DIFFERENTIAL GEOMETRY

Just like Lemma 9.8, we have the following result.

Lemma 9.13. If : D — M is a smooth flow, then the infinitesimal generator V of 6 is a smooth vector field,
and each curve 8®) is an integral curve of V.

We make the following definition.

Definition 9.14. A maximal integral curve is one that cannot be extended to an integral curve on any larger
open interval and a maximal flow is a flow that admits no extension to a flow on a larger flow domain.

The next theorem is the main result of about flows of vector fields.

Theorem 9.15 (Fundamental Theorem on Flows). Let V be a smooth vector field on a smooth manifold
M. There is a unique smooth maximal flow 6: D — M whose infinitesimal generator is V. This flow has the
following properties:

(a) For each p € M, the curve P): DP) — M is the unique maximal integral curve of V starting at p.
(b) If s € DP), then DY(P) is the interval DP) — s = {t —s:t € DP)}.

(¢) Foreacht € R, the set
My={pe M| (t,p) € D}

is open in M, and 6,: My — M _, is a diffeomorphism with inverse 6_,.

(d) For each (t,p) € D, (6;).V(p) = V(8(p)).

\. J

Proof. The proof is a bit long so we proceed in stages. We first prove uniqueness in part (a). We know from
Proposition 9.5 that given the smooth vector field V, there exists an integral curve starting at each point p € M for
atleast some short time. Suppose v,7: J — M are two integral curves of V' defined on the same open interval J
such that y(tg) = 7(to) for some t; € J. We want to prove that in this case when ~, 7 agree at one point, they must
agree on every point of their common domain. Let

S={te () =70}

Clearly, S # 0, because t;, € S by hypothesis, and S is closed in J by continuity as if (¢,,) is a sequence in S which
converges to ¢, we can use continuity of v, 75 to get v(t,) — v(¢t) = 5(tn) = ¥(¢), thus proving that ¢t € S. We now
want to prove that S is also open and then use connectedness of J to prove that J = S. Suppose ¢; € S. Then in a
smooth coordinate neighbourhood around the point p = «(¢1), v and 7 are both solutions to same ODE with the
same initial condition v(¢;) = 7(¢1) = p. By the uniqueness part of Theorem 9.4, v = 7 on an interval containing ¢;,
which implies that S is open in J. Since .J is connected, S = .J, which implies that v = 7 on all of J. Thus, any two
integral curves that agree at one point agree on their common domain. Thus, if we manage to define a flow 6 and
then the coorresponding #(”) then it must be the unique integral curve starting at p.

We now prove maximality of the integral curve.Let p € M and let D(P) be the union of all open intervals J C R
containing 0 on which an integral curve starting at p is defined. Since we want to prove maximality of the domain, a
natural thing would be to take the union and that is exactly what we are doing above. Define #(*): D) — M by
letting 6P (t) = ~(t), where v is any integral curve starting at p and defined on an open interval containing 0 and .
Given any point ¢, since all such integral curves agree at ¢ as explained above, §(?) is well defined,, i.e., it'’s image is
independent of the integral curve chosen and is obviously the unique maximal integral curve starting at p as we have
taken the union of all possible intervals.

Now let
D={(t,p) eRx M:teDP}

and define §: D — M by 6(t,p) = 0P)(t). By definition, for each p € M, 6 is the unique maximal integral curve of
V starting at p. To verify that 6 is actually a flow, we will need to verify group laws and show that D is a flow domain.
Fix any p € M and s € D), and write ¢ = 0(s, p) = ) (s). The curve v: D®) — s — M defined by v(t) = 0®) (¢t + s)
starts at ¢, and the translation property of integral curves shows that + is an integral curve of V. By uniqueness of
ODE solutions, v agrees with #(?) on their common domain, which is equivalent to the second group law (9.7), and
the first group law (9.6) is a by-product of the definition. Thus, 6 is actually a flow.

52



S. DWIVEDI

By maximality of #(?), the domain of v cannot be larger than D(¢), which means that D® — s C D@, Since
0 € D), this implies that —s € D@, and the group law implies that #(9) (—s) = ) (s — s) = §)(0) = p. Applying
the same argument with (—s, ¢) in place of (s, p), we find that D@ 4+ s C D), which is the same as D@ C D) — s,
This proves part (b).

