);

Ai1...ik
∂

∂xi1
⊗ · · · ⊗ ∂

∂xik
, A ∈ Γ(T kTM);

Ai1...ikj1...jl

∂

∂xi1
⊗ · · · ⊗ ∂

∂xik
⊗ dxj1 ⊗ · · · ⊗ dxjl , A ∈ Γ(T (k,l)TM).

The functions Ai1...ik , Ai1...ik , or Ai1...ikj1...jl
are called the component functions of A in the chosen coordinates.

For brevity, we will denote the space of all smooth covariant k-tensor fields by

T k(M) = Γ(T kT ∗M).

The next proposition is analogous to Proposition 9.8 which gave the smoothness criteria for vector fields or
Proposition 12.5 for covector fields. We only state this for covariant tensors but the result is similar for
other types of tensors.

Proposition 13.9. Let M be a smooth manifold and let A : M → T kT ∗M be a tensor field. The
following are equivalent.

(1) A is smooth.

(2) In every smooth coordinate chart, the component functions of A are smooth.

(3) If X1, . . . , Xk ∈ X(M), then the function A(X1, . . . , Xk) : M → R, defined by

A(X1, . . . , Xk)(p) = Ap(X1|p, . . . , Xk|p),

is smooth.

(4) Whenever X1, . . . , Xk are smooth vector fields defined on some open subset U ⊆ M , the
function A(X1, . . . , Xk) is smooth on U .

Thus, we again relegated the smoothness for a tensor field to either looking at its component functions
or cooking up a function out of A by feeding k vector fields to it and then looking at the smoothness of the
resultant function. Similar to the case of vector fields, we have the following

Proposition 13.10. Suppose M is a smooth manifold, A ∈ T k(M), B ∈ T l(M), and f ∈ C∞(M).
Then fA and A⊗B are also smooth tensor fields, whose components in any smooth local coordinate
chart are

(fA)i1...ik = fAi1...ik ,

(A⊗B)i1...ik+l
= Ai1...ikBik+1...ik+l

.
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Now a question arises: if we see a map which takes k vector fields as its arguments and gives us a
smooth function, how can we guarantee that it is indeed a smooth covariant tensor field of rank k? First of
all, we notice that any rank k-covariant tensor A induces a map

X(M)× · · · × X(M)︸ ︷︷ ︸
k copies

−→ C∞(M).

which is multilinear over R. But, in fact, more is true: it is multilinear over C∞(M), which means that for
f, f ′ ∈ C∞(M) and Xi, X

′
i ∈ X(M), we have

A(X1, . . . , fXi + f ′X ′i, . . . , Xk) = fA(X1, . . . , Xi, . . . , Xk) + f ′A(X1, . . . , X
′
i, . . . , Xk).

This property turns out to be characteristic of smooth tensor fields, as the next lemma shows, which we
state without proof.

Lemma 13.11 (Tensor Characterization Lemma). A map

A : X(M)× · · · × X(M)︸ ︷︷ ︸
k copies

−→ C∞(M), (13.3)

is induced by a smooth covariant k-tensor field as above if and only if it is multilinear over C∞(M).

A symmetric tensor field on a manifold is a covariant tensor field whose value at each point is a
symmetric tensor, i.e., the value of the tensor doesn’t change if we change the position of the vectors in its
argument. The symmetric product of two or more tensor fields is defined pointwise, just like the tensor
product. Thus, for example, if A and B are smooth covector fields, their symmetric product is the smooth
2-tensor field AB, which is given by

AB =
1

2
(A⊗B +B ⊗A).

Let us mention two more examples of tensors.

Example 13.12 (Riemannian metrics). Let M be a manifold. A Riemannian metric g on M associates to
every point p ∈M an inner product gp on TpM and thus we get a bilinear map

gp : Tp × TpM → R

which is also symmetric and positive-definite. A Riemannian metric is called smooth if the function
M → R : p 7→ g(X(p), Y (p)) is smooth for any pair of vector fields X,Y ∈ X(M). Thus, g is an example of
a (0, 2)-tensor which is symmetric.

Example 13.13 (Almost complex structure). Suppose V is a 2n-dimensional real vector space. We can
make it into an n-dimensional complex vector space if we have a map J : V → V such that J2 = −id and
then defining (a+ ib)v = av + bJV . Such a J is called a complex structure on V .

An almost complex structure on M is a map J : Γ(TM)→ Γ(TM) such that it a complex structure on
TpM for all p ∈M . Thus an almost complex structure is an example of a (1, 1)-tensor field.
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13.4 Pullbacks of Tensor Fields

Just like covector fields, covariant tensor fields can be pulled back by a smooth map to yield tensor fields
on the domain. This construction works only for covariant tensor fields, which is one reason why we focus
most of our attention on the covariant case. The reason is the same as to why the pull-back of a covector
field is always defined.

Definition 13.14. Suppose F : M → N is a smooth map. For any point p ∈ M and any k-tensor
α ∈ T k(T ∗F (p)N), we define a tensor dF ∗p (α) ∈ T k(T ∗pM), called the pointwise pullback of α by F
at p, by

dF ∗p (α)(v1, . . . , vk) = α(dFp(v1), . . . , dFp(vk)), v1, . . . , vk ∈ TpM. (13.4)

If A is a covariant k-tensor field on N , we define a k-tensor field F ∗A on M , called the pullback of
A by F , by

(F ∗A)p = dF ∗p (AF (p)),

which acts on vectors v1, . . . , vk ∈ TpM by

(F ∗A)p(v1, . . . , vk) = AF (p)(dFp(v1), . . . , dFp(vk)). (13.5)

In precisely, the same way as we proved the properties about pullback of vector fields and covector
fields, we get the following proposition which collects together some basic properties of pullback of tensor
fields.

Proposition 13.15. Suppose F : M → N and G : N → P are smooth maps, A and B are covariant
tensor fields on N , C a tensor field on P and f ∈ C∞(N).

(a) F ∗(fA) = (f ◦ F )F ∗A.

(b) F ∗(A⊗B) = F ∗A⊗ F ∗B.

(c) F ∗(A+B) = F ∗A+ F ∗B.

(d) F ∗B is a (continuous) tensor field, and is smooth if B is smooth.

(e) (G ◦ F )∗C = F ∗(G∗C).

(f) (IdN )∗B = B.

This immediately leads to the following corollary which provides local coordinates description of the
pullback of a tensor field and should be compared with equation (12.10) for covector fields.

Corollary 13.16. Let F : M → N be smooth, and let B be a covariant k-tensor field on N . If p ∈M
and (yi) are smooth coordinates for N on a neighborhood of F (p), then F ∗B has the following
expression in a neighborhood of p:

F ∗
(
Bi1...ik dy

i1 ⊗ · · · ⊗ dyik
)

= (Bi1...ik ◦ F ) d(yi1 ◦ F )⊗ · · · ⊗ d(yik ◦ F ). (13.6)

In general, there is neither a pushforward nor a pullback operation for mixed tensor fields. However, in
the special case of a diffeomorphism, tensor fields of any variance can be pushed forward and pulled back.
We just state the result and important properties below.
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Proposition 13.17. Let F : M → N be a diffeomorphism between smooth manifold, Then

F∗ : Γ(T (k,l)TM)→ Γ(T (k,l)TN), F ∗ : Γ(T (k,l)TN)→ Γ(T (k,l)TM),

generalize the usual pushforwards and pullbacks of vector fields and covector fields respectively such that

1. F∗ = (F ∗)−1.

2. F ∗(A⊗B) = F ∗(A)⊗ F ∗(B).

3. (F ◦G)∗ = F∗ ◦G∗ and (F ◦G)∗ = G∗ ◦ F ∗.

4. For any covariant k-tensor A on N , F ∗(A(X1, . . . , Xk)) = F ∗A(F−1∗ (X1), . . . , F
−1
∗ (Xk)).

13.5 Lie Derivatives of Tensor Fields

Once we know what pullback of tensor fields are, we can mimic the idea about taking Lie derivatives of
covector fields in the direction of a vector field and extend it to define the Lie derivative of an arbitrary
tensor field in the direction of a vector field.

Suppose M is a smooth manifold, V is a smooth vector field on M , and θ is its flow. For any p ∈M , if t
is sufficiently close to zero, then θt is a diffeomorphism from a neighborhood of p to a neighbourhood of
θt(p), so d(θt)

∗
p pulls back tensors at θt(p) to ones at p by the formula

d(θt)
∗
p(Aθt(p))(v1, . . . , vk) = Aθt(p)(d(θt)p(v1), . . . , d(θt)p(vk)).

where d(θt)
∗
p(Aθt(p)) is just the value of the pullback tensor field θ∗tA at p.

Definition 13.18. Given a smooth covariant tensor field A on M , we define the Lie derivative of
A with respect to V , denoted by LVA, by

(LVA)p =
d

dt

∣∣∣∣
t=0

(θ∗tA)p = lim
t→0

d(θt)
∗
p(Aθt(p))−Ap

t
, (13.7)

provided the derivative exists. The quantity LVA is a smooth tensor field on M and is a tensor of
the same type as A.

Proposition 13.19. Let M be a smooth manifold and let V ∈ X(M). Suppose f ∈ C∞(M), and A,B
are smooth covariant tensor fields on M . Then

(a) LV (fA) = (LV f)A+ fLVA.

(b) LV (A⊗B) = (LVA)⊗B +A⊗ LVB.

