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14. Integration on manifolds

14.1 Partitions of unity

We start our discussions with one of the most important classes of smooth functions called bump functions.
Recall that we used these functions in our proof of the Tensor characterization lemma. We start with the
following fact from real analysis.

,

Proposition 14.1. The function f : R — R defined by

eVt >0
t) = ’ ’ 14.1
1) {Q = (14.1)

is smooth. O

The function’s graph look like the figure below.

As a result, given any real numbers r; and ry such that 7y < 79, there exists a smooth function 4 : R — R
such that

h(t) =1, t <y,
0<h(t)<l, r<t<ry,
h(t) =0, t>ry
by defining t
h(t) = flra —1t)

flra=t)+ f(t—m)
with f(¢) as in (14.1). Such an A is called a cutoff function and it looks like the figure below.

\

T T2

h(t)

We can easily extend this construction to R™ as the following result shows.

Proposition 14.2. Given any positive real numbers r; < rq, there is a smooth function H : R — R
such that B

H(z)=1, x € By, (0)
0< H(x) < x € By, (0)\ B, (0) (14.2)
()EoweR\BM)
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Proof. Set H(x) = h(|x|), with h as defined above. Clearly, H is smooth on R" \ {0}, because it is a
composition of smooth functions there. Since it is identically equal to 1 on B,, (0), it is smooth there
too. O

The function H constructed in this proposition is an example of a smooth bump function, a smooth
real-valued function that is equal to 1 on a specified set and is zero outside a specified neighbourhood of
that set.

We can now define partitions of unity.

Definition 14.3. Let M be a manifold and let &/ = (U,).c4 be an arbitrary open cover of M.
A partition of unity subordinate to ¢/ is an indexed family (¢)o)aca Of continuous functions
e : M — R with the following properties:

(i) 0<¥y(x)<1lforalla € Aandallz € M.
(i) supp . C U, for each o € A.

(iii) The family of supports (supp ¥4 )ac4 is locally finite, meaning that every point has a neighbor-
hood that intersects supp v, for only finitely many values of «.

(V) > pea Yalr) =1forallz € M.

If M is a smooth manifold, a smooth partition of unity is one for which each of the functions v, is
smooth.

J

Because of the local finiteness condition (iii), the sum in (iv) actually has only finitely many nonzero
terms in a neighbourhood of each point, so there is no issue of convergence.

Theorem 14.4. Suppose M is a smooth manifold and U = (U, )c 4 s any indexed open cover of M.
Then there exists a smooth partition of unity subordinate to U.

Proof. Each set U, is a smooth manifold in its own right, and thus has a basis B, of coordinate balls and
thus B = |, B, is a basis for the topology of M. Since M is a manifold, the cover ¢/ has a countable,
locally finite refinement {B;} consisting of elements of B and the cover {B;} is also locally finite.

For each i, the fact that B; is a coordinate ball in some U, implies that there is a coordinate ball
B! C U, such that B O B, and a smooth coordinate map ; : B, — R" such that y,;(B;) = B,,(0) and
©i(Bl) = B,,(0) for some r; < r}. For each i, define a function f; : M — R by

= H;op; on B,
"o on M\ B;,

where H; : R” — R is a smooth function that is positive in B,,(0) and zero elsewhere, as in Proposition 14.2.
On the set B} \ B; where the two definitions overlap, both definitions yield the zero function, so f; is well
defined and smooth, and supp f; = B;.

Define f : M — R by

flz) = Z fil).

Because of the local finiteness of the cover {B;}, this sum has only finitely many nonzero terms in
a neighbourhood of each point and thus defines a smooth function. Because each f; is non-negative
everywhere and positive on B;, and every point of M is in some B, it follows that f(x) > 0 everywhere on
M. Thus, the functions g; : M — R defined by g;(x) = fi(x)/f(x) are also smooth. It is immediate from
the definition that 0 < g; <land ), g; = 1.
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Finally, we need to re-index our functions so that they are indexed by the same set A as our open
cover. Because the cover { B/} is a refinement of ¢/, for each i we can choose some index a(i) € A such that
Bj C U,;)- For each a € A, define ¢, : M — R by

Yo = Z gi-

t:a(t)=a

If there are no indices i for which a(i) = «, then this sum should be interpreted as the zero function. Thus,

suppva = () Bi= |J BiCUa

i:a(t)=« i:a(i)=a

Each ¢, is a smooth function that satisfies 0 < v, < 1. Moreover, the family of supports (supp ¥a)ac4 is
still locally finite, and > o = >, gi = 1, so this is the desired partition of unity. O

14.2 Top forms on manifolds

Let M™ be a smooth manifold. Since, 2¥(M) = 0 for k& > m, we call any smooth n-form a top form on
M. Letp € M and (¢, U) a local chart near p. Then dx! A --- A d2z™ is a top form on U. Note that for any
q €U, (dz* A... Adx™), # 0 since at any g € U,

(da:l A A dx”)q(c‘)l, S ,8n) = det(dxi((‘?j))lgmgn =1.