We continue the proof of showing that the flow § obtained above indeed is a smooth flow. That is, we show
that D is open in R x M (so it is a flow domain), and that §: D — M is smooth. Define a subset W C D as the
set of all (¢, p) € D such that 6 is defined and smooth on a product neighbourhood of (¢, p) of the form J x U C D,
where J C R is an open interval containing 0 and U C M is a neighbourhood of p. Then W is open in R x M, and
the restriction of 6 to W is smooth because of the smoothness of each integral curve §(») which follows from the
smoothness of the vector field V, so it suffices to show that W = D. Suppose this is not the case. Then there exists
some point (7,pg) € D~ W. Without loss of generality, assume 7 > 0.

Let to = inf{t € Ry : (¢,po) ¢ W} (note that this is different from what we saw in the lectures because we added R
in the definition, you can also take sup instead of inf and proceed similarly. The main idea remains unchanged.). By
the ODE theorem, 6 is defined and smooth in some product neighbourhood of (0, py), so ¢ty > 0. Since ¢, < 7 and
Do) is an open interval containing 0 and 7, it follows that ¢, € D®0), Let gy = #(ro) (to). By the ODE theorem again,
there exist ¢ > 0 and a neighbourhood Uj of ¢y such that (—¢,¢) x Uy C W. We will use the group law to show that
6 extends smoothly to a neighborhood of (¢, po), which contradicts our choice of ¢,. We will do this by using the
translation property of integral curves.

Choose some t; < ty such that ¢t; + ¢ > ¢3 and 9(1’0)(751) € Uy. We can do this because of the neighbourhood of
smoothness being (—¢,¢) x Uy for the point go. Since ¢; < to, we have (¢1,pp) € W, as ¢ is the infimum, and so
there is a product neighborhood (¢; — §,t; + ) x Uy C W. By definition of W, this implies that 6 is defined and
smooth on [0,¢; + §) x U;. Because 0(t1,po) € Up, we can choose U; small enough that § maps {¢;} x U; into Uy.
Define 6 [0,t1 +¢€) x Uy — M by

g(t p): Qt(p), pely, 0<t<ty,
’ 011, 00, (p), peElh, t1 —e<t<t+e.

The group law for ¢ guarantees that these definitions agree where they overlap, and our choices of Uy, ¢, and ¢
ensure that this defines a smooth map. By the translation property, each map ¢ — (¢, p) is an integral curve of V,
so 6 is a smooth extension of 6 to a neighbourhood of (ty, pg), contradicting our choice of ¢y,. This completes the
proof that W = D and completes the proof of the statement that 6 is a smooth flow and D as defined above is a flow
domain.

We now prove (c). The fact that M; is open is an immediate consequence of the fact that D is open as each slice
at any fixed time ¢ is precisely M;. We now prove that ; indeed maps M; to M_;. From part (b) we deduce

pE Mt =tc ’D(p) = 'D(Gt(P)) — ’D(p) —t
= —t e DYWP) = 9,(p) e M_,,
which shows that §; maps M, to M_;. Moreover, the group laws then show that 6_; o 8, is equal to the identity on Mj.
Reversing the roles of ¢ and —t shows that 6, o _, is the identity on M_;, which proves that 6 is a diffeomorphism.

Finally, we prove part (d). Let 6(to,p) = g so we would like to prove that (6:,).(V(p)) = V(6 (p)) = V(q). Let
f € C>(M). Then

F 00 0 67(1)

t=0

((020)« (VD)) f = Vp(f 0 0s,) = %

d

=% f(O+¢(p)) (using the group law)
t=0
d
= — 09(t
|, e
= (;Zt 9‘1(75)) f=vif (as 04 is an integral curve for V),
t=0
thus completeing the proof of the theorem. O
Definition 9.16. The flow # in Theorem 9.15 is called the flow generated by V, or just the flow of V. ]
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Heuristically, the term “infinitesimal generator” comes from fact that in a smooth chart, a good approximation to
an integral curve can be obtained by composing many small straight-lines, with the direction and length of each
motion determined by the value of the vector field at the point arrived at in the previous step. Intuitively, one can
think of a flow as a sequence of infinitely many infinitesimally small linear steps and hence V is “generating" the flow
0.