(c) If X1, . . . , Xk are smooth vector fields and A is a smooth k-tensor field,

LV (A(X1, . . . , Xk)) = (LVA)(X1, . . . , Xk) +A(LVX1, . . . , Xk) + · · ·+A(X1, . . . ,LVXk).
(13.8)

(d) We also have

(LVA)(X1, . . . , Xk) = V (A(X1, . . . , Xk))−A([V,X1], X2, . . . , Xk)− · · ·
· · · −A(X1, . . . , Xk−1, [V,Xk]). (13.9)

Proof. Erercise, which can be solved in the same way as that for vector fields.
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Let us see an example of how we can compute the Lie derivative of a (0, 2)-tensor in local coordinates.

Example 13.20. Suppose A is an arbitrary smooth covariant 2-tensor field, and V is a smooth vector
field. We compute the Lie derivative LVA in smooth local coordinates (xi). First, we observe that
LV dxi = d(LV xi) = d(V xi) = dV i. Therefore,

LVA = LV (Aijdx
i ⊗ dxj)

= LV (Aij)dx
i ⊗ dxj +Aij(LV dxi)⊗ dxj +Aijdx

i ⊗ (LV dxj)
= V Aij dx

i ⊗ dxj +Aij dV
i ⊗ dxj +Aij dx

i ⊗ dV j

=

(
V Aij +Akj

∂V k

∂xi
+Aik

∂V k

∂xj

)
dxi ⊗ dxj .

Thus, once we know the expression of the vector field V in local coordinates and the expression of the
tensor A in local coordinates, we can explicitly write down the expression for LVA in local coordinates in
terms of the derivatives of component functions of V and A. Similar formulas hold for higher rank tensors.

Recall that the Lie derivative of a vector field W with respect to V is zero if and only if W is invariant
under the flow of V which was the content of Proposition 11.7. We can say a similar thing for tensors. If A
is a smooth tensor field on M and θ is a flow on M , we say that A is invariant under θ if for each t, the
map θt pulls A back to itself wherever it is defined, that is,

d(θt)
∗
p(Aθt(p)) = Ap (12.11)

for all (t, p) in the domain of θ. If θ is a global flow, this is equivalent to θ∗tA = A for all t ∈ R.
The following result is an analog of Proposition 11.5 which shows how the Lie derivative can be used

to compute time derivatives at times other than t = 0.

Proposition 13.21. Suppose M is a smooth manifold V ∈ X(M). Let θ be the flow of V . For any
smooth covariant tensor field A and any (t0, p) in the domain of θ,

d

dt

∣∣∣∣
t=t0

(θ∗tA)p = (θ∗t0(LVA))p. (13.10)

Proof. Use the definition of the pullback of tensors to notice that (13.10) is equivalent to proving that have
to prove

d

dt

∣∣∣∣
t=t0

d(θt)
∗
p(Aθt(p)) = d(θt0)∗p((LVA)θt0 (p)).

We mimic the proof of Proposition 11.5 and do a change of variables t = s+ t0 to get

d

dt

∣∣∣∣
t=t0

d(θt)
∗
p(Aθt(p)) =

d

ds

∣∣∣∣
s=0

d(θs+t0)∗p(Aθs+t0 (p))

=
d

ds

∣∣∣∣
s=0

d(θt0)∗pd(θs)
∗
θt0 (p)

(Aθs(θt0 (p)))

= d(θt0)∗p
d

ds

∣∣∣∣
s=0

d(θs)
∗
θt0 (p)

(Aθs(θt0 (p)))

= d(θt0)∗p((LVA)θt0 (p)).

�
Thus, we immediately get the analog of Proposition 11.7 for tensors.

Theorem 13.22. Let M be a smooth manifold and let V ∈ X(M). A smooth covariant tensor field A
is invariant under the flow of V if and only if LVA = 0.

85



DIFFERENTIAL GEOMETRY

14. Differential forms

We learned about tensors in the previous chapter. Among all tensors, there are specail types of tensors
called symmetric and skew-symmetric tensors. In this chapter, we will learn about the latter. But first, we
define both symmetric and skew-symmetric tensors.

Definition 14.1. A rank k-covariant tensor α on a finite-dimensional real vector space V is called
symmetric if

α(v1, ..., vi, ..., vj , ..., vk) = α(v1, ..., vj , ..., vi, ..., vk) (14.1)

for all 1 ≤ i < j ≤ k.

In fact, (14.1) implies that the value of α is unchanged when the vectors v1, ..., vk are rearranged in
any order. In terms of the component functions, this means that αi1...ik are unchanged by any permutation
of indices.

The set of symmetric covariant k-tensors Σk(V ∗) is a linear subspace of the space T k(V ∗) of all covariant
k-tensors on V . Given any tensor α we can make it into a symmetric tensor as follows. Let Sk denote the
symmetric group on k elements. Given a k-tensor α and a permutation σ ∈ Sk, we define a new k-tensor
σα by

σα(v1, . . . , vk) = α(vσ(1), . . . , vσ(k)).

Note that τ (σα) = τσα, where τσ represents the composition of τ and σ, that is, τσ(i) = τ(σ(i)).

We define a projection Sym: T k(V ∗)→ Σk(V ∗) called symmetrization by

Symα =
1

k!

∑
σ∈Sk

σα =
1

k!

∑
σ∈Sk

α(vσ(1), . . . , vσ(k)).

Clearly Symα is a symmetric tensor.

If α and β are symmetric tensors on V , then α⊗ β is not symmetric in general. For example, consider
α, β as covectors. Individually, both are symmetric, but

α⊗ β(v1, v2) = α(v1)β(v2) 6= α⊗ β(v2, v1).

But we can define the symmetrization of α⊗ β as above. If α ∈ Σk(V ∗) and β ∈ Σl(V ∗), we define their
symmetric product to be the (k + l)-tensor αβ by

αβ = Sym(α⊗ β).

which acts on vectors v1, . . . , vk+l is given by

αβ(v1, . . . , vk+l) =
1

(k + l)!

∑
σ∈Sk+l

α(vσ(1), . . . , vσ(k))β(vσ(k+1), . . . , vσ(k+l)).

Thus, for example, if α and β are covectors, then

αβ =
1

2
(α⊗ β + β ⊗ α).

The same analysis on each tangent space gives the notion of symmetric tensors on manifolds. We already
saw an example before: Riemannian metric on a manifold. We will learn more about this later.
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14.1 Alternating Tensors

Let us first discuss various notions related to alternating tensors on a vector space and then we will just
translate all the knowledge to manifolds. We have the following definition.

Definition 14.2. A covariant k-tensor α on V is said to be alternating or antisymmetric if it
changes sign whenever two of its arguments are interchanged, that is, for all vectors v1, . . . , vk ∈ V
and every pair of distinct indices i, j we have satisfies

α(v1, . . . , vi, . . . , vj , . . . , vk) = −α(v1, . . . , vj , . . . , vi, . . . , vk). (14.2)

Alternating covariant k-tensors are also called exterior forms.

Recall that for any permutation σ ∈ Sk, the sign of σ, denoted by sgnσ, is equal to +1 if σ is even
and −1 if σ is odd. Thus, (14.2) implies that if α is alternating then for any vectors v1, . . . , vk and any
permutation σ ∈ Sk,

α(vσ(1), . . . , vσ(k)) = (sgnσ)α(v1, . . . , vk),

and the components αi1...ik of α change sign whenever two indices are interchanged.
Notation. The vector space of all alternating k-tensors on V is denoted by Λk(V ∗). Clearly all 0-tensors
and 1-tensors are alternating.

Proposition 14.3. Let α be a covariant k-tensor on a finite-dimensional vector space V . The
following are equivalent:

(a) α is alternating.

(b) α(v1, . . . , vk) = 0 whenever the k-tuple (v1, . . . , vk) is linearly dependent.

(c) α gives the value zero whenever two of its arguments are equal:

α(v1, . . . , w, . . . , w, . . . , vk) = 0.

Proof. The implications (a)⇒ (c) and (b)⇒ (c) are immediate. We complete the proof by showing that (c)
implies both (a) and (b).

Assume that α satisfies (c). For any vectors v1, . . . , vk, the hypothesis implies

0 = α(v1, . . . , vi + vj , . . . , vi + vj , . . . , vk)

= α(v1, . . . , vi, . . . , vi, . . . , vk) + α(v1, . . . , vi, . . . , vj , . . . , vk)

+ α(v1, . . . , vj , . . . , vi, . . . , vk) + α(v1, . . . , vj , . . . , vj , . . . , vk)

= α(v1, . . . , vi, . . . , vj , . . . , vk) + α(v1, . . . , vj , . . . , vi, . . . , vk).

Thus α is alternating. On the other hand, if (v1, . . . , vk) is a linearly dependent k-tuple, then one of the vi’s
can be written as a linear combination of the others. For simplicity, let us assume that

vk =
k−1∑
j=1

ajvj .

Then multilinearity of α implies

α(v1, . . . , vk) =
k−1∑
j=1

ajα(v1, . . . , vk−1, vj).

In each of these terms, α has two identical arguments, so every term is zero.
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We now define the analogue of the symmetrization operator for obtaining alternating tensors.

We define the projection Alt : T k(V ∗)→ Λk(V ∗), called alternation or skew-symmetrization, as:

Altα =
1

k!

∑
σ∈Sk

(sgnσ)(σα),

where Sk is the symmetric group on k elements. More explicitly, this means

(Altα)(v1, . . . , vk) =
1

k!