Moreover, since dim A"T;M = 1, we see that for any top form w on U and any ¢ € U, there is a real
number )\, such that
wg = Ag(dzt AL A da™),.

Since w is C*°, the coefficient ), as a function on U, is C°°. So up to multiplication by functions, there
is a “canonical top form” in the chart. Of course, this may not be true globally on M : For two top forms
w,n € Q"(M), it may happen that w, = 0,w, # 0 while 5, # 0,7, = 0, and thus there exists no function
feC>®M)withw = fnorn= fw.

In particular, if we change coordinates from (z.,...,z7) to (mé, ...,z) on U, we get two top forms,

dxp A ... Adx} and dzg A ... A dz. They should be related by a smooth function on U.

Proposition 14.5. If ¢ : R” — R" is a diffeomorphism and y = ¢(x), then

©*(dy* A... Ady™) = det(dp,) dzt A ... A dz™

L "), then *y' =yt o p = ¢'. So

O (dyt AL AN dYY) = dpt AL A de™.

Proof. 1f we denote ¢ = (¢

But since
dpt AL AN dE™ (D, ..., 0%) = det(dyy),

we have
de' A ... Nde™ = det(dgy) det AL A dz™.

O]

Now let (¢, U, V) and (pg,U, V) be two coordinate charts. Then the coordinate change map is
Pap = P © ¢, ", which maps ¢, () to y = ps(z). So we get

(gpag)*(gogl)*dxé Ao Adxl = det(dpag) (D) dxl AL A da.
Since (pas)*(95')" = (¥5" 0 pas)” = @a'*, We get at

dxé A .. ANdxh = det(dpag) dzl AL A dah,

«
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14.3 Orientability

Let M be a smooth manifold of dimension m, and let w € Q™ (M) be a smooth m-form. We want to
define the integral [, w. For simplicity let’s suppose w is supported on a chart (¢, U, V) with coordinates
{z',...,2™}. Then we can write

w= flex)dzt A .. Adz™,

where f is a smooth function on V. With the help of the Euclidean differential form f(z)dz!...dx™ onV,

it is natural to define
/ w = / f(z)dz! ... dz™. (14.3)
U v

Then as usual one need to check that the integral in the right hand side is independent of the choice of
coordinate charts.

So we let (¢4,U,V,) and (¢g,U, V3) be two coordinate systems on U, with transition map .3 =
wp oyt Vo — Vi which maps z, = ¢4 (z) to 25 = ps(z). Then

w= fg(xg)da:é Ao ANdxg = fa(pas(Ta)) det(dpag)dzl A ... A dz

So for the definition to be well-defined, we need
/V fa(zp)dajy . .. dzjy' = /V fa(¢ap(ra)) det(dpag)dzl, . .. ™.
B o

Unfortunately this is not always true: In calculus we learned that for the integrals of multi-variable
functions

/f(:c)dwl coodx™,

if p : V1 — V4 is a diffeomorphism, then we have the change of variable formula: (y = ¢(x))
f(x)dy' ... dy™ = fo(x))|det(dp)(x)|dzt ... dz™. (14.4)
Va Vi
So in order to have

/ fﬁ(x,g)dxé...dxgb :/ F5(0ap(20)) det(dpas)(za) dal ... dz.

and thus, for the definition to be independent of the choice of charts, we need to assume
det(dpag) >0

for all charts. This motivates the following definition.

Definition 14.6. Let M be a smooth manifold of dimension n. Two charts (¢q,Us, V,) and
(¢5,Ug, V) are orientation compatible if the transition map ¢,5 = ¢ o ¢, ' satisfies

det(dpag)p > 0,

for all p € o (Uy N Up).

An orientation of M is an atlas A = {(¢a, Ua, Vo) | @ € A} whose charts are pairwise orientation
compatible.

We say M is orientable if it has an orientation.

J

Remark 14.7. Let U be a chart with coordinates {z!,... 2™}. We use the notation —U to represent
the same coordinate chart U but with “twisted” coordinates {—z!,22,...,2™}. Then —U and U are not
orientation compatible. Let U be any other coordinate chart such that U N U # () is connected. Then either
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e U and U are orientation compatible,
or
e U and —U are orientation compatible.

As a consequence, we immediately see

[ Corollary 14.8. If M is connected and orientable, then M admits exactly two different orientations. ]

Example 14.9. For the real projective space RP", we have constructed an atlas consisting of n + 1 charts.
We have seen that RPP" is orientable for odd n. It turns out that RP" is not orientable for even n.
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