Proposition 9.17 (Naturality of Flows). Suppose M and N are smooth manifolds, F': M — N is a smooth
map, X € X(M), andY € X(N). Let 0 be the flow of X and n the flow of Y. If X and Y are F-related, then for
eacht € R, F(M;) C Nyand n;o F = F 0 0; on M;:

\. J

Proof. We know from the property of integral curves that for any p € M, the curve F o () is an integral curve of Y’
starting at I o #")(0) = F(p). Thus, by uniqueness of integral curves, the maximal integral curve 1" (?)) must be
defined at least on the interval D»), and F o #() = 5y(¥?)) on that interval. This means that

peM;=teDP) =tecDFP) = F(p) e N,
which is equivalent to F(M;) C N, and
FOP (t)) = TP (1) forallt € DP)
which is equivalent to 1, o F/(p) = F o 0,(p) for all p € M,. O

As a corollary, we have that if ' : M — N is a diffeomorphism and ¢ is the flow of a vector field X € X(M) then
the flow of F, X is ; = F o 0; o F~!, with domain N; = F(M;) for each t € R.

9.3 Complete Vector Fields

Definition 9.18 (Complete vector fields). We say that a smooth vector field is complete if it generates a
global flow, or equivalently if each of its maximal integral curves is defined for all ¢ € R.

It is not always easy to determine by looking at a vector field whether it is complete or not. If you can solve the
ODE explicitly to find all of the integral curves, and they all exist for all time, then the vector field is complete. On
the other hand, if you can find a single integral curve that cannot be extended to all of R, as we did for the vector
fields of examples above, then it is not complete. However, it is often impossible to solve the ODE explicitly, so it is
useful to have some general criteria for determining when a vector field is complete.

We will show below that all compactly supported smooth vector fields, and therefore all smooth vector fields on a
compact manifold, are complete. The proof will be based on the following lemma.

Lemma 9.19. Let V be a smooth vector field on a smooth manifold M, and let 6 be its flow. Suppose there is a
positive number ¢ such that for every p € M, the domain of §P) contains (—¢,¢). Then V is complete.

Remark 9.20. What is this lemma actually saying? It is saying that if an integral curve of a vector field stops existing
then the vector field must be “blowing up" in finite time. In other words, if an integral curve of a vector field can
survive for even a short uniform time for every point in the manifold then it must exist for all time. Intuitively, the
hypothesis that §(?) contains (—¢, ) for all p should explain that you can keep on applying the translation lemma
and extending the existence time for the integral curve.

Proof. We prove it by contradiction. The basic idea is to use the translation property of integral curves. Suppose for
the sake of contradiction that for some p € M, the domain D) of §(?) is bounded above. (A similar proof works if it
is bounded below.) Let b = sup D), let t, be a positive number such that b — ¢ < ¢y < b, and let ¢ = 0(P)(t;). The
hypothesis implies that §(?) (¢) is defined at least for ¢t € (—¢,¢). Define a curve v: (—¢,to +¢) — M by

() = 6P (t), —e<t<b,
TZV0901 — ), to—e<t<tote.

54



S. DWIVEDI

These two definitions agree where they overlap, because 09 (t — to) = 0;_;,(q) = 0;_+, 0 01, (p) = 0:(p) = 6P (t) by
the group law for 6. By the translation property, v is an integral curve starting at p. Since ¢y + € > b, this means that
«y starting from p is existing beyond b, which is a contradiction to the definition of b. Thus, -y exists for all ¢ € R and
hence V is a complete vector field. O

Theorem 9.21. Every compactly supported smooth vector field on a smooth manifold is complete. Thus, on a
compact smooth manifold, every smooth vector field is complete.