∑
σ∈Sk

(sgnσ)α(vσ(1), . . . , vσ(k)).

Thus, for instance, if β is a 2-tensor, then

(Altβ)(v, w) =
1

2
(β(v, w)− β(w, v)).

For a 3-tensor γ,

(Alt γ)(v1, v2, v3) =
1

6

(
γ(v1, v2, v3) + γ(v2, v3, v1) + γ(v3, v1, v2)− γ(v2, v1, v3)− γ(v1, v3, v2)− γ(v3, v2, v1)

)
.

We now try to produce an explicit basis of the space Λk(V ∗) by introducing the concept of elementary
exterior forms.

Notation. For k ∈ Z, an ordered k-tuple I = (i1, . . . , ik) of positive integers is called a multi-index of
length k. If I is such a multi-index and σ ∈ Sk, we write Iσ for the multi-index Iσ = (iσ(1), . . . , iσ(k)). Note
that Iστ = (Iσ)τ for σ, τ ∈ Sk.

Let V be an n-dimensional vector space, and suppose (ε1, . . . , εn) is any basis for V ∗. We now define a
collection of k-exterior forms on V that generalize the determinant function on Rn. For each multi-index
I = (i1, . . . , ik) of length k such that 1 ≤ i1, . . . , ik ≤ n, define a covariant k-tensor εI = εi1...ik by

εI(v1, . . . , vk) = det

ε
i1(v1) · · · εi1(vk)

...
. . .

...
εik(v1) · · · εik(vk)

 = det

v
i1
1 · · · vi1k
...

. . .
...

vik1 · · · vikk

 . (14.3)

Since the determinant changes sign whenever two columns are interchanged, it is clear that εI is an
alternating k-tensor. We call εI an elementary alternating tensor.

Example 14.5. In terms of the standard dual basis (e1, e2, e3) for (R3)∗, we have

e13(v, w) = v1w3 − w1v3.

Proposition 14.4 (Properties of Elementary k-exterior forms). Let (Ei) be a basis for V , let (εi) be
the dual basis for V ∗, and let εI be as defined above.

1. If I has a repeated index, then εI = 0.

2. If J = Iσ for some σ ∈ Sk, then εI = (sgnσ)εJ .

3. The result of evaluating εI on a sequence of basis vectors is

εI(Ej1 , . . . , Ejk) = det

δ
i1
j1
· · · δi1jk

...
. . .

...
δikj1 · · · δikjk

 .
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Proof. If I has a repeated index, then for any vectors v1, . . . , vk, the determinant in (14.3) has two
identical rows and thus is equal to zero, which proves (a). On the other hand, if J is obtained from I
by interchanging two indices, then the corresponding determinants have opposite signs; this implies (b).
Finally, (c) follows immediately from the definition of εI .

We can now use the elementary k-exterior forms to write a basis for Λk(V ∗). A multi-index I =
(i1, . . . , ik) is said to be increasing if i1 < · · · < ik.

Proposition 14.5 (A basis for Λk(V ∗)). Let V be an n-dimensional vector space. If (εi) is any basis
for V ∗, then for each positive integer k ≤ n, the collection of k-exterior forms

E = {εI : I is an increasing multi-index of length k}

is a basis for Λk(V ∗). Therefore,

dim Λk(V ∗) =

(
n

k

)
=

n!

k!(n− k)!
.

If k > n, then dim Λk(V ∗) = 0.

Proof. Note that Λk(V ∗) is the trivial vector space when k > n follows immediately from Proposition 13.3
(b), since every k-tuple of vectors is linearly dependent in that case. For the case k ≤ n, we need to show
that the set E spans Λk(V ∗) and is linearly independent. Let (Ei) be the basis for V dual to (εi).

To show that E spans Λk(V ∗), let α ∈ Λk(V ∗) be arbitrary. For each multi-index I = (i1, . . . , ik) (not
necessarily increasing), define a real number αI by

αI = α(Ei1 , . . . , Eik).

Since α is alternating hence αI = 0 if I contains a repeated index, and αJ = (sgnσ)αI if J = Iσ for σ ∈ Sk.
Thus, for any multi-index J , we have,∑

I−increasing

αIε
I(Ej1 , . . . , Ejk) = αJ = α(Ej1 , . . . , Ejk).

Thus
∑

I−increasing αIε
I = α, so E spans Λk(V ∗). The proof of linear independence is an exercise.

14.2 The Wedge Product

We now see an operation which allows us to combine two or more exterior forms to again give an exterior
form. We still work on a real finite dimensional vector space V . As we see below, the operation of wedge
product is just the alternation of tensor product with appropriately chosen normalization constant.

Definition 14.6. Given ω ∈ Λk(V ∗) and η ∈ Λl(V ∗), we define their wedge product or exterior
product to be the following (k + l)-exterior form:

ω ∧ η =
(k + l)!

k!l!
Alt(ω ⊗ η). (14.4)

One of the reasons we choose this normalization constant in (14.4) is because of the following
relation for elementary alternating tensors. One can check that for any multi-indices I = (i1, . . . , ik) and
J = (j1, . . . , jl),

εI ∧ εJ = εIJ ,

where IJ = (i1, . . . , ik, j1, . . . , jl) is obtained by concatenating I and J .
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We now see some important properties of the wedge product.

Proposition 14.7. Suppose ω, ω′, η, η′, and ξ are exterior forms on a finite-dimensional vector space
V .

1. Bilinearity: For a, a′ ∈ R,

(aω + a′ω′) ∧ η = a(ω ∧ η) + a′(ω′ ∧ η),

η ∧ (aω + a′ω′) = a(η ∧ ω) + a′(η ∧ ω′).

2. Associativity:
ω ∧ (η ∧ ξ) = (ω ∧ η) ∧ ξ.

3. Anticommutativity: For ω ∈ Λk(V ∗) and η ∈ Λl(V ∗),

ω ∧ η = (−1)klη ∧ ω. (14.5)

4. If (εi) is any basis for V ∗ and I = (i1, . . . , ik) is any multi-index, then

εi1 ∧ · · · ∧ εik = εI . (14.6)

5. For any covectors ω1, . . . , ωk and vectors v1, . . . , vk,

ω1 ∧ · · · ∧ ωk(v1, . . . , vk) = det(ωj(vi)). (14.7)

Proof. Since the wedge product is the alternation of tensor product and the tensor product is a bilinear
operation, we see bilinearity of the wedge product. We prove 2. and 3. on elementary alternating tensors
from which the general case will follows. Note that

(εI ∧ εJ) ∧ εK = εIJ ∧ εK = εIJK = εI ∧ εJK = εI ∧ (εJ ∧ εK),

and hence the associativity of wedge product follows. For part 3., we again observe that from the property
of being an exterior form, we get

εI ∧ εJ = εIJ = (sgnσ)εJI = (sgnσ)εJ ∧ εI ,

where σ is the permutation that sends IJ to JI. Now the main point is that once you write both I and J as
product of 2-cycles, moving J to front and I to back requires moving all the indices of J to front and hence
sgn τ = (−1)kl, because τ . This proves anti-commutativity for alternating tensors and then the general
case follows from bilinearity.

Part (4) is an immediate consequence of the fact that εI ∧ εJ = εIJ . Part 5. is left as an exercise.

Notation. We will write εI = εi1 ∧ · · · ∧ εik .

Definition 14.8. For any n-dimensional vector space V , we define a vector space Λ(V ∗), called the
exterior algebra (or Grassmann algebra) of V . by

Λ(V ∗) =
n⊕
k=0

Λk(V ∗).

Note that dim Λ(V ∗) =
(
n
0

)
+
(
n
1

)
+ · · ·

(
n
n−1
)

+
(
n
n

)
= 2n.

The wedge product is an operation on Λ(V ∗) and it makes Λ(V ∗) into an associative algebra but not
commutative.
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Remark 14.9. An algebra A is said to be graded if it has a direct sum decomposition

A =
⊕
k∈Z

Ak

such that the product satisfies
(Ak)(Al) ⊆ Ak+l

for each k and l. A graded algebra is anticommutative if the product satisfies

ab = (−1)klba

for a ∈ Ak, b ∈ Al. Thus, Λ(V ∗) is an anticommutative graded algebra.

We say that a k-form ω is decomposable is it can be written as a wedge product of k 1-forms,
ω = ω1 ∧ · · · ∧ωk with ωi beign 1-forms. Not every k-form is decomposable but every k-form can be written
a linear combination of decomposable forms.

14.3 Interior Product

We now briefly discuss the notion of interior product.

Definition 14.10. Let V be a finite-dimensional vector space. For each v ∈ V , we define a linear
map

iv : Λk(V ∗)→ Λk−1(V ∗),

called interior product by v, as

ivω(w1, . . . , wk−1) = ω(v, w1, . . . , wk−1). (14.8)

That is, ivω is obtained from ω by inserting v into the first slot. We will also use the notation

vyω = ivω.

and read it as “v hook ω."

Let us see some elementary properties of the interior product.

Proposition 14.11. Let V be a finite-dimensional vector space and v ∈ V .

1. iv ◦ iv = 0.

2. If ω ∈ Λk(V ∗) and η ∈ Λl(V ∗),

vy(ω ∧ η) = (vyω) ∧ η + (−1)kω ∧ (vyη). (14.9)

Proof. If ω is a function or a covector then taking interior product twice gives 0. On exterior forms of rank k
for k ≥ 2, notice that iv ◦ iv means we insert the same vector in the first two slots and since ω is alternating,
we get part 1.

