DIFFERENTIAL GEOMETRY

We now define the analogue of the symmetrization operator for obtaining alternating tensors.

We define the projection Alt: T%(V*) — A¥(V*), called alternation or skew-symmetrization, as:

1 g
Alta = o Z (sgno)(’a),
oESk
where S}, is the symmetric group on k elements. More explicitly, this means

1
(Alt @) (v1,...,0x) = i Z (sgn a)a(va(l), . ,vo(k)).

oESk

Thus, for instance, if 3 is a 2-tensor, then

(A6 B)(0,0) = 5 (5(v,w) — Blw,v).

For a 3-tensor 7,

1
(Alty)(v1,v2,v3) = 6(’7(01,1)2,’03) + y(v2, v3,v1) 4+ ¥(v3,v1,v2) — Y(v2, v1,v3) — Y(v1, 03, v2) — Y(v3,V2,01)).

We now try to produce an explicit basis of the space A*(V'x) by introducing the concept of elementary
exterior forms.

Notation. For k € Z, an ordered k-tuple I = (iy,...,1i;) of positive integers is called a multi-index of
length k. If I is such a multi-index and o € S, we write I, for the multi-index I, = (iy(1), - - -, (k) Note
that I,, = (I,), for o, 7 € Sk.

Let V be an n-dimensional vector space, and suppose (¢', .. .,&") is any basis for V*. We now define a
collection of k-exterior forms on V' that generalize the determinant function on R™. For each multi-index

1

I = (i1,...,i) of length k such that 1 < y,...,i; < n, define a covariant k-tensor ! = £’ by
e(vr) - (uy) o v
el(vy,...,v) = det : : =det| : .. ¢ |. (13.3)
Elk (’Ul) e E/Lk (fuk) /U;k e ’U]ZC]C

Since the determinant changes sign whenever two columns are interchanged, it is clear that £/ is an
alternating k-tensor. We call ¢/ an elementary alternating tensor.

Example 14.5. In terms of the standard dual basis (e!, €2, €3) for (R?)*, we have

1,3 1,3

By, w) = vlw? — wh?.

e

Proposition 13.4 (Properties of Elementary k-exterior forms). Let (E;) be a basis for V, let (¢?) be
the dual basis for V*, and let £/ be as defined above.

1. If I has a repeated index, then e/ = 0.
2. If J = I, for some o € Sk, then e! = (sgno)e’.
3. The result of evaluating £’ on a sequence of basis vectors is
i i
5o o
el(Ejy, ..., Ej) = det

ik o
6j1 6jk
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Proof. If I has a repeated index, then for any vectors vy, ..., v, the determinant in (13.3) has two
identical rows and thus is equal to zero, which proves (a). On the other hand, if J is obtained from I
by interchanging two indices, then the corresponding determinants have opposite signs; this implies (b).
Finally, (c) follows immediately from the definition of £’. O

We can now use the elementary k-exterior forms to write a basis for A¥(V*). A multi-index I =
(i1,...,1x) is said to be increasing if i1 < -+ < i.

Proposition 13.5 (A basis for A*(V*)). Let V be an n-dimensional vector space. If (¢?) is any basis

for V*, then for each positive integer k£ < n, the collection of k-exterior forms

£ = {e! : I is an increasing multi-index of length k}

is a basis for A*(V*). Therefore,

dim AR(V*) = (Z) = M(nnik)'

If k > n, then dim A*(V*) = 0.

\.

Proof. Note that A*(V*) is the trivial vector space when k > n follows immediately from Proposition 13.3
(b), since every k-tuple of vectors is linearly dependent in that case. For the case k < n, we need to show
that the set £ spans A*(V*) and is linearly independent. Let (£;) be the basis for V dual to (&?).

To show that £ spans A*(V*), let a € A¥(V*) be arbitrary. For each multi-index I = (iy, ..., ;) (not
necessarily increasing), define a real number a; by
oy = Od(Eil, e ,Eik).

Since « is alternating hence oy = 0 if I contains a repeated index, and a; = (sgno)ay if J = I, for o € Sy.
Thus, for any multi-index .J, we have,

Z Oé]EI(Ejl,...,Ejk):OéJ:Oé(Ejl,...,Ejk).

I—increasing

[ o k * . . . .
Thus >/ _increasing 1" = @, s0 & spans A"(V*). The proof of linear independence is an exercise. O

13.2 The Wedge Product

We now see an operation which allows us to combine two or more exterior forms to again give an exterior
form. We still work on a real finite dimensional vector space V. As we see below, the operation of wedge
product is just the alternation of tensor product with appropriately chosen normalization constant.

Definition 13.6. Given w € A¥(V*) and n € AY(V*), we define their wedge product or exterior
product to be the following (k + [)-exterior form:

|
wAn= (kk:—:_l'D. Alt(w ® n). (13.4)

J

One of the reasons we choose this normalization constant in (13.4) is because of the following
relation for elementary alternating tensors. One can check that for any multi-indices I = (i1, ..., %) and

J = (jla"'vjl)n
efnel = s”,

where I.J = (i1,...,i, Jj1,-..,Ji) is obtained by concatenating I and .J.
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We now see some important properties of the wedge product.