Proof. Suppose V is a compactly supported vector field on a smooth manifold M, and let K = supp V. For each
p € K, there is a neighbourhood U, of p and a positive number ¢, such that the flow of V' is defined at least on
(—ep,€p) x U,. By compactness, finitely many such sets U,,, , ..., U,, cover K. With ¢ = min{e,,, ..., &, }, it follows
that every maximal integral curve starting in K is defined at least on (—¢, €). Since V' = 0 outside of K, every integral
curve starting in M ~\ K is constant and thus can be defined on all of R. Thus the hypotheses of Lemma 9.19 are
satisfied, so V' is complete. O
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10. Lie Derivatives

We know how to differentiate real-valued functions in the direction of a vector field on a manifold. Indeed, a tangent
vector v € T, M is by definition an operator that acts on a smooth function f to give a number v f that we interpret as
a directional derivative of f at p. How can we make sense of directional derivatives of a vector field in the direction
of a given vector? Let us start from the familiar case of Euclidean spaces. We can define the directional derivative of
a smooth vector field 1 in the direction of a vector v € T,,R™. It is the vector

d Wotto — W,

D,W(p) = Wit = tlgn

= = 10.1
dt|,_, 0 t ( )

An easy calculation shows that D, W (p) can be evaluated by applying D, to each component of W separately:

DW(p) = DV () |
Tlp

Unfortunately, this definition is heavily dependent upon the fact that R™ is a vector space, so that the tangent
vectors W4, and W, can both be viewed as elements of R". If we want to mimic (10.1) on a manifold, we can
try to replace p + tv by a curve ~(t) that starts at p and whose initial velocity is v. But even with this substitution,
the difference quotient still makes no sense because W, ;) and W, are elements of the two different vector
spaces T’,;)M and T,y M, respectively. It was not a problem in the Euclidean space because there is a canonical
identification of each tangent space with R™ itself; but on a manifold there is no such identification. Thus there is no
coordinate-independent way to make sense of the directional derivative of IV in the direction of a vector v.

We fix this problem by replacing the vector v € T}, M with a vector field V' € X(M), so we can use the flow of V' to
push values of W back to p and then differentiate.

Definition 10.1. Suppose M is a smooth manifold, V is a smooth vector field on M, and 6 is the flow of
V. For any smooth vector field W on M, define a vector field on M, denoted by £, W and called the Lie
derivative of W with respect to V, by

d

(£VW)P = % —o d(e—t)et(in) (Wet(iﬁ))

— i YO0-1)ou0) Wou) = W
t—0 t

) (10.2)

provided the derivative exists.

For small ¢ # 0, at least the difference quotient makes sense: 6; is defined in a neighbourhood of p, and 6_; is the
inverse of 6;, so both d(6_;)g, ) (We,(»)) and W), are elements of T, M.

Lemma 10.2. Suppose M is a smooth manifold and V,W € X(M). Then (Ly W), exists for every p € M, and
Ly W is a smooth vector field.

Proof. We check that the component functions of the vector field £y W are smooth in any coordinate chart. Let 6 be
the flow of V and for an arbitrary p € M, let (U, (x%)) be a smooth chart containing p. Choose an open interval .J,
containing 0 and an open subset Uy C U containing p such that § maps Jy x Uy into U. We can always do that using
continuity of the flow §. For (¢, z) € Jo x U, write the component functions of § as (6 (¢, z),...,0"(¢,x)). Then for
any (t,z) € Jo x Uy, the matrix of d(0_)g, (x) : To,(x)M — Tx M is

06’
|:(9xj (_t7 e(t’ x)):| . ’
and hence, ‘
A6 oste) (Woriy) = 2 (—t,0t,)) W (6(t, 7)) -2
1(1‘) f(lL) 6.1:-7 i b i axz

x

Since #" and W are smooth functions, the coefficient of ;2; |, depends smoothly on (¢,z). It follows that (LyW),,

which is obtained by taking the derivative of this expression with respect to ¢ and setting ¢ = 0, exists for each z € Uy
and depends smoothly on z. O
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While equation 10.2 explains exactly how to make sense of the derivative of a vector field in the direction of
another, it is not very useful for explicit computations, because typically the flow is difficult or impossible to write
down explicitly. Fortunately, there is a simple formula for computing the Lie derivative without explicitly finding the
flow.