We now prove part 2. and note that it suffices to consider the case in which both ω and η are
decomposable, since every exterior form can be written as a linear combination of decomposable ones.

Let v1 = v ∈ V and pick an arbitrary (k− 1)-tuple of vectors (v2, . . . , vk). Let ω1, . . . , ωk be 1-forms. We
first prove that

(ω1 ∧ · · · ∧ ωk)(v1, . . . , vk) =

k∑
i=1

(−1)i−1ωi(v1)(ω
1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωk)(v2, . . . , vk), (14.10)
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where the hat indicates that ωi is omitted. To see why (14.10) is true, notice that the LHS is the
determinant of the matrix [A]ij whose (i, j)-entry is ωi(vj). To analyze the right-hand side, let vij denote
the (k−1)× (k−1) submatrix of [A] obtained by deleting the ith row and jth column. Then the right-hand
side of (14.10) is

k∑
i=1

(−1)i−1ωi(v1) det vi1.

This is just the expansion of det[A] by minors along the first column, and therefore is equal to det[A]. Thus,
(14.10) holds. Thus, we get that

vy(ω1 ∧ · · · ∧ ωk) =

k∑
i=1

(−1)i−1ωi(v)ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωk,

which proves part 2 for decomposable forms and hence for all exterior forms.
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14.4 Differential forms on manifolds

After having understood exterior forms on vector spaces and various operations associated to a differential
form, we now take V = TpM where M is a smooth manifold and p ∈M and mimic the previous sections.
This gives the notion of the space of differential forms on a manifold as well as differential forms on a
manifolds.

We denote the subset of T kT ∗M consisting of alternating tensors by ΛkT ∗M :

ΛkT ∗M =
∐
p∈M

Λk(T ∗pM).

As before, for every p ∈M , ΛkpT
∗M is a

(
n
k

)
-dimensional vector space.

Definition 14.12. A differential k-form is a tensor field whose value at each point is an alternating
tensor. The integer k is called the degree of the form and we denote the vector space of smooth
k-forms by

Ωk(M) = Γ(ΛkT ∗M).

The wedge product of two differential forms is defined pointwise: (ω ∧ η)p = ωp ∧ ηp. Thus, the wedge
product of a k-form with an l-form is a (k + l)-form. If f is a 0-form and η is a k-form, we interpret the
wedge product f ∧ η to mean the ordinary product fη. If we define

Ω∗(M) =
n⊕
k=0

Ωk(M), (14.11)

then the wedge product turns Ω∗(M) into an associative, anticommutative graded algebra.
In any smooth chart, a k-form ω can be written locally as

ω =
∑
I

ωI dx
i1 ∧ · · · ∧ dxik ,

where the coefficients ωI are continuous functions defined on the coordinate domain. Note that

dxi1 ∧ · · · ∧ dxik
(

∂

∂xj1
, · · · , ∂

∂xjk

)
= det

δ
i1
j1
· · · δi1jk

...
. . .

...
δikj1 · · · δikjk

 .

and the component functions ωI of ω are determined by

ωI = ω

(
∂

∂xi1
, · · · , ∂

∂xik

)
.

We just state the expressions for pull-back of differential forms which are just special cases of pullback
of tensor fields in § 13.4. Suppose F : M → N is smooth. Then

F ∗(ω ∧ η) = (F ∗ω) ∧ (F ∗η), (14.12)

and the local coordinate expressions is

F ∗

 ∑
I−increasing

ωI dy
i1 ∧ . . . ∧ dyik

 =
∑

I−increasing

(ωI ◦ F ) d(yi1 ◦ F ) ∧ . . . ∧ d(yik ◦ F ).

Let us see an explicit example.
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Example 14.13. Define F : R2 → R3 by F (u, v) = (u, v, u2−v2), and let ω be the 2-form y dx∧dz+x dy∧dz
on R3. The pullback F ∗ω is computed as follows:

F ∗(y dx ∧ dz + x dy ∧ dz) = v du ∧ d(u2 − v2) + u dv ∧ d(u2 − v2)
= v du ∧ (2u du− 2v dv) + u dv ∧ (2u du− 2v dv)

= −2v2 du ∧ dv + 2u2 dv ∧ du = −2(u2 + v2) du ∧ dv,

where we have used the fact du ∧ du = dv ∧ dv = 0 and du ∧ dv = −dv ∧ du by anticommutativity.

Interior multiplication also extends naturally to vector fields and differential forms, simply by letting it
act pointwise: if X ∈ X(M) and ω ∈ Ωk(M), define a (k − 1)-form X y ω = iXω by

(X y ω)p = Xp y ωp.

14.5 Exterior Derivatives

In this section we define a natural and probably the most important differential operator on smooth forms,
called the exterior derivative. It is a generalization of the differential of a function.

For each smooth manifold M , we will show that there is a differential operator d : Ωk(M)→ Ωk+1(M)
satisfying d(dω) = 0 for all ω. We will do this in stages. First we will show below the definition of the
operator d on Rn and then use that to prove the existence of an operator d on any smooth manifold which
will satisfy the desired properties from Rn. We will do so by giving an invariant formula for the exterior
derivative d.

The definition of d on Euclidean space is as follows.

Definition 14.14. Let ω =
∑

J ωJ dx
j1 ∧ · · · ∧ dxjk be a smooth k-form on an open subset U ⊆ Rn,

we define its exterior derivative dω ∈ Ωk+1 by

d

(∑
J

ωJ dx
j1 ∧ · · · ∧ dxjk

)
=
∑
J

dωJ ∧ dxj1 ∧ · · · ∧ dxjk , (14.13)

where dωJ is the differential of the function ωJ , and hence (14.13) can be written as

d

(∑
J

ωJ dx
j1 ∧ . . . ∧ dxjk

)
=
∑
J

∑
i

∂ωJ
∂xi

dxi ∧ dxj1 ∧ . . . ∧ dxjk . (14.14)

So for instance, if ω is a 1-form, then (14.14) implies

d(ωj dx
j) =

∑
i,j

∂ωj
∂xi

dxi ∧ dxj

=
∑
i<j

∂ωj
∂xi

dxi ∧ dxj +
∑
i>j

∂ωj
∂xi

dxi ∧ dxj

=
∑
i<j

(
∂ωj
∂xi
− ∂ωi
∂xj

)
dxi ∧ dxj

after we interchange i and j in the second sum and use the fact dxj ∧ dxi = −dxi ∧ dxj . For a smooth
0-form f , (14.14) implies

df =
∂f

∂xi
dxi,

which is just the differential of f .
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Let us see some properties of the exterior derivative on Rn before seeing its definition on a manifold.

Proposition 14.15. The exterior derivative d satisfies the following.

(a) d is linear over R.

(b) If ω ∈ Ωk(U) and η ∈ Ωl(U), U ⊂ Rn open, then

d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη. (14.15)

(c) d ◦ d ≡ 0. In particular, this tells us that Im(dk−1) ⊂ ker(dk).

(d) d commutes with pullbacks: for U ⊂
open

Rn, V ⊂
open

Rm, F : U → V a smooth map, and ω ∈ Ωk(V ),

we have
F ∗(dω) = d(F ∗ω). (14.16)

Proof. Linearity of d is an immediate consequence of the definition. To prove (b), by linearity it suffices to
consider terms of the form ω = u dxI ∈ Ωk(U) and η = v dxJ ∈ Ωl(U) for smooth real-valued functions u
and v. We compute

d(ω ∧ η) = d((u dxI) ∧ (v dxJ))

= d(uv dxI ∧ dxJ) (linearity of ∧ over C∞(M))

= (v du+ u dv) ∧ dxI ∧ dxJ (product rule)

= (du ∧ dxI) ∧ (v dxJ) + (−1)k(u dxI) ∧ (dv ∧ dxJ) (associativity of ∧)

= dω ∧ η + (−1)kω ∧ dη,

where the (−1)k comes from the fact that dv ∧ dxI = (−1)kdxI ∧ dv because dv is a 1-form and dxI is a
k-form.

Note that the second order derivatives commute for functions, hence d ◦ d = 0 for 0-forms, i.e., for
f ∈ C∞(M).

We prove (c) first for functions which are 0-forms, which is just a real-valued function. In this case,

d(du) = d

(
∂u

∂xj
dxj
)

=
∂2u

∂xi∂xj
dxi ∧ dxj

=
∑
i<j

(
∂2u

∂xi∂xj
− ∂2u

∂xj∂xi

)
dxi ∧ dxj = 0.

For the general case, we have

d(dω) = d

 ∑
J−increasing

dωJ ∧ dxJ


=
∑

J−increasing

d(dωJ) ∧ dxJ −
∑

J−increasing

dωj ∧ d(dxJ) (using (b))

=
∑

J−increasing

d(dωJ) ∧ dxJ +
∑

J−increasing

k∑
i=1

(−1)idωJ ∧ dxj1 ∧ . . . ∧ d(dxji) ∧ . . . ∧ dxjk = 0,

where we used the k = 0 case for the functions ωJ and each of the coordinate functions xji .
Finally, to prove (d), again it suffices to consider ω = u dxi1 ∧ . . . ∧ dxik . For such a form, the left-hand

side of (14.16) is

F ∗(d(u dxi1 ∧ . . . ∧ dxik)) = F ∗(du ∧ dxi1 ∧ . . . ∧ dxik)

= d(u ◦ F ) ∧ d(xi1 ◦ F ) ∧ . . . ∧ d(xik ◦ F ),
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and the right-hand side is

d(F ∗(u dxi1 ∧ . . . ∧ dxik)) = d
(
(u ◦ F ) d(xi1 ◦ F ) ∧ . . . ∧ d(xik ◦ F )

)
= d(u ◦ F ) ∧ d(xi1 ◦ F ) ∧ . . . ∧ d(xik ◦ F ),

so they are equal.