Proposition 13.7. Suppose w,w’, n, 7, and £ are exterior forms on a finite-dimensional vector space
V.

1. Bilinearity: For a,d’ € R,
(aw + d'w’) An=a(wAn)+ad W An),
nA (aw+ dw') =an Aw) +d(nAw).

2. Associativity:
wA (AL =(wAn) A

3. Anticommutativity: For w € A¥(V*) and n € AY(V*),

wAn=(-DknAw. (13.5)
4. 1f (¢) is any basis for V* and I = (iy, ..., i) is any multi-index, then
NN AR =gl (13.6)
5. For any covectors w!, ..., w* and vectors vy, ..., v,
W A AWE (v, o) = det(w (1) (13.7)

\

Proof. Since the wedge product is the alternation of tensor product and the tensor product is a bilinear
operation, we see bilinearity of the wedge product. We prove 2. and 3. on elementary alternating tensors
from which the general case will follows. Note that

(T ANeNNel =l Nl = K = I AN TE = L A (67 A B,

and hence the associativity of wedge product follows. For part 3., we again observe that from the property
of being an exterior form, we get

JI

el nel =l = (sgno)e?! = (sgno)e’ Ael,

where ¢ is the permutation that sends /.J to JI. Now the main point is that once you write both I and J as
product of 2-cycles, moving .J to front and I to back requires moving all the indices of J to front and hence
sgn = (—1)*, because 7. This proves anti-commutativity for alternating tensors and then the general
case follows from bilinearity.

Part (4) is an immediate consequence of the fact that e/ A e/ = ¢!/, Part 5. is left as an exercise. [

Notation. We will write e/ = gt A -+ A gk,

Definition 13.8. For any n-dimensional vector space V, we define a vector space A(V*), called the
exterior algebra (or Grassmann algebra) of V. by

A(V*) = éAk(V*).
k=0

Note that dim A(V*) = (5) + (1) +--- (,",) + (%) = 2™

n—1
The wedge product is an operation on A(V*) and it makes A(V*) into an associative algebra but not

commutative.
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Remark 13.9. An algebra A is said to be graded if it has a direct sum decomposition
A=A
keZ

such that the product satisfies
(Ak:)(Al) - Ak-i—l

for each k and I. A graded algebra is anticommutative if the product satisfies
ab = (=1)"ba
for a € A¥, b € Al. Thus, A(V*) is an anticommutative graded algebra.

We say that a k-form w is decomposable is it can be written as a wedge product of k 1-forms,
w = w1 A--- Awg With w; beign 1-forms. Not every k-form is decomposable but every k-form can be written
a linear combination of decomposable forms.

13.3 Interior Product

We now briefly discuss the notion of interior product.

Definition 13.10. Let V' be a finite-dimensional vector space. For each v € V, we define a linear
map
it AF(VF) = AFTL V™),

called interior product by v, as
tyw(wi, ..., Wg—1) = w(V, w1, ..., Wg_1). (13.8)
That is, i,w is obtained from w by inserting v into the first slot. We will also use the notation
VoW = TyW.

and read it as “v hook w."

Let us see some elementary properties of the interior product.

Proposition 13.11. Let V be a finite-dimensional vector space and v € V.
1. 4y01, =0.
2. Ifw e A*(V*) and n € A(V*),

va(w A1) = (vaw) A+ (=1)*w A (vn). (13.9)

\.

Proof. If w is a function or a covector then taking interior product twice gives 0. On exterior forms of rank &
for k > 2, notice that i, o i, means we insert the same vector in the first two slots and since w is alternating,
we get part 1.
We now prove part 2. and note that it suffices to consider the case in which both w and 7 are
decomposable, since every exterior form can be written as a linear combination of decomposable ones.
Let vy = v € V and pick an arbitrary (k — 1)-tuple of vectors (vs, ..., v;). Letw!, ... w* be 1-forms. We
first prove that

(WA AR (o1, o) = Y (DT o) (W A AWEA - AR (0, o), (13.10)
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where the hat indicates that w’ is omitted. To see why (13.10) is true, notice that the LHS is the
determinant of the matrix [A];; whose (i, j)-entry is w’(v;). To analyze the right-hand side, let v§ denote
the (k—1) x (k—1) submatrix of [A] obtained by deleting the ith row and jth column. Then the right-hand
side of (13.10) is
k

Z(—l)"*lwi(vl) det vi.

i=1
This is just the expansion of det[A] by minors along the first column, and therefore is equal to det[A]. Thus,
(13.10) holds. Thus, we get that

k
va(wh A AWk = Z(—l)i_lwi(v)wl Ao AW A AwF,
=1
which proves part 2 for decomposable forms and hence for all exterior forms. O
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