[ Theorem 10.3. If M is a smooth manifold and X,Y € X(M), then LxY = [X,Y]. ]

Proof. Let 6 be the flow of X and let p € M. We first note that (10.2) is equivalent to the expression

4

(Y )ple=o.  where (6;Y ), = (07 ") 10,(5) Yo: (0)-

Recall also that for any f € C°°(M), (X f), = (07 f)pli—o where 0} f = f o 6, and similarly we have (6;Y ), =
(0;Y), (05 f). We now use all this and compute. We have

(X(Y f)), = lim (ez‘Yf)pt— Y o _ g (0:Y),(0; {) ~(f)y

We add and subtract (0;Y), f to get

(O7Y)p (67 f) = (O5Y)pf + (7Y )pf = Yo f

t—0 t
_ oy OGN —F o 07Y )y =Y,
= tlgr(l)(@t Y)p f + tlg% t f=Y X[+ (LxY)p.

Thus, we get that XY =Y X + LxY.
O

We now have a geometric interpretation of the Lie bracket of two vector fields: it is the directional derivative of
the second vector field along the flow of the first. We immediately get the following.

e 2

Proposition 10.4. Suppose M is a smooth manifold and V, W, X € X(M).
1. LyW = —LyV.
2. Ly[W, X] = [Ly W, X] + [W, Ly X].
3. LywmX =LvLwX — LwLlyX.
4. If g € C°(M), then Ly (gW) = (Vg)W + gLy W.
5. If F: M — N is a diffeomorphism, then F,.(Ly X) = L, v F. X.

\ J

Notice that Proposition 10.4 (d) is immediate from Proposition 8.19 (d) and it is of this form because the Lie
bracket [V, gWW] can be thought of as the Lie derivative Ly (¢gW), it satisfies a product rule in g and W; and because
it can also be thought of as — L (fV), it satisfies a product rule in f and V" as well.

If V and W are vector fields on M and 6 is the flow of V, the Lie derivative (Ly W),,, by definition, expresses the
t-derivative of the time-dependent vector d(6_;)s, () (Wo,(»)) € T,M at t = 0. The next proposition shows how it can
also be used to compute the derivative of this expression at other times.

Proposition 10.5. Suppose M is a smooth manifold and V, W € X(M). Let 6 be the flow of V. For any (¢, p)

in the domain of 6,

d

L1 00,0 (Wo, ) = dO—1) (Lo W oy ). (103)
t=to

\ 7

Proof. Let p € M be arbitrary, let D®) C R denote the domain of the integral curve #*), and consider the map
X :D®) — T,M given by X (t) = d(6_¢)s, () (Wa, (). The same idea as in the proof of Lemma 10.2 shows that X is
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a smooth curve in the vector space 7}, /. Making the change of variables ¢t = ¢, + s, we obtain

d
ds

d
ds

X/(to) = X(to + 8) = di

S

d(efto —s) (W05+to (p))
s=0

d(0-1,) 0 d(0—s) (Wo, (0., (»)))

s=0
d
—i0-0)

The last equality follows because d(6_+,) : Ty, ()M — T, M is a linear map that is independent of s. By definition of
the Lie derivative, this last expression is equal to the right-hand side of (10.3). O

s=0

d(ﬁ—s)(Wes<eto(p)>)> :

s=0

10.1 Commuting Vector Fields

Definition 10.6. Let M be a smooth manifold and V,W € X(M). We say that V and W commute if
VW f = WV f for every smooth function f, or equivalently if [V, W] = 0.

If 0 is a smooth flow, a vector field W is said to be invariant under 0 if W is 0;-related to itself for each ¢ or
equivalently that d(60;),(W,) = Wy, for all (¢,p) in the domain of 6.

The next proposition shows that these two concepts are intimately related.

Proposition 10.7. For smooth vector fields V and W on a smooth manifold M, the following are equivalent:
(a) V and W commute.
(b) W is invariant under the flow of V.

(c) V is invariant under the flow of W.

As a result, every smooth vector field is invariant under its own flow.

\ J

Proof. Suppose V,W € X(M), and let 0 denote the flow of V. We prove (b) = (a). If (b) holds, then
W, (py = d(0¢),(W,) whenever (t,p) is in the domain of 6. Applying d(0_;)s,(,) to both sides, we conclude that
d(0—+)o, () Wo,()) = W, which by the definition of the Lie derivative or (10.2) implies [V, W] = Ly W = 0. The
same argument shows that (c) implies (a).