We now want to mimic the situation in Rn and define the exterior derivative on manifolds. Obviously,
we would like the exterior derivative opearator d : Ωk(M) → Ωk+1(M) to satisfy the properties in
Proposition 14.15. It should also generalize the differential of functions. Unlike the wedge product, the
interior product and the pull-back operations that we defined earlier, the exterior derivative is no longer a
pointwise operation, but is a local operation (i.e. depends on the “nearby values”)

Let U ⊂
open

M . For f ∈ Ω0(U) = C∞(U) we have already seen that df ∈ Ω1(U). So we get a linear map

d : Ω0(U)→ Ω1(U), f 7→ df.

Locally on each coordinate chart we have

df =
∑
i

(∂if)dxi,

where we use the shorthand notation ∂i =
∂

∂xi
. We also have an “invariant definition” of df ∈ Ω1(U), via

df(X) = Xf, ∀X ∈ Γ(TU).

Now suppose ω is a k-form on M , so that locally

ω =
∑
I

ωi1,...,ikdx
i1 ∧ . . . ∧ dxik .

We use (14.13) to give the following definition.

Definition 14.16. The exterior derivative of ω ∈ Ω(U) is the (k + 1)-form dω given by the formula

dω =
∑
I

dωi1,...,ik ∧ dx
i1 ∧ . . . ∧ dxik

=
∑
I,i

∂i(ωi1,...,ik)dxi ∧ dxi1 ∧ . . . ∧ dxik .
(14.17)

Before we proceed, we need to clarify that dω defined above is well-defined. In other words, the
(k + 1)-form dω defined above should be independent of the choices of coordinate patches.

We can do it either by checking that (14.17) is unchanged if one use another coordinate chart or we
can come up with an equivalent but coordinate-free definition (usually called the invariant formulation).
We will take the second approach here which will prove the existence of the operator d on M which when
restricted to a coordinate chart (U, x) will give (14.17).

Let’s start with small k’s to find out the invariant formula of dω.

• For k = 0, i.e. ω = f ∈ C∞(U), we can regard df as a C∞(U)-linear map

df : Γ(TU)→ C∞(U)

such that
df(X) = Xf.
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• For k = 1, i.e. ω ∈ Ω1(U), dω ∈ Ω2(U) and so should have two vector fields as its argument and a
function as its output. So

dω : Γ(TU)× Γ(TU)→ C∞(U).

Let us use the formula (14.17) to see an invariant expression of dω. We write ω =
∑

i ωidx
i,

X =
∑

kX
k∂k and Y =

∑
l Y

l∂l. Then

dω(X,Y ) =
∑
i,j,k,l

(∂jωi)dx
j ∧ dxi(Xk∂k, Y

l∂l)

=
∑
i,j

(
(∂jωi)X

jY i − (∂jωi)X
iY j
)

=
∑
i,j

(
Xj∂j(ωiY

i)− ωiXj∂j(Y
i)− Y j∂j(ωiX

i) + ωiY
j∂j(X

i)
)

= X(ω(Y ))− Y (ω(X))− ω([X,Y ])

(
using (9.9) [X,Y ] =

(
Xi∂Y

j

∂xi
− Y i∂X

j

∂xi

)
∂

∂xj

)
So we arrive at

dω(X,Y ) = X(ω(Y ))− Y (ω(X))− ω([X,Y ]).

• For k = 2, i.e. ω ∈ Ω2(U), by a tedious computation one can prove that as a C∞(U)-trilinear map

dω : Γ(TU)× Γ(TU)× Γ(TU)→ C∞(U),

we have

dω(X,Y, Z) =X(ω(Y,Z))− Y (ω(X,Z)) + Z(ω(X,Y ))

− ω([X,Y ], Z) + ω([X,Z], Y )− ω([Y, Z], X).

So we are led to the following the invariant formula for dω

Theorem 14.17. For any ω ∈ Ωk(U), the (k + 1)-form dω, viewed as a C∞(U)-multilinear map

dω : Γ(TU)× . . .× Γ(TU)︸ ︷︷ ︸
k+1−times

→ C∞(U),

is given by the formula

dω(X1, . . . , Xk+1) :=
∑
i

(−1)i−1Xi(ω(X1, . . . , X̂i, . . . , Xk+1)) (14.18)

+
∑
i<j

(−1)i+jω([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xk+1). (14.19)

97



DIFFERENTIAL GEOMETRY

Proof. Define dω via the formula in (14.19). We need to show that

1. dω is an alternating tensor, i.e. for any m < n,

dω(X1, . . . , Xm, . . . , Xn, . . . , Xk+1) = −dω(X1, . . . , Xn, . . . , Xm, . . . , Xk+1).

This can be checked to be true from (14.19).

(2) dω is multi-linear is C∞(U)-linear on U . Note that dω is obviously R-linear. We prove that for any
f ∈ C∞(U),

dω(fX1, X2, . . . , Xk+1) = fdω(X1, . . . , Xk+1).

Let use compute.

dω(fX1, X2, . . . , Xk+1) =fX1(ω(X2, . . . , Xk+1))

+
∑
i>1

(−1)i−1Xi(ω(fX1, . . . , X̂i, . . . , Xk+1))

+
∑
i>1

(−1)1+iω([fX1, Xi], X2, . . . , X̂i, . . . , Xk+1)

+
∑

1<i<j

(−1)i+jω([Xi, Xj ], fX1, . . . , X̂i, . . . , X̂j , . . . , Xk+1)

=fdω(X1, . . . , Xk+1)

+
∑
i>1

(−1)i−1(Xif)ω(X1, . . . , X̂i, . . . , Xk+1)

−
∑
i>1

(−1)1+i(Xif)ω(X1, . . . , X̂i, . . . , Xk+1)

=fdω(X1, . . . , Xk+1),

where we used the property ([fX, gY ] = fg[X,Y ]+(fXg)Y −(gY f)X) in the second to last equality.

(3) We now check that dω has the local expression (14.17). This is an exercise.

We get the same formulas for wedge product, interior product and pull-backs of differential forms on
manifolds as we had them for forms on vector spaces.

The wedge product ∧ : Ωk(U)× Ωl(U)→ Ωk+l(U).
For example,

(dx1 + 2dx2) ∧ (dx1 ∧ dx2 − dx2 ∧ dx3 + 3dx1 ∧ dx3) = −7dx1 ∧ dx2 ∧ dx3.

For any V ∈ Γ(TM) we have the interior product iV : Ωk(M)→ Ωk−1(M) with

V yω(X1, . . . , Xk−1) = iV ω(X1, . . . , Xk−1) = ω(V,X1, . . . , Xk−1).

For any smooth map F : M → N , one has the pull-back F ∗ : Ωk(N)→ Ωk(M). This is defined pointwise
via the linear map dFp : TpM → TF (p)N . So if ω ∈ Ωk(N), then

(F ∗ω)p(X1, . . . , Xk) = ωF (p)(dFp(X1), . . . , dFp(Xk)).

We list all the properties related to differential forms on manifolds.
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Lemma 14.18. Let M and N be a smooth manifolds. Suppose ω ∈ Ωk(M), η ∈ Ωl(M), X ∈ Γ(TM)
and F : M → N be a smooth map. Then

1. ω ∧ η = (−1)klη ∧ ω.

2. F ∗(ω ∧ η) = F ∗ω ∧ F ∗η.

3. iX(ω ∧ η) = (iXω) ∧ η + (−1)kω ∧ iXη.

4. d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη.

5. iX ◦ iX = 0.

6. d ◦ d = 0.

7. F ∗ ◦d = d ◦ F ∗.

Proof. The proof is similar to the proofs we saw for the vector spaces.

Definition 14.19. A differential form ω is called closed if dω = 0. A differential form ω ∈ Ωk(M) is
called exact if ω = dη for some η ∈ Ωk−1(M). Since d ◦ d = 0, we get that

Every exact form is closed.

14.6 Lie Derivatives of Differential Forms

We derived formulas for computing Lie derivatives of smooth tensor fields in § 13.5, which apply equally
well to differential forms. However, in the case of differential forms, the exterior derivative yields a much
more powerful formula for computing Lie derivatives, which also has significant theoretical consequences.

So the concepts which we want to understand are how the Lie derivative behaves with:wedge products,
interior products and the exterior derivative. We start with the wedge product and recall that the wedge
product ω ∧ η is the skew-symmetrization of the tensor product, Moreover, Proposition 13.19 shows that
LV (A⊗B) = LVA⊗B +A⊗ LVB. Thus, we get the following

Proposition 14.20. Suppose M is a smooth manifold, V ∈ X(M), and ω, η ∈ Ω∗(M). Then

LV (ω ∧ η) = (LV ω) ∧ η + ω ∧ (LV η).

The next theorem is one of the most important equations about the derivatives of differential forms. It
gives a remarkable formula for Lie derivatives of differential forms, which dates back to Élie Cartan, the
French mathematician who invented the theory of differential forms.