To prove that (a) implies (b), assume that [V,W] = LyW = 0. Let p € M be arbitrary, and let X (¢) =
d(0—+)e,(p)(Wo, () for t € D®). Proposition 10.5 shows that X’(t) = 0. Since X (0) = W,, this implies that
X(t) = W, for all t € DP), and applying d(6;), to both sides yields the identity that says W is invariant under 6.
Similarly (a) implies (c).

O

We now relate commuting vector fields in terms of the relationship between their respective flows. More precisely,
the next theorem will prove that two vector fields commute if and only if their flows commute. But what does two
flows commuting with each other means?

Suppose V and W are smooth vector fields on M, and let § and v be their respective flows. If V and W are
complete vector fields and hence # and 1) are global flows, then their flows commute means

9t0w8:¢809t fOrallS,teR.

However, if either V' or W is not complete, the most we can hope for is that this equation holds for all s and ¢ such
that both sides are defined.

Unfortunately, even when the vector fields commute, their flows might not commute in this naive sense, because
there are examples of commuting vector fields V' and W and particular choices of ¢, s, and p for which both 6; o ¢ (p)
and 1 o 0;(p) are defined, but they are not equal.

Exercise 10.8. Consider R? and consider the vector fields

0 y 0 0 x 0
Ll e Y ML M el
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Let  and 1 be the flow of V and W respectively. Show that V and W commute but there exist p € R? and s,t € R
such that 6, o ¢s(p) and s o 0;(p) both exist but are not equal. (Hint: for instance, p = (1,—1,0) and s = 2,t = -2
does the job. Maybe write the equation for the integral curves.)

Here is the problem: if 8; o ¢s(p) is defined for ¢t = ¢ty and s = s, then by the properties of flow domains, it must
be defined for all ¢ in some open interval containing 0 and ¢,, but the analogous statement need not be true of s -
there might be values of s between 0 and sq for which the integral curve of V' starting at 1), (p) does not extend all
the way to ¢ = tq.

Thus we make the following definition.

Definition 10.9. If § and ¢ are flows on M, we say that § and ¢ commute if the following condition holds
for every p € M: whenever J and K are open intervals containing 0 such that one of the expressions 6; o 1)5(p)
or v, o 0;(p) is defined for all (s,t) € J x K, both are defined and they are equal. For global flows, this is the
same as saying that 0; o 1), = v, o 0; for all s and t.

Here is the main result for commuting flows.

Theorem 10.10. Smooth vector fields commute if and only if their flows commute.

. J

Proof. Let V and W be smooth vector fields on a smooth manifold M, and let § and ) denote their respective flows.
Assume first that V and W commute. Suppose that p € M, and J and K are open intervals containing 0 such that
s 0 0¢(p) is defined for all (s,t) € J x K. By Proposition 10.7, the hypothesis implies that V' is invariant under .
Fix any s € J, and consider the curve v : K — M defined by (t) = ¢ 0 6;(p) = s (0(”) (t)). This curve satisfies
~(0) = vs(p), and its velocity at t € K is

d

V() = 2 (s (07 (1)) = d(wa) (7 (1) = d(:) Vo (1)) = Vatr)-

Thus, v is an integral curve of V starting at ¢;(p). By uniqueness, therefore,

Y(t) = 0V P (t) = 0, (¥s(p)).-

This proves that 6 and ) commute.

Conversely, assume that the flows commute, and let p € M. If ¢ > 0 is chosen small enough that 1, o 6;(p) is
defined whenever |s| < ¢ and |¢| < ¢, then the hypothesis guarantees that v, o 6;(p) = 6, o ¢s(p) for all such s and ¢.
This can be rewritten in the form

@) (5) =0, (1/)(17)(5))_

Differentiating this relation with respect to s, we get

d d
Wo,p = 5-|  ¢"W(s) = —

ds | ,—g ds 0 (w(p)(s)) = d(01)p(Wp).

s=0

Applying d(6_;)g, () to both sides, we conclude

d(0-1)o, () (Wo,(p)) = Wp-

Differentiating with respect to ¢ and applying the definition of the Lie derivative shows that (L W), = 0. O
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