Theorem 14.21 (Cartan’s magic formula). On a smooth manifold M , for any smooth vector field V
and any smooth differential form ω,

LV ω = V y(dω) + d(V yω). (14.20)

Proof. We prove that (14.20) holds for smooth k-forms by induction on k. We begin with a smooth 0-form
f , in which case

V y (df) + d(V y f) = V y df = df(V ) = V f = LV f,

which is (14.20).
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Now let k ≥ 1, and suppose (14.20) has been proved for forms of degree less than k. Let ω be an
arbitrary smooth k-form, written in smooth local coordinates as

ω =
∑
I

ωI dx
i1 ∧ . . . ∧ dxik .

We want to use the induction hypothesis and the base case so we write f = xi1 and β = ωI dx
i2 ∧ . . .∧ dxik

and observe that each term in the expression of ω can be written in the form df ∧ β, where f is a smooth
function and β is a smooth (k − 1)-form. We know from Corollary 12.18 that LV df = d(LV f) = d(V f).
Thus,

LV (df ∧ β) = (LV df) ∧ β + df ∧ (LV β)

= d(V f) ∧ β + df ∧ (V y dβ + d(V y β)).

On the other hand, noting that V y df = df(V ) = V f , we compute

V y d(df ∧ β) + d(V y (df ∧ β)) = V y (−df ∧ dβ) + d((V f)β − df ∧ (V y β))

= −(V f)dβ + df ∧ (V y dβ) + d(V f) ∧ β + (V f)dβ + df ∧ d(V y β),

where we used the fact that V y(ω ∧ η) = (V yω) ∧ η + (−1)kω ∧ (V yη). Thus,

LV (df ∧ β) = V y d(df ∧ β) + d(V y (df ∧ β))

and (14.20) follows from induction.

We get the following corollary.

Corollary 14.22 (Lie Derivative Commutes with d). If V is a smooth vector field and ω is a smooth
differential form, then

LV (dω) = d(LV ω).

Proof. This follows from Cartan’s formula and the fact that d ◦ d = 0:

LV dω = V y d(dω) + d(V y dω) = d(V y dω);

dLV ω = d(V y dω) + d(d(V y ω)) = d(V y dω).

Exercise 14.23. Let M be a smooth manifold and V ∈ X(M).

(a) Show that LV ◦ iV = iV ◦ LV .

(b) Show that iV ◦ LV ω = iV (V y dω) for any smooth form ω.

Using the invarinat formula (14.19) for dω and Cartan’s magic formula we get another formula for the
Lie derivative of a form.

Proposition 14.24. If ω is a smooth k-form and X,Y1, . . . , Yk are smooth vector fields on a smooth
manifold M , then

(LXω)(Y1, . . . , Yk) = X(ω(Y1, . . . , Yk))−
k∑
i=1

ω(Y1, . . . , [X,Yi], . . . , Yk). (14.21)
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15. Integration on manifolds

15.1 Partitions of unity

We start our discussions with one of the most important classes of smooth functions called bump functions.
Recall that we used these functions in our proof of the Tensor characterization lemma. We start with the
following fact from real analysis.

Proposition 15.1. The function f : R→ R defined by

f(t) =

{
e−1/t, t > 0,

0, t ≤ 0,
(15.1)

is smooth.

The function’s graph look like the figure below.

t

f(t)

As a result, given any real numbers r1 and r2 such that r1 < r2, there exists a smooth function h : R→ R
such that 

h(t) ≡ 1, t ≤ r1,
0 < h(t) < 1, r1 < t < r2,

h(t) ≡ 0, t ≥ r2

by defining

h(t) =
f(r2 − t)

f(r2 − t) + f(t− r1)
.

with f(t) as in (15.1). Such an h is called a cutoff function and it looks like the figure below.

t

h(t)

r1 r2

We can easily extend this construction to Rn as the following result shows.

Proposition 15.2. Given any positive real numbers r1 < r2, there is a smooth function H : Rn → R
such that 

H(x) ≡ 1, x ∈ Br1(0)

0 < H(x) < 1, x ∈ Br2(0) \Br1(0)

H(x) ≡ 0, x ∈ Rn \Br2(0).

(15.2)
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Proof. Set H(x) = h(|x|), with h as defined above. Clearly, H is smooth on Rn \ {0}, because it is a
composition of smooth functions there. Since it is identically equal to 1 on Br1(0), it is smooth there
too.

The function H constructed in this proposition is an example of a smooth bump function, a smooth
real-valued function that is equal to 1 on a specified set and is zero outside a specified neighbourhood of
that set.

We can now define partitions of unity.

Definition 15.3. Let M be a manifold and let U = (Uα)α∈A be an arbitrary open cover of M .
A partition of unity subordinate to U is an indexed family (ψα)α∈A of continuous functions
ψα : M → R with the following properties:

(i) 0 ≤ ψα(x) ≤ 1 for all α ∈ A and all x ∈M .

(ii) suppψα ⊆ Uα for each α ∈ A.

(iii) The family of supports (suppψα)α∈A is locally finite, meaning that every point has a neighbor-
hood that intersects suppψα for only finitely many values of α.

(iv)
∑

α∈A ψα(x) = 1 for all x ∈M .

If M is a smooth manifold, a smooth partition of unity is one for which each of the functions ψα is
smooth.

Because of the local finiteness condition (iii), the sum in (iv) actually has only finitely many nonzero
terms in a neighbourhood of each point, so there is no issue of convergence.

Theorem 15.4. Suppose M is a smooth manifold and U = (Uα)α∈A is any indexed open cover of M .
Then there exists a smooth partition of unity subordinate to U .

Proof. Each set Uα is a smooth manifold in its own right, and thus has a basis Bα of coordinate balls and
thus B =

⋃
α Bα is a basis for the topology of M . Since M is a manifold, the cover U has a countable,

locally finite refinement {Bi} consisting of elements of B and the cover {Bi} is also locally finite.
For each i, the fact that Bi is a coordinate ball in some Uα implies that there is a coordinate ball

B′i ⊆ Uα such that B′i ⊇ Bi, and a smooth coordinate map ϕi : B′i → Rn such that ϕi(Bi) = Bri(0) and
ϕi(B

′
i) = Br′i(0) for some ri < r′i. For each i, define a function fi : M → R by

fi =

{
Hi ◦ ϕi on B′i,
0 on M \Bi,

where Hi : Rn → R is a smooth function that is positive in Bri(0) and zero elsewhere, as in Proposition 15.2.
On the set B′i \Bi where the two definitions overlap, both definitions yield the zero function, so fi is well
defined and smooth, and supp fi = Bi.

Define f : M → R by
f(x) =

∑
i

fi(x).

Because of the local finiteness of the cover {Bi}, this sum has only finitely many nonzero terms in
a neighbourhood of each point and thus defines a smooth function. Because each fi is non-negative
everywhere and positive on Bi, and every point of M is in some Bi, it follows that f(x) > 0 everywhere on
M . Thus, the functions gi : M → R defined by gi(x) = fi(x)/f(x) are also smooth. It is immediate from
the definition that 0 ≤ gi ≤ 1 and

∑
i gi ≡ 1.
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Finally, we need to re-index our functions so that they are indexed by the same set A as our open
cover. Because the cover {B′i} is a refinement of U , for each i we can choose some index a(i) ∈ A such that
B′i ⊆ Ua(i). For each α ∈ A, define ψα : M → R by

ψα =
∑

i:a(i)=α

gi.

If there are no indices i for which a(i) = α, then this sum should be interpreted as the zero function. Thus,

suppψα =
⋃

i:a(i)=α

Bi =
⋃

i:a(i)=α

Bi ⊆ Uα.

Each ψα is a smooth function that satisfies 0 ≤ ψα ≤ 1. Moreover, the family of supports (suppψα)α∈A is
still locally finite, and

∑
α ψα ≡

∑
i gi ≡ 1, so this is the desired partition of unity.

15.2 Top forms on manifolds

Let Mn be a smooth manifold. Since, Ωk(M) = 0 for k > m, we call any smooth n-form a top form on
M . Let p ∈M and (ϕ,U) a local chart near p. Then dx1 ∧ · · · ∧ dxn is a top form on U . Note that for any
q ∈ U , (dx1 ∧ . . . ∧ dxm)q 6= 0 since at any q ∈ U ,

(dx1 ∧ · · · ∧ dxn)q(∂1, . . . , ∂n) = det(dxi(∂j))1≤i,j≤n = 1.

Moreover, since dim ΛnT ∗pM = 1, we see that for any top form ω on U and any q ∈ U , there is a real
number λq such that

ωq = λq(dx
1 ∧ . . . ∧ dxm)q.

Since ω is C∞, the coefficient λ, as a function on U , is C∞. So up to multiplication by functions, there
is a “canonical top form” in the chart. Of course, this may not be true globally on M : For two top forms
ω, η ∈ Ωn(M), it may happen that ωp = 0, ωq 6= 0 while ηp 6= 0, ηq = 0, and thus there exists no function
f ∈ C∞(M) with ω = fη or η = fω.

In particular, if we change coordinates from (x1α, . . . , x
n
α) to (x1β, . . . , x

n
β) on U , we get two top forms,

dx1α ∧ . . . ∧ dxnα and dx1β ∧ . . . ∧ dxnβ. They should be related by a smooth function on U .

Proposition 15.5. If ϕ : Rn → Rn is a diffeomorphism and y = ϕ(x), then

ϕ∗(dy1 ∧ . . . ∧ dyn) = det(dϕx) dx1 ∧ . . . ∧ dxn

Proof. If we denote ϕ = (ϕ1, . . . , ϕn), then ϕ∗yi = yi ◦ ϕ = ϕi. So

ϕ∗(dy1 ∧ . . . ∧ dyn) = dϕ1 ∧ . . . ∧ dϕn.

But since
dϕ1 ∧ . . . ∧ dϕm(∂x1 , . . . , ∂

x
n) = det(dϕx),

we have
dϕ1 ∧ . . . ∧ dϕn = det(dϕx) dx1 ∧ . . . ∧ dxn.

Now let (ϕα, U, Vα) and (ϕβ, U, Vβ) be two coordinate charts. Then the coordinate change map is
ϕαβ = ϕβ ◦ ϕ−1α , which maps ϕα(x) to y = ϕβ(x). So we get

(ϕαβ)∗(ϕ−1β )∗dx1β ∧ . . . ∧ dxnβ = det(dϕαβ) (ϕ−1α )∗ dx1α ∧ . . . ∧ dxnα.

Since (ϕαβ)∗(ϕ−1β )∗ = (ϕ−1β ◦ ϕαβ)∗ = ϕ−1∗α , we get at

dx1β ∧ . . . ∧ dxnβ = det(dϕαβ) dx1α ∧ . . . ∧ dxnα.
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15.3 Orientability

Let M be a smooth manifold of dimension m, and let ω ∈ Ωm(M) be a smooth m-form. We want to
define the integral

∫
M ω. For simplicity let’s suppose ω is supported on a chart (ϕ,U, V ) with coordinates

{x1, . . . , xm}. Then we can write
ω = f(ϕ(x))dx1 ∧ . . . ∧ dxm,

where f is a smooth function on V . With the help of the Euclidean differential form f(x)dx1 . . . dxm on V ,
it is natural to define ∫

U
ω :=

∫
V
f(x)dx1 . . . dxm. (15.3)

Then as usual one need to check that the integral in the right hand side is independent of the choice of
coordinate charts.

So we let (ϕα, U, Vα) and (ϕβ, U, Vβ) be two coordinate systems on U , with transition map ϕαβ =
ϕβ ◦ ϕ−1α : Vα → Vβ which maps xα = ϕα(x) to xβ = ϕβ(x). Then

ω = fβ(xβ)dx1β ∧ . . . ∧ dxmβ = fβ(ϕαβ(xα)) det(dϕαβ)dx1α ∧ . . . ∧ dxmα

So for the definition to be well-defined, we need∫
Vβ

fβ(xβ)dx1β . . . dx
m
β =

∫
Vα

fβ(ϕαβ(xα)) det(dϕαβ)dx1α . . . dx
m
α .

Unfortunately this is not always true: In calculus we learned that for the integrals of multi-variable
functions ∫

f(x)dx1 . . . dxm,

if ϕ : V1 → V2 is a diffeomorphism, then we have the change of variable formula: (y = ϕ(x))∫
V2

f(x)dy1 . . . dym =

∫
V1

f(ϕ(x))|det(dϕ)(x)|dx1 . . . dxm. (15.4)

So in order to have∫
Vβ

fβ(xβ)dx1β . . . dx
m
β =

∫
Vα

fβ(ϕαβ(xα)) det(dϕαβ)(xα) dx1α . . . dx
m
α .

and thus, for the definition to be independent of the choice of charts, we need to assume

det(dϕαβ) > 0

for all charts. This motivates the following definition.

Definition 15.6. Let M be a smooth manifold of dimension n. Two charts (ϕα, Uα, Vα) and
(ϕβ, Uβ, Vβ) are orientation compatible if the transition map ϕαβ = ϕβ ◦ ϕ−1α satisfies

det(dϕαβ)p > 0,

for all p ∈ ϕα(Uα ∩ Uβ).
An orientation of M is an atlas A = {(ϕα, Uα, Vα) | α ∈ A} whose charts are pairwise orientation
compatible.
We say M is orientable if it has an orientation.

Remark 15.7. Let U be a chart with coordinates {x1, . . . , xm}. We use the notation −U to represent
the same coordinate chart U but with “twisted” coordinates {−x1, x2, . . . , xm}. Then −U and U are not
orientation compatible. Let Ũ be any other coordinate chart such that Ũ ∩ U 6= ∅ is connected. Then either
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• Ũ and U are orientation compatible,

or

• Ũ and −U are orientation compatible.

As a consequence, we immediately see

Corollary 15.8. If M is connected and orientable, then M admits exactly two different orientations.

Example 15.9. For the real projective space RPn, we have constructed an atlas consisting of n+ 1 charts.
We have seen that RPn is orientable for odd n. It turns out that RPn is not orientable for even n.
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15.4 Integrations of top forms on smooth manifolds.

Now assume M is a smooth orientable m-manifold and fix an orientation A on M . Let ω be any smooth
m-form on M . To define

∫
M ω, we first assume that ω is supported in a coordinate chart (ϕ,U, V ) which is

orientation compatible with A. In this case there is a function f supported in U such that

ω = f(ϕ(x))dx1 ∧ . . . ∧ dxm.

In this case we simply define ∫
U
ω :=

∫
V
f(x)dx1 . . . dxm, (15.5)

where the right hand side is the Lebesgue integral on V ⊂ Rm. We will assume f is integrable. In fact, in
what follows the function f involved are compactly supported and hence integrable.

To integrate a general m-form ω ∈ Ωm(M), we take a locally finite cover {Uα} of M that are compatible
with the orientation A. Let {ψα} be a partition of unity subordinate to {Uα}. Now since each ψα is
supported in Uα, each ψαω is supported in Uα as well. We define∫

M
ω :=

∑
α

∫
Uα

ψαω. (15.6)

We say that ω is integrable if the right hand side converges absolutely for any such cover and any such
partitions of unity. This is true, for example, if ω is compactly supported.

One need to check that the definition (15.6) is independent of the choices of orientation-compatible
coordinate charts, and is independent of the choices of partition of unity.

Theorem 15.10. Suppose ω is compactly supported, or more generally, ω is integrable. The expression
(15.6) is independent of the choices of {Uα} and the choices of {ψα}.

Proof. We first show that (15.5) is well-defined. The argument is essentially the same as in the Euclidean
case: if ω is supported in U , and if {xiα} and {xjβ} are two orientation-compatible coordinate systems on U ,
so that

ω = fαdx
1
α ∧ . . . ∧ dxmα = fβdx

1
β ∧ . . . ∧ dxmβ ,

then we want to prove ∫
Vα

fαdx
1
α . . . dx

m
α =

∫
Vβ

fβdx
1
β . . . dx

m
β .

This is true, because
dx1β ∧ . . . ∧ dxmβ = det(dϕαβ)dx1α ∧ . . . ∧ dxmα

implies fα = det(dϕαβ)fβ. Since det(dϕαβ) > 0, the conclusion follows from the change of variable
formula in Rn.

To prove (15.6) is well-defined, we suppose {Uα} and {Uβ} are two locally finite cover of M consisting
of orientation-compatible charts, and {ψα} and {ρβ} are partitions of unity subordinate to {Uα} and
{Uβ} respectively. Then {Uα ∩ Uβ} is a new locally finite cover of M , and {ψαρβ} is a partition of unity
subordinate to this new cover. It is enough to prove∑

α

∫
Uα

ψαω =
∑
α,β

∫
Uα∩Uβ

ψαρβω.

This is true because for each fixed α,∫
Uα

ψαω =

∫
Uα

(∑
β

ρβ

)
ψαω =

∑
β

∫
Uα∩Uβ

ψαρβω.
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15.5 Change of variable formula

Finally we extend the change of variable formula form Rm to manifolds.

Definition 15.11. Let M,N be orientable smooth n-manifolds, with orientations A and B re-
spectively. A diffeomorphism ϕ : M → N is said to be orientation-preserving if for each
(ψβ, Xβ, Yβ) ∈ B, the chart (ψβ ◦ ϕ,ϕ−1(Xβ), Yβ) on M is orientation compatible with A.

Suppose M,N are connected. It is easy to see that a diffeomorphism ϕ : M → N is orientation-
preserving if and only if there exists one chart (ψβ, Xβ, Yβ) ∈ B, such that the chart (ψβ ◦ ϕ,ϕ−1(Xβ), Yβ)
on M is orientation compatible with A. Similarly if there exists one chart (ψβ, Xβ, Yβ) ∈ B, such that the
chart (ψβ ◦ ϕ,ϕ−1(Xβ), Yβ) on M is incompatible with A, then for every chart (ψβ, Xβ, Yβ) ∈ B, the chart
(ψβ ◦ ϕ,ϕ−1(Xβ), Yβ) on M is incompatible with A. In this case we say ϕ is orientation-reverting.

Now we state:

Theorem 15.12 (The change of variable formula). Suppose M,N are n-dimensional orientable smooth
manifolds, and ϕ : M → N is a diffeomorphism.

1. If ϕ is an orientation-preserving, then ∫
M
ϕ∗ω =

∫
N
ω.

2. If ϕ is an orientation-reverting, then ∫
M
ϕ∗ω = −

∫
N
ω.

Proof. It is enough to prove this in local charts, in which case this is merely the change of variable formula
in Rm.

Remark 15.13. If ω is a compactly supported k-form on M , where k < m = dimM , then one cannot
integrate ω over M . However, for any k-dimensional orientable submanifold X ⊂M , one can define

∫
X ω

by setting it to be
∫
X ι
∗ω, where ι : X ↪→M is the inclusion map. By this way we get a “pairing” between

k-forms on M and k-dimensional orientable submanifolds in M .

15.6 Volume form and volume measure

Next we show that orientability can be characterized via the existence of specific top forms:

Theorem 15.14. An m-dimensional smooth manifold M is orientable if and only if M admits a nowhere
vanishing smooth m-form µ.

Proof. First let µ be a nowhere vanishing smooth m-form on M . Then on each local chart (U, x1, . . . , xm)
(where U is always chosen to be connected), there is a smooth function f 6= 0 so that µ = fdx1 ∧ . . .∧ dxm.
It follows that

µ(∂1, . . . , ∂m) = f 6= 0.

We can always take such a chart near each point so that f > 0, otherwise we can replace x1 by −x1. Now
suppose (Uα, x

1
α, . . . , x

m
α ) and (Uβ, x

1
β, . . . , x

m
β ) be two such charts, so that on the intersection Uα ∩ Uβ one

has
fdx1α ∧ . . . ∧ dxmα = µ = gdx1β ∧ . . . ∧ dxmβ = g det(dϕαβ)dx1α ∧ . . . ∧ dxmα .

where f, g > 0. It follows that det(dϕαβ) > 0. So the atlas constructed by this way is an orientation.

Conversely, suppose A is an orientation. For each local chart Uα in A, we let

µα = dx1α ∧ . . . ∧ dxmα .
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Pick a partition of unity {ψα} subordinate to the open cover {Uα}. We claim that

µ :=
∑
α

ψαµα,

is a nowhere vanishing smooth m-form on M . In fact, for each p ∈M , there is a neighbourhood U of p so
that the sum

∑
α ψαµα is a finite sum

∑k
i=1 ψiµi. It follows that near p,

µ(∂11 , . . . , ∂
1
m) =

k∑
i=1

(det dϕ1i) ψi > 0.

So µ 6= 0 near p.

Definition 15.15. A nowhere vanishing smooth m-form µ on an m-dimensional smooth manifold
M is called a volume form.

Thus, we can always integrate top forms and its multiples on manifolds admitting volume forms.

Remark 15.16. If M is orientable, and µ is a volume form, then the two orientations of M are represented
by µ and −µ respectively. We denote the two orientations by [µ] and [−µ].

Remark 15.17. In particular, on any Lie group, one can define conceptions like left-invariant differential
forms. Since any Lie group is orientable (Exercise), there exists left-invariant volume form on any Lie
group G. The measures associated to left-invariant volume form on Lie groups are called Haar measures.
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16. Stokes’s theorem

16.1 Orientations on manifolds with boundary

We start with our discussion on manifold with boundary. It’s almost the same concept as that of a manifold
but now we allow points in the "boundary" as well which will be described as those points such that any
neighbourhood looks like a part of "half-space". Let

Rm+ = {(x1, . . . , xm) | xm ≥ 0}.

We have the following.

Definition 16.1. A topological space M is called an m-dimensional topological manifold with
boundary if it is Hausdorff, second-countable, and for any p ∈M , there is a neighborhood U of p
which is homeomorphic to either Rm or Rm+ .
We define the boundary of M to be

∂M = {p ∈M | p has no neighborhood in M that is homeomorphic to Rm}.

Thus, p ∈ ∂M if and only if p has a neighborhood that is homeomorphic to Rm+ such that p gets mapped
onto ∂Rm+ = {(x1, . . . , xm) | xm = 0}. We call

int(M) = M \ ∂M

the interior of M .

Example 16.2. The closed ball
Bm(1) = {x ∈ Rm | |x| ≤ 1}

is a smooth manifold with boundary, and its boundary is ∂Bm(1) = Sm−1.

Lemma 16.3. If Mm is a smooth manifold then the smooth structure on M induces a smooth structure
on ∂M making it an (m− 1)-dimensional smooth manifold.

Proof. Let p ∈ ∂M and let (U, x1, . . . , xm) be a chart coming from the smooth structure on M which is
homeomorphic to an open subset of Rm+ . Then

U ∩ ∂M = {(x1, . . . , xm) | xm = 0},

and hence (U ∩ ∂M, x1, . . . xm−1) is a chart on ∂M .

Now let M be an orientable smooth manifold with boundary, and let [µ] be an orientation on M . This
means that µ ∈ Ωm(M) is nowhere vanishing. We obtain an induced orientation on ∂M . The induced
orientation on ∂M is defined as follows. Suppose locally near the boundary, we have

µ = fdx1 ∧ · · · ∧ dxm

with f > 0. Then, locally, we define the induced orientation on ∂M to be the one that is represented by
the differential form

η = (−1)mdx1 ∧ · · · ∧ dxm−1. (16.1)

By choosing a partitions of unity, we can glue these local (m− 1)-forms on ∂M into a global (m− 1)-form
on ∂M which is nowhere vanishing. The nowhere vanishing property of η follows from the nowhere
vanishing property of µ. Thus, from Theorem 15.14, we get a volume form that defines an orientation on
∂M , which is induced from an orientation on M .

We explain why η in (16.1) has that form. Note that in coordinate charts near boundary, M is defined
by xm ≥ 0. So −xm is the “outward pointing normal” of M , and this boundary orientation is chosen so that

d(−xm) ∧ η = d(−xm) ∧ (−1)mdx1 ∧ · · · ∧ dxm−1 = dx1 ∧ · · · ∧ dxm.
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16.2 Stokes’s theorem

Now we can state and prove our main theorem:

Theorem 16.4 (Stokes’s theorem). Let M be a smooth oriented m-dimensional manifold with
boundary ∂M with the induced orientation. For any ω ∈ Ωm−1(M) with compact support, we have∫

∂M
ι∗∂Mω =

∫
M
dω, (16.2)

where ι∂M : ∂M ↪→M is the inclusion map.

Proof. The proof follows from the following three cases which we prove one by one.
(1) ω is supported in a chart U that is diffeomorphic to Rm.
(2) ω is supported in a chart U that is diffeomorphic to Rm+ .
(3) The general case.

Case (1): Since ω = 0 on ∂M , we have
∫
∂M ι∗∂Mω = 0. To calculate

∫
M dω, we denote

ω =
∑
i

(−1)i−1fidx
1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxm,

where fi’s are compactly supported smooth functions. Then, using the formula for the exterior derivative,
we have

dω =
∑
i

∂fi
∂xi

dx1 ∧ · · · ∧ dxm.

So by definition, ∫
M
dω =

∫
Rm

∑
i

∂fi
∂xi

dx1 · · · dxm

=︸︷︷︸
Fubini’s theorem

∑
i

∫
Rm−1

(∫ ∞
−∞

∂fi
∂xi

dxi
)
dx1 · · · d̂xi · · · dxm

=︸︷︷︸
FTC

∑
i

∫
Rm−1

(
lim
s→∞

fi(s)− lim
s→−∞

fi(s)

)
dx1 · · · d̂xi · · · dxm

= 0,

as f is compactly supported. Thus, (16.2) is true in Case 1.

Case (2): We have the same formula to calculate
∫
M dω, except for the i = m term, because in this case

one of the limits is 0 instead of −∞. We have∫
M
dω =

∫
Rm−1

(∫ ∞
0

∂fm
∂xm

dxm
)
dx1 · · · dxm−1 = −

∫
Rm−1

fm(x1, . . . , xm−1, 0)dx1 · · · dxm−1.

On the other hand, since xm = 0 on ∂M , we see

ι∗∂Mω = (−1)m−1fm(x1, . . . , xm−1, 0)dx1 ∧ · · · ∧ dxm−1 = −fm(x1, . . . , xm−1, 0) · (−1)mdx1 ∧ · · · ∧ dxm−1.

So ∫
∂M

ι∗∂Mω =

∫
Rm−1

(−fm(x1, . . . , xm−1, 0))dx1 · · · dxm−1

= −
∫
Rm−1

fm(x1, . . . , xm−1, 0)dx1 · · · dxm−1

=

∫
M
dω,
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which is (16.2).

Case (3): In general, we cover the compact set supp(ω) by finitely many coordinate charts, and take a
partition of unity {ψi} subordinate to that cover. Then∫

∂M
ι∗∂Mω =

∑
i

∫
∂M

ι∗∂M (ψiω) =︸︷︷︸
Stokes’s thm. in a chart

∑
i

∫
M
d(ψiω) =

∑
i

∫
M
dψi ∧ ω +

∫
M
dω =

∫
M
dω,

as ∑
i

∫
M
dψi ∧ ω =

∫
M
d(
∑
i

ψi) ∧ ω = 0.

We see some simple consequences.

1. Let M = [a, b] and ω = f ∈ C∞(M) = Ω0(M). Then∫
M
df =

∫ b

a

df

dx
dx =

∫
∂[a,b]

f = f(b)− f(a).

2. If ∂M = ∅ then for any compactly supported m−1-form ω we have
∫
M dω =

∫
∂M ω = 0. For instance,

if f : S1 → R is a smooth function then
∫
S1 df = 0.

3. Green’s theorem Let D be a compact domain in R2 and P,Q ∈ C∞(D). Then∫
D

(
∂Q

∂x
− ∂P

∂y
dxdy

)
=

∫
∂D

Pdx+Qdy.
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